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Abstract

In this paper, a fuzzy approach is proposed to solve two
person zero sum games with imprecise values in its payoff
matrix. All these imprecise values are assumed to be tri-
angular fuzzy numbers. The proposed approach provides
optimal solution of the fuzzy valued game without convert-
ing to classical version. Also gives flexibility to the decision
maker for choosing r ∈ [0, 1] depending upon the situation.
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1 Introduction

Game theory is a mathematical modeling technique used for deci-
sion problems when there are two or more decision makers in con-
flict or cooperation with each other. Each decision maker plays the
game to outsmart the others. Game theory provide many effective
and efficient tools and techniques to mathematically formulate and
solve many multi person (collective, multi agent ) ith strategic in-
teractions among multiple rational decision makers. The research
of game theory accelerated in publications by Shapley [2, 3] and
Gillies [4].

Usually, the classical, i.e. non-fuzzy or crisp in our context,
game theory assumes the payoffs of players to be precise values.
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But in reality, we often need to represent the players’ payoffs by
their subjective judgments (or opinions) so that natural language
descriptions using terms such as ”very large”, ”larger”, ”medium”,
”small”, ”smaller than” may be more adequate. Obviously, they
are inherently imprecise. Hence the classical mathematical tech-
niques may not be useful to formulate and solve the real world
problems. In such situations, the fuzzy sets introduced by Zadeh [5]
in 1965 provides effective and efficient tools and techniques to han-
dle these problems. Many authors such as Campos [6], Sakawa and
Nishizaki [7], Selvakumari et.al [9], Thirucheran et.al [10] etc have
studied fuzzy games. Campos [6] introduced fuzzy linear program-
ming model to solve fuzzy matrix games. Sakawa and Nishizaki [7]
introduced max-min solution procedure for multi-objective fuzzy
games. In this paper, we propose fuzzy version of Matrix oddment
method for the solution of two person zero sum fuzzy games.

The rest of this paper is organized as follows. In section 2, we
recall the basic concepts and the results of triangular fuzzy numbers
and their arithmetic operations. In section 3, we have proposed
a matrix method for the solution of fuzzy games. In section 4,
Numerical example is provided to illustrate the efficiency of the
proposed method. Section 5 gives the conclusion of this Paper.

2 Preliminaries

We recall the basic concepts and related results of triangular fuzzy
numbers which will be useful to our future discussions.

Definition 2.1. A fuzzy set Ã defined on the set of real numbers
R is said to be a fuzzy number, if its membership function Ã : R →
[0, 1] has the following characteristics:

(i) Ã is convex, (ie.) Ã(λx1+(1−λ)x2) ≥ min{Ã(x1), Ã(x2)}, λ ∈
[0, 1], forallx1, x2 ∈ R

(ii) Ã is normal, (ie.) there exists an x ∈ R such that Ã(x) = 1

(iii) Ã is piecewise continuous.

Definition 2.2. A fuzzy number Ã on R is a triangular fuzzy num-
ber if its membership function Ã(x) : R → [0, 1] has the following
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characteristics: Ã(x) =





x− a1
a2 − a1

, a1 ≤ x ≤ a2

a3 − x

a3 − a2
, a2 ≤ x ≤ a3

0, otherwise
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where m = a2 represents the modal value of mid point, α =
a2 − a1 represents the left spread and β = a3 − a2 represents the
right spread of the triangular fuzzy number. Then the triangular
fuzzy number can be represented by the triplet Ã = (a1, a2, a3) =
(α,m, β).

Definition 2.3. A triangular fuzzy number Ã = (a1, a2, a3) ∈
F (R) can also be represented as a pair Ã = ((a), (ā)) of function
a(r), ā(r) for 0 ≤ r ≤ 1 which satisfies the following requirements:

(i) a(r) is a bounded monotonic increasing left continuous function.

(ii) ā(r) is a bounded monotonic decreasing left continuous func-
tion.

(iii) a(r) ≤ ā(r), 0 ≤ r ≤ 1.

It is also represented by Ã = (a0, a∗, a∗) where a∗ = (a0−a), a∗ =
(a − a0) are called the left fuzziness index function and the right
fuzziness index function respectively. For an arbitrary triangular

fuzzy number ã = ((a), (a)) the number a0 =

(
a(1) + a(1)

2

)
is

said to be a location index number of ã.
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2.1 Ranking of Triangular Fuzzy Numbers

Several approaches for the ranking of fuzzy numbers have been
proposed in the literature. An efficient approach for comparing
the fuzzy numbers is by the use of a ranking function based on
their graded means we define the magnitude of the triangular fuzzy
number Ã by

mag(A) =

(
a∗ + 4a0 − a∗

4

)
=

(
a+ a+ a0

4

)

For any two triangular fuzzy number Ã = (a1, a2, a3) and B̃ =
(b1, b2, b3) in F (R) we have

(i). Ã ≥ B̃ if and only if R(Ã) ≥ R(B̃)

(ii). Ã ≤ B̃ if and only if R(Ã) ≤ R(B̃)

(iii). Ã ≈ B̃ if and only if R(Ã) = R(B̃)

2.2 Arithmetic Operations of Triangular Fuzzy
Number

Ming Ma et. al. have proposed a new fuzzy arithmetic based
upon both location index and fuzziness index functions. The loca-
tion index number is taken in the ordinary arithmetic, whereas the
fuzziness index functions are considered to follow the lattice rule
which is least upper bound in the lattice L. That is for ã, b̃ ∈ L,
we define ã ∨ b̃ = max{ã, b̃} and ã ∧ b̃ = min{ã, b̃}. For arbitrary
fuzzy number ã = (a0, a∗, a∗), b̃ = (b0, b∗, b∗) and ∗ = {+,−,×,÷},
the arithmetic operations on the fuzzy numbers are defined by

(i) Addition : ã+ b̃ = (a0, a∗, a∗) + (b0, b∗, b∗)
= (a0 + b0,max{a∗, b∗},max{a∗, b∗})

(ii) Subtraction : ã− b̃ = (a0, a∗, a∗)− (b0, b∗, b∗)
= (a0 − b0,max{a∗, b∗},max{a∗, b∗})

(iii)Multiplication : ã× b̃ = (a0, a∗, a∗)× (b0, b∗, b∗)
= (a0 × b0,max{a∗, b∗},max{a∗, b∗})

(iv)Division : ã÷ b̃ = (a0, a∗, a∗)÷ (b0, b∗, b∗)
= (a0 ÷ b0,max{a∗, b∗},max{a∗, b∗})
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3 Mathematical Formulation of Payoff

Matrix

The problem that we are aiming to solve is a two player zero sum
fuzzy game in which the entries in the payoff matrix A are triangular
fuzzy number.
The pay off matrix is

A =




ã11 ã12 · · · ã1n
ã21 ã22 · · · ã2n
...

...
...

...
ãm1 ãm2 · · · ãmn




In the above game Player A has m strategies and Player B has
n strategies. If Player A chooses the ith strategies and Player B
chooses jth strategies, the Player A win.

Definition 3.1. Saddle Point:
If the max-min value equals the mini-max value then the game is
said to a saddle (equlibrium) point and the corresponding strate-
gies are called optimum strategies. The amount of payoff at an
equilibrium point is known as the value of the game.

3.1 Algorithm for solving fuzzy game problem
using matrix oddment method

Step 1: Let Ã = (ãij) be n×n payoff matrix. Obtain a new matrix C̃,
whose first column is obtained A by subtracting 2nd column
from 1st; second column is obtained by subtracting A’s 3rd
column from 2nd and so on till the last column of Ã is taken
care of. Thus C̃ is a n× (n− 1) matrix.

Step 2: Obtain a new matrix R̃, from Ã by subtracting its successive
rows the preceding ones, in exactly the same manner as was
done for columns in step 1. Thus R̃ is a (n− 1)× n matrix.

Step 3: Determine the magnitude of oddments corresponding to each
row and each column of Ã. The oddment corresponding to
ith row of Ã is defined as the determinant |C̃i| where C̃i is
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obtained from C̃ by deleting ith row. Similarly oddment cor-
responding jth column of Ã = |R̃j|, defined as determinant
where R̃j is obtained from R̃ by deleting its jth column.

Step 4: Write the magnitude of oddments (after ignoring negative
signs, if any) against their respective rows and columns.

Step 5: Check whether the sum of row oddments is equal to the sum of
column oddments. If so, the oddments expressed as fractions
of the grand total yields the optimum strategies. If not, the
method fails.

Step 6: Calculate the expressed value of the game corresponding to
the optimum mixed strategy determined above for the row
player (against any move of the column player).

4 Numerical Example

Consider the following game problem discussed by Selvakumari et
al. [9] whose payoff matrix involving triangular fuzzy numbers is
given by

Player B

Player A



(−4,−1, 2) (−2, 1, 8) (−2, 1, 4)
(−2, 1, 4) (−8,−2, 4) (−4, 2, 8)
(2, 3, 4) (3, 4, 5) (−6,−5, 4)




Representing all triangular fuzzy numbers in parametric form,
we have

Player B Row min

Player A



(−1, 3− 3r, 3− 3r)(1, 3− 3r, 7− 7r)(1, 3− 3r, 3− 3r)
(1, 3− 3r, 3− 3r)(−2, 6− 6r, 6− 6r)(2, 6− 6r, 6− 6r)
(3, 1− r, 1− r) (4, 1− r, 1− r) (−5, 1− r, 9− 9r)




(−1, 3− 3r, 3− 3r)
(−2, 6− 6r, 6− 6r)
(−5, 1− r, 9− 9r)

Col. max (3, 1-r, 1-r) (4, 1-r, 1-r) (2, 6-6r, 6-6r)

From the magnitude values of each triangular fuzzy numbers aij
given in table 1, we have
Max.min = (−1, 3− 3r, 3− 3r)
Min.max = (2, 6− 6r, 6− 6r)
It has no saddle point, so we can apply oddment method to solve
the problem.
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Table 1: Table of magnitude values of aij
Triangular fuzzy number Mag. of triangular fuzzy number
ã11=(-1, 3-3r, 3-3r) MagTri(ã11) = −1
ã12=(1,3-3r, 7-7r) MagTri(ã12) = 2− 2r
ã13=(1, 3-3r, 3-3r) MagTri(ã13) = 1
ã21=(1, 3-3r, 3-3r) MagTri(ã21) = 1
ã22=(-2, 6-6r, 6-6r) MagTri(ã22) = −2
ã23=(2, 6-6r, 6-6r) MagTri(ã23) = 2
ã31=(3, 1-r, 1-r) MagTri(ã31) = 3
ã32=(4, 1-r, 1-r) MagTri(ã32) = 4
ã33=(-5, 1-r, 9-9r) MagTri(ã33) = −3− 2r

We compute the matrices C and R by subtracting the successive
columns from the preceding columns and subtracting the successive
rows from the preceding rows.

C̃ =



(−2, 3− 3r, 7− 7r) (0, 3− 3r, 7− 7r)
(3, 6− 6r, 6− 6r) (−4, 6− 6r, 6− 6r)
(−1, 1− r, 1− r) (9, 1− r, 9− 9r)


 and

R̃ =

(
(−2, 3− 3r, 3− 3r) (3, 6− 6r, 7− 7r) (−1, 6− 6r, 6− 6r)
(−2, 3− 3r, 3− 3r)(−6, 6− 6r, 6− 6r) (7, 6− 6r, 9− 9r)

)

To find the magnitude of oddments corresponding to each row
and column of Ã. The oddment corresponding to 1st row of Ã is
defined as |C̃1|, where C̃1 is obtained from C̃ by deleting 1st row.
Similarly |R̃1| is obtained from R.
|C̃1| = (23, 6− 6r, 9− 9r); |C̃2| = (−18, 3− 3r, 9− 9r);
|C̃3| = (8, 6− 6r, 9− 9r); |R̃1| = (15, 6− 6r, 9− 9r);
|R̃2| = (−16, 6− 6r, 9− 9r); |R̃3| = (18, 6− 6r, 7− 7r)

The augumented payoff matrix is

Pl:B

Pl:A




(−1, 3− 3r, 3− 3r) (1, 3− 3r, 7− 7r) (1, 3− 3r, 3− 3r)
(1, 3− 3r, 3− 3r) (−2, 6− 6r, 6− 6r) (2, 6− 6r, 6− 6r)
(3, 1− r, 1− r) (4, 1− r, 1− r) (−5, 1− r, 9− 9r)




Row oddments:
{(23, 6− 6r, 9− 9r), (−18, 3− 3r, 9− 9r), (8, 6− 6r, 7− 7r)}
Column oddments:
{(5, 6− 6r, 9− 9r), (−16, 6− 6r, 9− 9r), (18, 6− 6r, 7− 7r)}
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Sum of the modulus values of the row oddments = (49, 6−6r, 9−9r).
Sum of the modulus values of the col.oddments = (49, 6−6r, 9−9r).

Strategy for player A =

(
(23, 6− 6r, 9− 9r)

(49, 6− 6r, 9− 9r)
,
(−18, 3− 3r, 9− 9r)

(49, 6− 6r, 9− 9r)
,
(8, 6− 6r, 7− 7r)

(49, 6− 6r, 9− 9r)

)

Strategy for player B =

(
(15, 6− 6r, 9− 9r)

(49, 6− 6r, 9− 9r)
,
(−16, 6− 6r, 9− 9r)

(49, 6− 6r, 9− 9r)
,
(18, 6− 6r, 7− 7r)

(49, 6− 6r, 9− 9r)

)

The value of the game
=

[ (23, 6− 6r, 9− 9r)

(49, 6− 6r, 9− 9r)
(−1, 3− 3r, 3− 3r) +

(−18, 3− 3r, 9− 9r)

(49, 6− 6r, 9− 9r)
(1, 3− 3r, 3− 3r)

+
(8, 6− 6r, 7− 7r)

(49, 6− 6r, 9− 9r)
(3, 1− r, 1− r)

]
=

(
19

49
, 6− 6r, 9− 9r

)

Hence the value of the game in terms of ã = (a1, a2, a3) is(−275

49
+ 6r,

19

49
,
460

49
− 9r

)

Ranges of r Value of the game

r=0

(−275

49
,
19

49
,
460

49

)

r=0.25

(−201.5

49
,
19

49
,
349.75

49

)

r=0.5

(−128

49
,
19

49
,
239.5

49

)

r=0.75

(−54.5

49
,
19

49
,
129.25

49

)

r=1

(
19

49
,
19

49
,
19

49

)

It shows that the decision maker having the flexibility of choos-
ing r ∈ [0, 1] depending upon the situation.

5 Conclusion

In this paper, we have solved a two person zero sum game involving
triangular fuzzy numbers by using row oddment method without
converting its classical form. The same problem was solved by
the authors Selvakumari et.al. [9] by converting the fuzzy game
problem to and equivalent classical game problem which provides
only crisp solution. Also Thirucheran et. al. [10] discussed the
same problem without converting the classical form which yields
a fixed solution. As there is no choice for the decision maker to
modify his preference of weightage whereas the method proposed
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by us gives the solution interms of r, r ∈ [0, 1] which gives the
facility to implement the decision maker choice.
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