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Abstract: Assigning numerical values to the edges and vertices of a graph following some 

conditions or rules is graph labeling. If the vertices of a graph assume the values from the set 

{0, 1, 2, ……, |E|} and the induced edge labeling, defined as, |f(u)-f(v)| are distinct then the 

labeling is said to be graceful. In this paper we prove that for any graph G, if the shadow 

graph of G is graceful then G need not be graceful. 
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1. Introduction 

Mathematical modeling of real life problems could be done using differential equations, 

integral equations, algebraic relations, etc. The graphical representation of such problems, 

which depicts how the various components are related, attracts everyone in studying and 

solving them. Though these graphical representations have been followed even before 

civilization, the vision as a concrete mathematical structure helped in the formulation of a 

new branch of mathematics, Graph Theory. Since its introduction various aspects of these 

structures had been the interest of mathematicians. One such characterization, labeling of 

graphs have wide applications in various fields like analyzing chemical structures, electrical 

and communication networks and data base management. Graph labeling could be done with 

either numbers or colors. The latter had emerged as a separate branch called graph coloring. 

Graph labeling may be edge induced, the case in which the label for the vertices of the graph 

are obtained from their edge labeling, or vertex induced by following some rules. Graceful 

labeling is a vertex induced labeling of graphs. The vertices of a graph G(V, E) assume labels 

from the set {0, 1, 2, ……, |v|}. A one-to-one function from the edge set E to the set {1, 2, 3, 

….., |E|} is said to be a graceful label if the induced edge labels |f(u)-f(v)| are all distinct. The 

concept of graceful labeling was introduced by Alexander Rosa [1]. A graph G is said to be a 

graceful graph if it admits a graceful labeling. Vengata Krishnan and Selvaraju [2] had 

proved that the sum graph of shell graph with K1 is graceful. Sethuraman and Selvaraju [3] 

had proved that the arbitrary super sub-division of graceful graphs is graceful. 

Shadow graph of a graph G, denoted by Dm(G), is obtained by having m copies of a graph G 

and adding edges between the vertices of copies if their corresponding vertices are adjacent in 

G. Vengata Krishnan and Lalitha [4] had proved that the shadow of path Pn is graceful. Many 

researchers show interest in various labeling of shadow graphs. Yet, the results on graceful 
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labeling of shadow graphs are enumerable. An exhaustive survey on graceful graphs in done 

by Gallian [5]. 

 

2. Path kPn is not graceful 

In this section we prove that the copies of Pn isnot graceful. 

Theorem 1: kPn is not graceful. 

 Any path Pn, will be such that |V| = n and |E| = n-1. Therefore, the copies of Pn, kPn, 

will have kn vertices and k(n-1) edges. Number of edges is k less than the number of vertices. 

This indicates that a mapping from vertex set to the set {0, 1, 2,……,|E|}is not possible. 

Hence kPn is not graceful. 

 

3. If a Graph Dm(G) is graceful, G need not be graceful 

Theorem 2: For any simple, undirected planar graph G, if Dm(G) is graceful G need not be 

graceful. 

 From Theorem 1, 2P2 is not graceful. But the following labeling proves D2(P2) to be 

graceful. 

 

 

 

Let the vertex label be given as below, 

Vertices 
Vertex 

Label 

V0 0 

V1 8 

V2 2 

V3 7 

V4 1 

V5 5 

V6 3 

V7 4 

 

The induced edge labeling would be: 

 

 

 

 

 

 

 

 

 

 

The statement of the theorem 2, follows from the above. i.e., if Dm(G) is graceful, G need not 

be graceful. 

 

Edges 
Induced 

Edge Label 

V1V0 8 

V2V1 6 

V3V2 5 

V0V3 7 

V5V4 4 

V6V5 2 

V7V6 1 

V4V7 3 

vo 

v2 

v1 

v3 

v4 v5 

v6 v7 
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4. Conclusion 

In this article we have proved that graceful labeling of shadow graph of G do not imply the 

graceful labeling of G. The work may be extended to prove that the shadow graph of arbitrary 

copies of Pn is graceful. 
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