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Abstract

In this paper we study intuitionistic fuzzy soft matrix
based on reference function. We define some new opera-
tions such as intuitionistic fuzzy soft complement matrix
and intuitionistic product of fuzzy soft matrix based on the
reference function. Then, we introduced some related prop-
erties, and some examples are given. A new approach in
intuitionistic fuzzy soft matrix decision method based on
the reference function has been devised.
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1 Introduction

Fuzzy set theory was proposed by LotfiA.Zadeh[1] in 1965,where
each element is associated to a real value in [ 0, 1] which is a degree
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of membership defined on the universe of discourse X, the theory
finds extensive application in various fields to handle uncertainty.
Therefore, several researches were conducted on the generalization
on the notions of fuzzy sets such as intuitionistic fuzzy set proposed
by Atanassov(2,3], interval valued fuzzy set[4]. In the literature we
found many wellknown theories to describe uncertainty rough set
theory[5] , but all of these theories have their inherit difficulties
as pointed by Molodtsov in his pioneer work[6]. Fuzzy member-
ship value is the difference between fuzzy membership function and
reference function. Fuzzy membership function and fuzzy mem-
bership value are two different things. In [13,14] M.Dhar applied
this concept to fuzzy square matrix and developed some interesting
properties such as determinant, trace and so on. Thereafter, in [15]
, T.J.Neog, D. K.Sutwere extended this new concept to soft set the-
ory, introducing a new concept called fuzzy soft set based on fuzzy
reference function. Recently,Neog. T.J, Sut D. Kumar,M.Bora|[16]
combined fuzzy soft set based on reference function with soft ma-
trices. The next section briefly introduces some definitions related
to soft set, fuzzy soft set, and fuzzy soft set based on reference
function. Section 4 presents fuzzy soft complement matrix based
on reference function. Section 5 presents the Operations on Intu-
itionistic Fuzzy Soft Matrix Theory. Section 6 presents new fuzzy
soft matrix theory in decision making. Conclusions appear in the
last section.

II. PRELIMINARIES In this section first we review
some concepts and definitions of soft set, fuzzy soft set, and fuzzy
soft set based on reference function from [8,11,12,16] which will be
needed in the sequel. Remark: For the sake of simplicity we adopt
the following notation of fuzzy soft set based on reference func-
tion defined in our way as: Fuzzy soft set based on reference =(F,
A)rf,to make the difference between the notation (F, A) defined for
classical soft set or its variants as fuzzy soft set.

2 Definitions and Preliminaries:

The basic definitions of Intuitionistic fuzzy soft set based on refer-
ence function that are useful for subsequent discussions are given.
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2.1 Soft set [1]

Let U be an initial universe set and E be a set of parameters.
Let P(U) denotes the power set of U. Let A C E. A pair (Fy4, E) is
called a soft set over U, where F is a mapping given by E? — P(U)
Such that Fa(e) = ¢ if e ¢ A. Here F) is called approximate func-
tion of the soft set (Fa, E). The set Fy4(e) is called e-approximate
value set which consist of related objects of the parameter ¢ € F.
In other words, a soft set over U is a parameterized family of sub-
sets of the universe U.

Example 2.1: Let U = {uy, us,us, us} be a set of shirts
and E = {ey,e9,e3,e4} = {black(e1),red(es), blue(es), green(ey)}
be a set of parameters. If A = {ey,eq,e3,e4}? C E. Let Fa(ey) =
{uy, ug, uz,us} and Fa(es) = {uy,ug} ,Fales) = {ur,us,us},Fales) =
{u4} then we write the soft set as
(FAv E) = {(617 {ula Uz, U3, U4}), (627 {uh U4}), (637 {ula us, U4}),

(€4, {ua})}

over U which describes the ?7”color of the shirts”,? Mr. A going to
buy. We may represent the fuzzy soft set in the following form:

U €1 | €2 | €3 | €4
u | 1| 11110
us | 1101010
ug | 1|0 110
ug | 111 (1

2.2 Fuzzy Soft Set [6]

Let U be an initial universe, E be the set of all parameters and
A? C E. A pair (Fy, E) is called a fuzzy set over U where Fy is a
mapping given by, Fs : E? — P(U) such that Fu(e) = ¢ if e ¢ A,
Where ¢ is a null fuzzy set and P(U) denotes the collection of all
subsets of U.

Example 2.2 Consider the example 2.1, here we cannot express
the members of the sets with only two real numbers 0 and 1, we can
characterize it by a membership function instead of crisp number

0 and 1, which associates with each element, a real number in the
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interval [0, 1].

Then (Fy4, E) = {Fa(e1)} = {(u1,0.8), (uz,0.7), (us, 0.6), (u4,0.5)},

Fa(es) = {(u1,0.5), (ug,0.4)}, Fales) = {(u1,0.6), (us,0.7)(u4,0.8)},
Fa(eq) = {(u4,0.2)} is the fuzzy soft set representing the ?”color
of the pens”? which Mr. A is going to buy. We may represent the
fuzzy soft set in the following form:

Ul e | e | e3 | ey
u; | 0.8105106| 0
uy | 071 0 0 0
uz |06 0 |0.7] O
ug | 05104108102

2.3 Fuzzy Soft Matrices (FSM) [5]

Let (Fa, E) be fuzzy soft set over U. Then a subset of U x E is
uniquely defined by Ry = {(u,e) :7e € A,u? € F4(e)}, which is
called relation form of (F4, F) . The characteristic function of R4
is written by pga : U x E?7 — [0,1], where pga(u,e) € [0, 1] is the
membership value of u € U for each e? € U. If p;; = ppa(ui,e;),
we can define a matrix

H11 H12 ... Hin

m _ | Hor Moz ... Hon
1) mXn T

/Lml ,um2 cee ,Umn

which is called a m x n soft matrix of the soft set (Fa, F) over
U. Therefore we can say that a fuzzy soft set (Fa, E) is uniquely
characterized by the matrix [11;j]m7x, and both concepts are inter-
changeable.

Example 2.3 Assume that U = {u, ug, ug, uy, us, ug} is a univer-
sal set and F = {eq, eq,€3, ¢4} is a set of all parameters.

If A7 C E = {ey,e9,€3,64} and

FA(€1) = {(ul, 07) (Ug, 0. 6) (U3, 08), (U,4, 02), (’1,657 07), (UG, 08)}
(82) {(U170.5), (u;;,O 8) (U4,0.1>, (U5,0.2), (U6709)}

Fu(es) = {(u1,0.5), (u2,0.7), (u4,0.5), (us,0.6), (ug, 0.7) }

Fy(eq) = {(u1,0.9), (uG,O 1)}. Then the fuzzy soft set (Fy, E) is a
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parameterized family {Fa(e;), Fa(ez2), Fa(es), Fa(eq)} of all fuzzy
sets over U. Hence the fuzzy soft matrix [p;;] can be written as

0.7 05 0.5 0.9]
0.6 0.0 0.7 0.0
~ |08 0.8 0.0 00
il =102 01 05 00
0.7 0.2 0.6 0.0
08 0.9 0.7 0.1]

2.4 Row- Fuzzy Soft Matrix

A fuzzy soft matrix of order 17 x n i.e., with a single row is called
a row-fuzzy soft Matrix.

2.5 Column -Fuzzy Soft Matrix

A fuzzy soft matrix of order m? x 1 i.e., with a single column is
called a column?-fuzzy soft matrix.

2.6 Fuzzy soft complement set [11]

The complement of fuzzy soft sets (Fa, E) denoted by (Fa, E)7° is
defined by (Fy4, E)?° = (F§, E), where F'§ : E? — IV is a mapping
given by F47°(e) = [Fa(e)]?°, Ve? € E.

2.7 Definition [29]

We define the membership value matrix corresponding to the ma-
trix A as MV(A) = [(5]1(01)} Where (5(14)” = /le((li) — /le(Ci),
i=1,2,3,7...,mand j =1,2,3,...7,n, where p;1(¢;) and p;2(c;)
represent the fuzzy membership function and fuzzy reference func-
tion respectively of ¢; in the fuzzy set F(e;).

223



International Journal of Pure and Applied Mathematics Special Issue

3 Intuitionistic Fuzzy Soft Matrix The-
ory

3.1 Intuitionistic Fuzzy Soft Set (IFSS)

Let U be an initial universe, F be the set of parameters and A? C E.
A pair (Fa, F) is called an intuitionistic fuzzy soft set (IFSS) over
U, where F, is a mapping given by Fy : E? — IV | IV denotes the
collection of all intuitionistic fuzzy subsets of U.

Example 3.1: Suppose that U = {uy,us,us,us} be a set of
four shirts and E = {white(e;), blue(es), green(es)} be a set of pa-
rameters. If A= {e;,ex} € E. Let
Fa(er) = {(u1,0.3,0.7), (uz,0.8,0.1), (uz,0.4,0.2), (ug, 0.6,0.2)}
Fa(es) = {(u1,0.8,0.1), (ug,0.9,0.1), (usz,0.4,0.5), (uy,0.2,0.3) } then
we write intuitionistic fuzzy soft set as
(Fa, E) = {Fa(e1) = {(u1,0.3,0.7), (ug,0.8,0.1), (us,0.4,0.2), (uyg, 0.6,0.2) }
Fa(es) = {(u1,0.8,0.1), (uz,0.9,0.1), (uz, 0.4, 0.5), (g, 0.2,0.3) }}.

We would represent this intuitionistic fuzzy soft set in matrix form

(0.3,0.7) (0.8,0.1) (0.0,0.0)
(0.8,0.1) (0.9,0.1) (0.0,0.0)
(0.4,0.2) (0.4,0.5) (0.0,0.0)
(0.6,0.2) (0.2,0.3) (0.0,0.0)

3.2 Intuitionistic Fuzzy Soft Matrix ( IFSM) [5]

Let U be an initial universe , £ be the set of parameters and
A? C E. Let (Fa,E) be an intuitionistic fuzzy soft set(IFSS)
over U. Then a subset of U? X E is uniquely defined by R4 =
{(u,e) : €7 € A u? € Fy(e)} which is called the relation form of
(Fa, E). The membership and nonmembership functions are writ-
ten by ppra : U? x E? — [0,1] and yra : U? x E? — [0, 1] where
pra : (u,e) € [0,1] and Yga : (u,e) € [0,1] are the membership
value and nonmembership value of u? € U for each e? € E. If
(i, vij) = (pra(ui, €5), Yra(us, €5)) we can define a matrix

(Mn, Uu) (M127 012) ce (Mm, U1n)

(i Vi) asn = (21,v21)  (pa2,v22) - (fi2n, V2n)
175 Y1y ) luXn

(Mml; Uml) (/Lm27 Um?) .. (umru Umn)
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which is called a m? x n IFSM of the IFSS (F4, E) over U.
Therefore, we can say that IFSS (F4, E) is uniquely characterized
by the matrix (11, vij)|m?xn and both concepts are interchangeable.
The set of all m? xn IFS matrices will be denoted by IFSM m? x n.

Example 3.2:

Let U = {uy, ug, ug, ug, us } is a universal set and E = {ey, e, €3, €4, €5},
is a set of parameters. If A = {eq,e3,e4,e5} C?7E and

Fa(er) = {(u1,.8,.4), (ug,.8,.1), (us, .5,.5), (ug, .5, .4), (us, .2,.1) },
FA(eg) = {(Ul, .4, 6), (’1,637 .2, 2), (1,L47 1, 0), (’1,657 .6, 2)}7

FA(€4) = {(ul, .6, 2), (UQ, 1, O), (’U,g, .8, 2), (’LL47 .6, 3), (U57 .7, 3)},
FA(€5) = {(Ul, .7, 8), (U27 1, 0), (U3, .6, 5), (U47 .5, 3), (U5, .9, 2)}

Then the IFS set (Fy, E) is a parameterized family

{Fa(el), Fa(e2), Fa(es), Fa(eq)} of all IFS sets over U. Hence IFSM
[(1ij,vij)] can be written as

(0.8,0.4) (0,0) (0.4,0.6) (0.6,0.2) (0.7,0.8)
(0.8,0.1) (0,0) (0,0)  (1,0)  (1,0)
[(1j.7:)] = [(0.5,0.5) (0,0) (0.2,0.2) (0.8,0.2) (0.6,0.5)
(0.5,04) (0,0) (1,0) (0.6,0.3) (0.5,0.3)
(0.2,0.1) (0,0) (0.6,0.2) (0.7,0.3) (0.9,0.2)

3.3 Intuitionistic Fuzzy Soft Set Complement
Matrix:

Let A = [a;;] IFSMpxn, where a;; = (p(c;),v;(c;)) for all 4, 5.
Then A® IFSM is called a Intuitionistic Fuzzy Soft Complement
Matrix if AY = [d;]mxn, where di; = (vj(ci), p;(c;)) for all 4, 5.

3.4 Intuitionistic Fuzzy Soft Sub Matrix:

Let A = [a;;] IFSM m x n, B = [b;;] IFSM,x,, Then A is a
intuitionistic fuzzy soft submatrix of B, denoted by A? C B. If
pa < pp and y4 > yp?Vi, j.

3.5 Intuitionistic Fuzzy Soft Null (Zero) Ma-
trix:

An intuitionistic fuzzy soft matrix of order m x n is called intu-
itionistic fuzzy soft null (zero) matrix, if all its elements are (0, 1).
It is denoted by ¢.
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3.6 Intuitionistic Fuzzy Soft Universal Matrix:

An intuitionistic fuzzy soft matrix of order m x n is called intu-
itionistic fuzzy soft universal matrix if all its elements are (1,0). It
is denoted by U.

3.7 Intuitionistic Fuzzy Soft Equal Matrix:

A = laiy[IFSMyxn,B = [bi]IFSMpxyn, Then A is equal to B,
denoted by A = B. If 4 = upg and y4 = v57Vi, j.

3.8 Intuitionistic Fuzzy Soft Transpose Matrix:

Let A = [a;]IFSMx,. Then AT is an intuitionistic fuzzy soft
transpose matrix of A, if AT = [a;;]

3.9 Intuitionistic Fuzzy Soft Rectangular Ma-
trix:

Let A = [a;j|[IFSMyxn, where a;; = (p5(ci),7v;(¢c;)). Then A is
called a Intuitionistic Fuzzy Soft rectangular Matrix, if m # n.

3.10 Intuitionistic Fuzzy Soft Upper Triangular
Matrix:
Let A = [a;;|[IFSMyxn, where a;; = (p;(ci),7v;(c;)). Then A is

called a Intuitionistic Fuzzy Soft upper rectangular Matrix, if m =
n and a;; = (0,1),7 > j.

3.11 Intuitionistic Fuzzy Soft Lower Triangular
Matrix:

Let A = [ajj|[IFSMyxn, where a;; = (p(c;),7v;(ci)). Then A is
called an Intuitionistic Fuzzy Soft lower rectangular Matrix, if m =
n and a;; = (0,1),i < j.
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4 Intuitionistic Fuzzy Soft Complement
Matrix Based on Reference Function

In this section, we start by introducing the notion of the intuition-
istic fuzzy soft complement matrix based on reference function, and
we prove some formal properties.

4.1 Definition

Let A = [(aijao)mxn} = [aij}[FSmen7 where Qi = (Nj(ci)v’Y](Ci))a
for all i,j. Then A° IFSM is called an Intuitionistic Fuzzy Soft
Complement Matrix, if A° = [d;;]mxn, Where d;; = (v;(c), pi(c)) ¥V
ij €[0,1]

4.2 Proposition

Let A and B be two intuitionistic fuzzy soft matrix based on fuzzy
reference function.Then

() (47 = (A7)
(i) (A°+ B9)T = (A7) + (BT)°
Proof. To show (i) (A°)T = (AT)e
We have, let A€ IFSF,,«,,then
A= [(1(cs)s pya(ci))]
A =11, pjr (ci)]

(AT =1, pj ()]
For AT = [(/J]l(cz) M]?(Cl))]

we have (A7) = [1, pj1(c;)]
Hence (A¢)T = (AT)e
The proof of (ii) follows similar lines as above.

4.3 Example

03,000 (0.6,0.0)] . [(0.7,0.0) (0.4,0.0)
Let A= [(0.4,0.0) (0.5,0.0)}’3 [(0.8,0.0) (0.270.0)]
o [1,03) (1,06)] ., [(1,0.7) (1,04)
A= [(1,0.4) (1,0.5)]73 = [(1,0.8) (1,0.2)]
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o _ [(1,03) (1,04) (1,0.7) (1,0.8)
(A):[(I,O.G) (1 }’( )= [ . . }
Then (A°+ B)T = (AT) (BT)e

5 Operations on Intuitionistic Fuzzy Soft
Matrix Theory

5.1 Addition and Subtraction of Intuitionistic
Fuzzy Soft Matrix:

If A= [a;] IFSMyxn,B = [bij] IFSM,,xn, then we define the
addition and Subtraction of Intuitionistic Fuzzy Soft Matrices of A
and B as:

A+ B={ max [(ua(ai;), ps(bi;)], min[va(ay), vs(by)]} V 1.

A — B={ min [(pa(ay;), pp(bi;)], max [va(ai;), v (by)]} V 1.

5.2 Product of Intuitionistic Fuzzy soft Matrix:
If A= [aij] S ]FSMan,B = [bi]‘] S ]FSMan, then we de-
fine multiplication of A and B as A * B = [cjj]lmxn S={ max
min|(yea(ai;), s (bij)];min max [va(ai;), vp(by)]} V 1.

5.3 Value Matrix:

Let A = (155, v53)] € 1FSMpxr,.Then A is said to be value of

Intuitionistic fuzzy soft matrix denoted by V(A) and is defined as
V(A) = [(ud —od)],if i =1,2,3,...m,j = 1,2,3,...nViandj.

5.4 Score Matrix:

If A= [(,u”, ”)] € IFSM,,«n,B = [(,uﬁ, 5)} € IFSM,,«,. Then
A and B is said to be Intuitionistic fuzzy soft score matrix denoted
by S(A, B) and is defined as S(A, B)=V(A) — V(B).

5.5 Total Score:

It A= [(uft, v{})] € TFSMypun,B = [(uf3, vi)] € IFSMyp.Let the
corresponding value matrix be V(A),V(B) and their score matrix

228



International Journal of Pure and Applied Mathematics Special Issue

is S¢a,p)-Then the total score of each wi in U is S;=(V (A) — V(B))
E:[um iy = (p i)l

6 New approach in a Decision Making
Problem

ALGORITHM

Step 1:Input the intuitionistic fuzzy soft set (Fy, E),(Gp, E) and
obtain the intuitionistic fuzzy soft matrices A,B corresponding to
(Fa, E),(Gp, E) respectively.

Step 2:Write the intuitionistic fuzzy soft complement sets

(Fa, E)°,(Gg, E)¢ and obtain the intuitionistic fuzzy soft matrices
A¢, B¢ corresponding to(Fa, E)¢ and (G, FE)° respectively.

Step 3:Compute (A * B), (A° x BY), V(A x B),V(AY * BY) and
S(A*B,(AC*BC))-

Step 4:Compute the total score S; for each u; in U.

Step 5:Find S,= max(.S;),then we conclude that the best candidate
uk has the maximum value, since uy, is suitable for the post.

Step 6:If Sy, has more than one value, then go to step (1) so as to
repeat the process by reassessing the parameter.

Case Study:

Let (Fa, E) and (G, E) be the two intuitionistic fuzzy soft sets
based on reference function representing the selection of General
Secretary from the universal set U = {uy, ua, us, us }, the set of four
persons related with a political party of a particular district by the
experts X and Y. The party high command has to select only one
person for nominating a candidate in the upcoming election. Let
E = {e1, eq,€3,€4} be the set of parameters for selecting a person,
who stands for commitment to the society, experience in the field
of politics, relation with the people, and clean image. Then the
intuitionistic fuzzy soft matrix is constructed on the basis of the
parameters as follows:

(Fa, E) = {{Fa(el) = {(u1,0.1,0.8), (ug,0.8,0.1), (us,0.6,0.4),
(u4,0.2,0.7)}
Fy(e2) = {(u1,0.6,0.2), (ug,0.2,0.6), (us,0.6,0.3), (uy,0.8,0.2) }
Fy(ed) = {(u1,0.5,0.5), (u2,0.7,0.2), (u3,0.5,0.4), (u4,0.5,0.3) }
Fy(ed) = {(u1,0.1,0.7), (u2,0.3,0.4), (u3,0.7,0.6), (uy,0.6,0.3) } }
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(Gp, E) = {{Gp(e1) = {(u1,0.6,0.2), (uz,0.3,0.3), (u3,0.7,0.2),
(ug,0.5,0.5)}
Gples) = {(u1,0.5,0.4), (uz,0.1,0.2), (us, 0.7,0.5), (usg, 0.4,0.7)}
Gp(e3) = {(u1,0.4,0.4), (us,0.3,0.7), (uz, 0.1,0.5), (ug,0.8,0.5)}
Gpled) = {(u1,0.6,0.1), (uz,0.4,0.3), (us,0.2,0.2), (u4,0.6,0.2)} }

These two intuitionistic fuzzy soft sets are represented by the
following intuitionistic fuzzy soft matrices respectively.

(0.1,0.8) (0.8,0.1) (0.6,0.4) (0.2,0.7)

A [(06,02) (02,06) (0.6,03) (0.8,0.2)
= 1(0.5,05) (0.7,0.2) (0.5,0.4) (0.5,0.3)
(0.1,0.7) (0.3,04) (0.7,0.6) (0.6,0.3)]
(0.6,0.2) (0.3,0.3) (0.7,0.2) (0.5,0.5)]

5 [(05,04) (0.1,0.2) (0.7,05) (04,0.7)
= 1(0.4,0.4) (0.3,0.7) (0.1,0.5) (0.8,0.5)
(0.6,0.1) (0.4,0.3) (0.2,0.2) (0.6,0.2)]

Then the intuitionistic fuzzy soft complement matrices are

[(0.8,0.1) (0.1,0.8) (0.4,0.6) (0.7,0.2)]
AC (0.2,0.6) (0.6,0.2) (0.3,0.6) (0.2,0.8)
~ 1(0.5,0.5) (0.2,0.7) (0.4,0.5) (0.3,0.5)
(0.5,0.1) (0.4,0.3) (0.6,0.7) (0.3,0.6)
(0.2,0.6) (0.3,0.3) (0.2,0.7) (0.5,0.5)
Be _ (0.4,0.5) (0.2,0.1) (0.5,0.7) (0.7,0.4)
- 1(04,0.4) (0.7,0.3) (0.5,0.1) (0.5,0.8)
_(0.1,0.6) (0.3,0.4) (0.2,0.2) (0.2,0.6)
Then the subtraction matrices are
(0.1,0.8) (0.3,0.3) (0.6,0.4) (0.2,0.7)
A_B— (0.5,0.4) (0.1,0.6) (0.6,0.5) (0.4,0.7)
I (0.4,0.5) (0.3,0.7) (0.1,0.5) (0.5,0.5)
(0.1,0.7) (0.3,0.4) (0.2,0.6) (0.6,0.3)
(0.2,0.6) (0.1,0.8) (0.2,0.7) (0.5,0.5)
AC _ RO _ (0.2,0.6) (0.2,0.2) (0.3,0.7) (0.2,0.8)
(0.4,0.5) (0.2,0.7) (0.4,0.5) (0.3,0.8)
(0.1,0.6) (0.3,0.4) (0.2,0.7) (0.2,0.6)
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-07 00 02 =05
01 -05 01 =03

V(A-B)= 0.1 —-04 —04 0.0
—06 —0.1 —04 0.3
—04 —0.7 —05 0.0

Vi po) = —04 0.0 —-04 —0.6

-0.1 —-0.5 =01 -0.5
-05 —-0.1 —-05 —-04

Calculate the score matrix S(s_p ac_pcy) and total score for
the best course for his son is given by

-0.3 0.7 07 -0.5
05 —-05 05 0.3
Sa-pacB =1 00 01 -03 05
-0.1 0.0 01 0.7
0.6
0.8
0.4
0.7
We know that Ss, the second candidate has the maximum value
and thus we conclude that from both the experts opinion, candidate
us is selected for the post.

Totalscore =

7 Conclusion

In our work, we have put forward some new concepts such as
complement based on reference function. Some related properties
have been established with example. An application of intuitionistic
fuzzy soft matrix based on reference function in decision making
problem is given.
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