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1 Introduction

Throughout w, I" and A denote the classes of all, entire and analytic
scalar valued single sequences, respectively. We write w? for the set
of all complex triple sequences (z,x), where m,n, k € N, the set
of positive integers. Then, w? is a linear space under the coordinate
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wise addition and scalar multiplication.

We can represent triple sequences by matrix. In case of double
sequences we write in the form of a square. In the case of a triple
sequence it will be in the form of a box in three dimensional case.

Some initial work on double series is found in Apostol [1] and
double sequence spaces is found in Hardy [7], Subramanian et al.
[8-14], and many others. Later on investigated by some initial work
on triple sequence spaces is found in Sahiner et al. [15] , Esi et al.
[2-6], Subramanian et al. [16-25] and many others.

Let (zmne) be a triple sequence of real or complex numbers.
Then the series Zzinykzl Tmniis called a triple series. The triple
series > 1| Tmnkis said to be convergent if and only if the triple
sequence (Synk)is convergent, where

S’mnk = ZZZZil l’i]’q(m, n, k= 1, 2, 3, ) .
A sequence x = (Z,n)is said to be triple analytic if

1
mEntk < 00.

SUPm n.k |xmnk

The vector space of all triple analytic sequences are usually denoted
by A3. A sequence x = (x,,n1) is called triple entire sequence if

1
m¥ntk — () as m,n, k — oo.

|$mnk

The vector space of all triple entire sequences are usually denoted
by I'®. The space A® and I'® is a metric space with the metric

d(:l?, y) = SUPmn,k {‘xmnk - ymn/<5|m+1"+’C cm,n, k1,23, } s (1)
forallz = {zur f andy = {ymnr } in 3. Let ¢ = { finite sequences} .
Consider a triple sequence & = (). The (m,n, k)" section

2™k of the sequence is defined by z[™mHl = Z%’Zﬁoxijq@jq for
all m,n, k € N,

00 .0 O

00 .0 O
6mnk =

0 0 10

00 00
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with 1 in the (m,n, k)" position and zero otherwise.

Consider a triple sequence & = (2,x). The (m,n, k)™ section
wlmmk of the sequence is defined by xlmmk = S~ Z;’Zfoxijq%ijq for
all m,n, k € N; where S, denotes the triple sequence whose only

non zero term is a in the (4, 7, k:)th place for each i, j, k € N.

1
(ij+k)!

An FK-space(or a metric space)X is said to have AK property
if (Spunk) is a Schauder basis for X, or equivalently zl™™k — 1.

An FDK-space is a triple sequence space endowed with a complete
metrizable; locally convex topology under which the coordinate
mappings are continuous.

If X is a sequence space, we give the following definitions:
(1)X" is continuous dual of X;

(H)Xa = {(1 = (amnk) : Z%,n,k:l |amnkxmnk < 00,
for each x € X};

(i) X7 = {a = (amnp) : > k=1 @mnkTmnk 1S convergent,
for each x € X};

M,N,K
Zm,n,k:l AmnkTmnk| < 00,

(iV)X’Y = {a = (amn) : Supm,nzl
for each x € X},

(v)Let Xbean FK — space O ¢; then XT = { f(Spur) 1 f € X' };

1/m4n+k

(Vi)X§ = {a = (amnk) : Supm,n,k |amnkxmnk| < 00,

for each x € X},

X X8 X7 are called a — (orKéthe — Toeplitz)dual of X, —
(or generalized — Kothe — Toeplitz) dualof X,y — dualof X, § —
dual of X respectively. X® is defined by Gupta and Kamptan [26] .
It is clear that X® C X? and X® C X7, but X® C X" does not
hold.
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2 Definitions and Preliminaries

A sequence x = (T )is said to be triple analytic if

SUDmn k |acmnk|m < oo. The vector space of all triple analytic
sequences is usually denoted by A®. A sequence z = (Tyni) is
called triple entire sequence if |z, AETE () as m,n,k — oo.
The vector space of triple entire sequences is usually denoted by
3.

Let p,q be semi norms on a vector space X. Then p is said to
be stronger that ¢ if whenever (z,,,x) is a sequence such that
P (Tmnk) — 0, then also ¢ (zpne) — 0. If each is stronger than
the others, then p and ¢ are said to be equivalent.

A sequence space F is said to be solid or normal if (@nxZmnk) € E
whenever (x,,,,) € E and for all sequences of scalars (,nx) with
|omnk] < 1, for all m,n, k € N.

A sequence space F is said to be monotone if it contains the canonical
pre-images of all its step spaces.

A sequence FE is said to be convergence free if (y,,,x) € E whenever
(Tmnk) € E and 2pni = 0 implies that y,ne = 0.

Let p = (pmnk) be a sequence of positive real numbers with 0 <
Prnk < SUPDpmnk = G and Let D = Max(1,2671).

Then for i, bmne € C, the set of complex numbers for all m,n, k €
N we have

’amnk + bmnk‘pmnk S D {’amnk’pmnk + ‘bmnk’pmnk} ) (2)

where D = maz (1,2771) | H = supu n ;Pmnk
By S (X) we denote the linear space of all sequences x = (1)
with (Znk) € X and the usual coordinate wise operations: ax =

(0Tpnk) and  + ¥ = (Tynk + Ymnk) , for each a € C. If X =
(Amnk) 1s a scalar sequence and = € S (X) then we shall write

AT = (Amnkxmnk)

Let U be the set of all sequences © = (i) such that w,,,, # 0
and complex for all m,n, k=1,2,3,---.
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A function f : [0,00) — [0,00) such that modulus f is (i)
f(z) =0if and only if x = 0, (ii) f(z+y) < f(z)+ f(y), for
all z > 0, y > 0, (iii) f is increasing, (iv) f is continuous from
the right of 0. It follows from (ii) and (iv) f must be continuous
everywhere on [0, 00) . For a sequence of moduli f = (f.x) we give
the following conditions: (V)supmn i frmnk (t) < oo for all ¢ > 0, (vi)
limy—o frnk (t) = 0 uniformly in m,n, k > 1. We remark that in
case fonk = f(m,n,k > 1), where f is a modulus function, the
conditions (v) and (vi) are automatically fulfilled.

Let (X, q) be a semi normed space over the field C of complex
numbers with the semi norm ¢. The symbol I'}(X) denotes the
spaces of all triple entire sequences defined over X. We define the
following sequence space:

I3 (p g, u) = {z € S(X) : Unnk [ Fronk <q (‘xmnk‘l/M+n+k>>:|pmﬂk N
0asm,n,k — oo}

We get the following sequence spaces from F:}(p, q,u) on giving
particular values to p and w. Taking p,. = 1 for all m,n, k € N
we have

Fi’}(q,u) ={z € S(X): Unnk {fmnk (q (]xmnkll/er"Jrk))} -0
as m,n,k — oo}

If we take u,,,x = 1, then we have

Pmnk

T(p,q) = {x € S (X) : [fmnk (q (yxmnkyl/mw”))} =0
asm,n,k — oo}

If we take pp = 1 and Uy, = 1 for all m,n, k € N, then we
have

[3(g) = {r € S (X): [fumne (a (Jemu ™)) 0

asm,n,k — oo}

In addition to the above sequence spaces, we have F?(p,q,u) =
F}Q’c(p), on taking u,,x = 1 forallm,n, k € N, q(z) = |z|, (founk) = f
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for all m,n,k € N and X = C. In this chapter we introduce
the sequence spaces F:}(p, q,u), using an modulus function f and
defined over a semi normed space (X, ¢q), semi normed by g. We
study some properties of these sequence spaces and obtain some
inclusion relations.

2.1 Lemma:

Let p and ¢ be semi norms on a linear space X. Then p is stronger
than ¢ if and only if there exists a constant M such that ¢(z) <
Mp(z) for all x € X.

2.2 Remark:

From the two above definitions it is clear that a sequence space E
is solid implies that £ is monotone.

3 Main Results

3.1 Theorem:

If f = (fmnk) be a sequence of moduli, then F:;’c (p,q,u) are linear
spaces over the set of complex numbers.
Proof: It is routine verification. Therefore the proof is omitted.

3.2 Theorem:
F;(p, ¢, u) are paranormed spaces with the paranorm ¢ defined by

g (:E) = Supm,mkumnk [fmnk (q (’xmnk‘l/m+n+k

Proof: Clearly g(x) = g(—z) and g(f) = 0, where 6 is the zero
sequence. It can be easily verified that g(z+y) < g(z)+g(y). Next
x — 0, fixed implies g(Ax) — 0. Also z — 6 and A — 0 implies
g(Az) — 0. The case A\ — 0 and z fixed implies that g(Az) — 0
follows from the following expressions.

9 (AT) = SUPm p kUmnk [fmnk (q <|/\mnkxmnk\1/m+"+k>)} .

g ()\.I) = {|)\‘1/m+n+k : Supm,n,kumnk [fmnk <C] (‘xmnk‘l/m+n+k>):| } .
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Hence F:;’c (p, ¢, u) is a paranormed space. This completes the proof.

3.3 Theorem:

Let f = (fink) and T' = (Tnk) be a two sequence of moduli. Then
I3 (p.q,u) NT5(p, ¢, u) C T3 1(p, ¢, u)

Proof:The proof is easy, so omitted.

3.4 Remark:

Let f = (funk) be a sequence of moduli ¢; and ¢, be two semi
norms on X, we have

OT%(p, 1, w) VT3P, g2, u) S THp, @1 + g2, w)

(ii)If ¢y is stronger than g, then F?(p, q,u) C I‘?(p, o, u)

(ifi) If g1 is equivalent to g, then T'%(p, g1, u) = I'}(p, g2, u)

3.5 Theorem:

(1)Let 0 < prnk < Tk and {;m"’;} be bounded. Then F?’c(r, q,u) C
I3 (p, g, u)

(it)uy < uy implies T%(p, q,u1) C T} (p, ¢, u2)

Proof:

Let

T € F‘;’»(r, q,u) (3)

Umnk [fmnk (q (‘xmnk‘l/m+n+k>):|rmnk — 0 as m,n, k — oo (4)

Tmnk

Tmnk
Let Uk = Wmnk |:fmnk (q (‘xmnk‘l/m+n+k>)j| and /\mnk = Dmnk
Since Pmnk S Tmnk,

we have 0 < A\ < 1. Take 0 < A\ < A\pnk-

Define Umnk = tmnk(tmnk > 1>7umnk = O(tmnk < ]-); and Umnk =
O(tmnk Z 1);vmnk - tmnk(tmnk < 1),
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Lnk = Umnk + Umnk; tﬁ,;’“ + vm*;’,;’“ Now it follows that

mTLrllck < tm”k and U mnk < Umnk (5)

iet Amnk =u Amnk + v Amnk . t Amnk < tmnk +/U;\nnk; by (5)

mnk mnk mnk *  “mnk

Tmnk )\mnk
Umnk [fmnk (q (|xmnk|1/m+n+k>) :|
m-n Tmnk
S Umnk [fmnk (q (’xmnkll/ - +k)>}

1/m4n+k Tmnk pmnk/rmnk
Umnk [fmnk (q ‘xmn ‘ >)

( I
<t [ (1 ™))
(i

1/m+n+k Pmnk
Umnk [fmnk <q [zma )):|
< Uy |:fmnk; <q (,xmn ’1/m+n+k>):| Tmnk

Tmnk
But gk mnk( (\xmn \Umﬂ”k))} — 0 as m,n, k —

oo. By (4), we have

m-n Pmnk
Uk [fmnk <q <\xmnk\1/ + +k>)} —0 as m,n,k — oo.

Hence
v € T}(p,q. u) (6)

From (3) and (6) we get T'(r, ¢, u) C I'}(p, ¢, u).
This completes the proof.
Proof (ii): The proof is easy, so omitted.

3.6 Theorem:

The space Ff} (p, ¢, u) is solid, hence is monotone.
Proof:Let (2,,.1) € Ffmnk(p, ¢,u) and (@mne) be a sequence of

scalars such that \amnk\l/er”Jrk <1 for all m,n,k € N. Then
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1 k Pmnk
Umnk [fmnk (q (‘amnk‘rmnk’ fmtnt

pmn
< Upnk [fmnk <q (|$mnk|1/m+n+k))} " for all m,n, k€N

1 k Pmnk
[fmnk (q (‘amnkxmnk’ /mint

< |:fmnk <(] (|xmnk|1/m+n+k))i|pmnk for all m,n, k € N.

This completes the proof.

3.7 Result:

The space F? (p, q,u) are not convergence free in general.
Proof: The proof follows from the following example.

Example: Consider the sequences (Zpnk); (Ymnk) € Fii(p, q,u).
Defined as (zn1) = (m)wn%
Hence o

Upnnk [fmnk (q <m)>] — 0 as m,n,k — oco. Which implies

Pmnk
(Tmnk) = 0. AlSO Uy [fmnk (q (&;Z;ﬁ))ﬂ —0 as m,n, k —
00. But (Ymnk) 7 0. Hence the space Ffz (p, ¢, u) are not convergence
free in general. This completes the proof.

e k
and (Ymnk) = (2+Z+Z)m+n+ :
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