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Abstract

We generalized the concepts in probability of rough in-
tuitionistic convergence and rough intuitionistic statistically
convergence by introducing the generalized difference oper-
ator A of fractional order, where a is a proper fraction and
v = (Ymnk) is any fixed sequence of nonzero real or complex
numbers. We study some properties of this operator and
investigate the topological structures of related of triple dif-
ference sequence spaces of F?c (Aﬁjxmnk).

The main focus of the present paper is to generalized
rough intuitionistic convergence and rough intuitionistic sta-
tistical difference of triple difference sequence spaces of I'®
and investigate their topological structures as well as some
interesting results concerning the operator AS.
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1 Introduction

A triple sequence (real or complex) can be defined as a function
z : NxNxN — R(C), where NJR and C denote the set of
natural numbers, real numbers and complex numbers respectively,
the different types of notion of triple sequence was introduced and
investigated by Sahiner et al. [10,11], Esi et al. [1-3], Datta et al.
[4],Subramanian et al. [12], Debnath et al. [5] and many others.
A triple sequence & = (Z,,k) is said to be triple analytic if

1
m4n+k < 0.

SUPm n,k ’J;mnk

The space of all triple analytic sequences are usually denoted by
A3. A triple sequence © = (T,,1) is called triple entire sequence if

1
mintk — () as m,n, k — oo.

’xmnk

The space of all triple entire sequences are usually denoted by I'3.
The notion of difference sequence spaces (for single sequences) was
introduced by Kizmaz [6] as follows

Z(A)={z = () ew: (Axy) € Z}
for Z = ¢, ¢y and {,, where Az, = xp, — x4 for all k£ € N.

The difference triple sequence space was introduced by Deb-
nath et al. (see [5]) and is defined as

A:L'mnk = mmnk_xm,n+1,k_xm,n,k+1+xm,n+1,k+1_:L‘m+1,n,k+xm+1,n+1,k+
0 _
Tm+1,nk+1 — Tm+1,n+1,k+1 and A Tmnk = Tmnk-

2 Some new difference triple sequence
spaces with fractional order

Let I" (o) denote the Euler gamma function of a real number a.. Us-
ing the definition I' (o) with a ¢ {0, —1,—2,—-3,---}, I' () can be
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expressed as an improper integral as follows: I' () = fooo e Tx dz,
where « is a positive proper fraction. We have defined the general-
ized fractional triple sequence spaces of difference operator

A () =SS DTt ]) )

(u+v+w)'(a—(ut+v+w)+1)

Xxm+u,n+v,k+w-

In particular we have

( ) (-I'mnk) Tmnk — 116xm+1 n+1,k4+1 —

(11) (xmnk) = Tmnk + lﬁxm+1 n+1,k+1 =+ -

(111) (:Emnk) = Tmnk — xm+17n+1,k+1 -
81

Now we determine the new classes of triple difference sequence
spaces AJ () as follows:

{x Tonk) € WP (Aﬁx) € X} , (2)

o u+v+wF Dé+1
where Av (xm"k) = Zu 0 Zv 0 Zw 0 u+v+w)‘F( (uS—v—i—Jz)—&—l)

XX punto o a0d (A2X % 7)) € FM (z,%,m) =T% (A2 Lk, %, 1) =

Lk (A ac) [fmnk (’Aax}’”"“ ,(_))] :

3 Definitions and Preliminaries

Throughout the article w3, I'* (A), A% (A) denote the spaces of all,
triple entire difference sequence spaces and triple analytic difference
sequence spaces respectively.

Subramanian et al. (see [12]) introduced triple entire sequence
spaces, triple analytic sequences spaces and triple gai sequence
spaces. The triple sequence spaces of I (A), A% (A) are defined
as follows:

(A) = {x € w? : [ Ay ™ = Oasm,n, k — oo} :
A3 (A) = {a: € w i supmnk \Ammnk|1/m+n+k < oo} )

Definition 1. An Orlicz function ([see [7]) is a function M :
[0,00) — [0,00) which is continuous, non-decreasing and convex
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with M (0) = 0, M (z) > 0, for z > 0 and M (z) — oo as © —
oo. If convexity of Orlicz function M is replaced by M (z +y) <
M (z) + M (y), then this function is called modulus function.
Lindenstrauss and Tzafriri [8] used the idea of Orlicz function
to construct Orlicz sequence space.
A sequence g = (gmy) defined by

gmn(v)zsup{|v|u—(fmnk)(u) :uZO},m,n,k:LQ,---

is called the complementary function of a Musielak-Orlicz function
f. For a given Musielak-Orlicz function f, [see [9] | the Musielak-
Orlicz sequence space t; is defined as follows

| )1/m+n+k

tf:{x€w3zlf(|xmnk —>Oasm,n,k—>oo},

where [ is a convex modular defined by

) o0 [eS) m+n+k
]f (CL’) - Em:l Zn:l Zk:l fmnk (|$mnk|)l/ e y L = (xmnk) € tf‘

We consider t; equipped with the Luxemburg metric

. 00 00 00 ‘z kll/m+n+k
A (@,y) = Yooy St S Fons (sl
is an exteneded real number.

Definition 2. A trinary operation * : [0,1] x [0,1] x [0,1] —
[0,1] x [0, 1] x [0, 1] is said to be continuous with metric if it satisfies
the following conditions:

(a) * is associative and commutative, (b) % continuous, (¢) a*x1 = a
for all @ € [0, 1], (d)a*c < bxd whenever a < b and ¢ < d for each
a,b,c,d € [0.1]. For example d (a,b) =axb=a-b=d(b,a).

Definition 3. A trinary operation 7 : [0,1] x [0,1] x [0,1] —
[0,1] x [0,1] x [0,1] is said to be continuous with co-metric if it
satisfies the following conditions:

(a) 1 is associative and commutative, (b) n continuous, (¢) an0 = a
for all @ € [0,1], (d)anc < bnd whenever a < b and ¢ < d for each
a,b,c,d € [0.1].

Note 4. The three tuple (X,*,7) is said to be an intuition-
istic metric space(for short, IFMS) if X is a vector space, * is a
continuous metric and 7 is a continuous co-metric on X x X x X x
(0,00) x (0,00) x (0,00).
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Definition 5. Let a be a proper fraction and S be a nonnega-

tive real number. A triple difference sequence spaces of (AgX )%, n) =
(Af’/xmnk, *,77) is said to be AY rough intuitionistic convergent to
0 with respect to the roughness of degree g if for every e > 0,
there exists a natural number such that |Af‘/:pmnk, 6’ < B+ ¢ for all
m > mg,n > ng, k > ko and it is denoted by (Af:xmnk, *,77) H? 0.
If we take 8 = 0, then we obtain the ordinary intuitionistic conver-
gence.

Definition 6. Let a be a proper fraction and S be a nonnega-
tive real number. A triple difference sequence spaces of (A;YX ok, n) =
(Aﬁxmnk, *, n) is said to be AJ rough intuitionistic statistically con-
vergent to 0 with respect to the roughness of degree 3 if for every € >
0, the set {(m,n, k) e Nx NxN: \Agxmnk,m > P+ 6} has asym-
pototic density zero, if the conditions S —1imnk—sco SUP |A$xmnk, f)| <
B and it is denoted by (A%@ e, *,7) =5 0. If we take 8 = 0, then
we obtain the ordinary intuitionistic statistical convergence.

Definition 7. Let a be a proper fraction and 3 be a nonnega-
tive real number. A triple difference sequence spaces of (A;YX %, 77) =
(Agxmnk*, 77) is said to be AJ rough intuitionistic statistically con-
vergent in probability to a random variable (A?;X ), 77) W x W x
W — R x R x R with respect to the roughness of degree S if for
each €, > 0 such that limuvwﬁwﬁ H{m <u,n<uv,k<w:

P (‘Agajmnk,(—)‘ > B +4€) >0 =0, or equivalently

limwwooﬁ H{m <u,n<vk:

1— P (JA2% i, 0| < B+€) > 6

= 0 and we write (Aﬁxmnk,*,n) —>~§PA. The class of all SAS—
rough intuitionistic statistically convergent of triple difference se-
quence spaces of random variables in probability and it is denoted

by BSTA.

Definition 8. Let « be a proper fraction. A triple difference
sequence spaces of (A:X, *,77) = (A‘jxmnk, *,77) is said to be AY
intuitionistic strong Cesaro summable to 0
if 1imype—soo ﬁ PN DD P |A:xmnk, ()} = 0. In this we write

Ag‘xmnk,*,n) —le11] A%Tppi. The set of all AY intuitionistic
strong Cesaro summable triple difference sequence spaces is denoted
by [C,1,1,1].
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Definition 9. Let a be a proper fraction and S be a nonnega-
tive real number. A triple difference sequence spaces of (AgX )%, n) =
(Af’/xmnk, *, 77) is said to be AY rough intuitionistic strong Cesaro
summable in probability to a random variable (A,‘;X %, 77) W ox
W x W — R x R x R with respect to the roughness of degree g if
for each € > 0,

Moo 7o Dot Domet 2oper P (|A xmnk,0| >fB+€) = 0. In

this case we write (A7$mnk7 *, 17) _>,[BC L1172 Afy‘xmnk. The class
of all BAS— rough intuitionistic strong Cesaro summable triple dif-
ference sequence spaces of random variables in proability and it will

be denoted by 3[C, 1,1, 1]PA

4 Main Results

Theorem 10. Let o be a proper fraction , § be a nonnegative
real number and f be an Musielak-Orlicz function. If (A;“X*,n)
rough intuitionistic then the followings are equivalent:

(i) F3 (A“wmnk, *,n) PA s (Aﬁzmnk, *,n)
(11)F3 (A Tmnks *, 77) [C b 1] F? (Agxmnky *, 77)

Proof. (i)== (ii) First suppose that
F3 (A Tk, *,77) SPA F3 (A Tk, *,77) Then we can write

ugw Zm 1 Zn 1 Ek 1 ([fmnk Hmnk AVl’mnk))] > 5 + 6) =

uow Ladm= Zn 1Ek lP( fmnk(umnk(Agxmnk))]Zﬂ_H) $
([fmnk (ﬂ’mnk (A mmnk: )] 2 /8 + 6) —|—

[
1 )
[
)

wow m—l k LP([frn (tmnk (DG @mnk ) ) |2 B+€) <5
([fmnk (ank (A Tmnk :| Z 6 + 6) S
Z;ww ’{ m=1 Zn:l Zk:l ([fmnk (,umnk (A’?xm”k))] Z 6 + 6) Z g}’—’_

’ (ii)== (i): Next suppose that condition (ii) holds.Then
D ome1 Domel Dkt ([fmnk (ank (A xmnk))] > B +€) =
Zom=t 2=t 2kt ([ (s (D5 0) )| 2425

P ([fount (st (A5Tmnr))] = B+ €) 6

|{m < u,n < ’U,]{J Sw: P ([fmnk (,umnk (A?;xmnk))] > 5+€) > 5}| .
Therefore

uvw Zm 1 Zn 1 Zk 1 ([fmnk (/-Lmnk (Ag-rmnk))] > 6 + E)
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> u;w |{m < u,n < 'ka <w: P ([fmnk (ank (Agmmnk))] > ﬁ +6) > 5}| .

Therefore F?; (Aﬁxmnk, *, 7)) —>§PA ch (Af;xmnkv *, 77) : 0
Theorem 11. Let a be a proper fraction , 3,1 be two nonneg-

ative real numbers and f be an Musielak-Orlicz function. If rough

intuitionistic T'} (Af‘/xmnk7 %,1) —>gm r3 (A%z,%,n) and

T3 (ASynes %,0) =5 T3 (AJy,%,n) then

P{|A% — A%y| > B+n} =0.

Proof. Let €, be any two positive real numbers and let
{(0.0) € N2 P ([ (s (A7) — 1 (252))]
N v,w) € NP ([fonk (i (D52 mni) = 11 (A59)))
Then we have P ([fmnk ((,umn;f (Aﬁx) — Mmnk (Afy‘y)))] >

P ([ fonke ((tennt (DS @mnr) = pmnre (A52)))] = B+ 5) +
P [fmnk Hmnk Afo;xmnk) — Umnk (Af;y)))] >n+ %) < 6. Hence
P { [ fonke (e (A52) = pnre (A59)))] = B+ 1} = 0. O

Theorem 12. Let a be a proper fraction , § be a nonnegative
real numbers and f be an Musielak-Orlicz function. If a triple rough
intuitionistic difference sequence spaces (Aﬁxmnk, *, 77) of constants

A
rs (A2 Ly, %, 1) =55 r} (A2z, %, 1) then r} (A2 Lk, %, 1) —>gp
T4 (A%z,%,1) .

Proof. A triple rough intuitionistic difference sequence spaces
of (Agxmnk, *, 77) can be regarded as a random variable with three
element (Azxmnk, *, 7]) in the corresponding spectrum. Let € be a
positive real number. Since I (A%Zyi, *,1) —5% T (A%, *,1)
then
limuvwﬁwﬁ | {m < u,n < U;k Sw: [fmnk ((,umnk (Agl')))] > ﬂ + €}| =
0.
—

limuvw%ooﬁ ’{m S u,n S ka S w [fmnk ((,U/mnk (A?;.T)))] < ﬁ + 6}‘ =
1

Now the event

Hw cweW xW x W [fmnk ((,umnk (Af;:r)))] < B+ e}| is the same
as the event |{ [fmnk ((,umn;f (Agx)))] < B+ €}| . So

P(Hw:wEWX W x W [fmnk((umnk (Ag‘x)))] <B—|—6})| =
PW)=1
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= {(manv k) eN: [fmnk ((,Ufmnk (A:xmnk) — Hmnk (A?;l‘)))] < /6 + 6} .
Thus for any 6 > 0,

{(u,v,w) eN: 1= P ([ frnr ((Havw (A;“x) — (A?‘/x)))] <B+e) =6} =

{(m <un<v,k<w:)eN: [fmnk ((ank (A?Yx) — (Aﬁx)))] > ﬁ—i—e}.

In general converse is not true. Consider the following example:

Example 13. Let a triple rough intuitionistic difference se-
quence spaces of fractional order of random variables Fi’c (Af}xmnk, *, 77)
be defined by, fmnk (A?/xmnk) = {—10mtntk 1omEntky
with probability,

P (ank (Agxmnk) = _10m+n+k) =P (/umnk (Agxmnk) = 10m+n+k) )
if m=u?n=v%k=w?for someu,v,w €N and

Lk (Aff&;mnk) = {O, 1m+"+k} , with probability,

P ot (A200) = 0) = P (i (M) = 174944) i i
u?,n # v:k # w? foranyu,v,w € N. Let 0 < € < 1 be given.
Then,

P (|ank (Ag‘xmnk) — 1| > 2+ 6) =1 i fm=utn=1%k=
w? for some u,v,w € NO;if m # u? n # v?, k # w? for any u,v,w €
N. This implies (Af;xmnk) —>§PA 1. But it is not ordinary rough in-
tuitionistic statistical convergence of a triple difference sequence
spaces of numbers of fractional order to 1.

Theorem 14. Let a be a proper fraction , § be a nonnegative
real numbers and f be an Musielak-Orlicz function. If (Ag‘X ok, 77)
be a triple rough intuitionistic difference sequence spaces of random
variable then, ' (A%, *, 1) —>§PA T4 (A% ik, *,m) if and only if
there exists a triple difference sequence spaces of random variables

PA
(A'yymnka ,7]) such that Fs (Aryymnka ,7]) _>S F3 (A Tmnk, *777)
and
g_llmmnk—mop ([fmnk ((/ank (Agxmnk) — Hmnk (Agymnk)))] > 5) =

Proof. Let '} (A%z,%,1) — SPA T4 (A2 Tk, *,7) -

Let A = {P([fmnk (s (A ) — o (Boya)))] 2 54 €) = 3}
Then d (A) =

Now we define Af‘/ymnk = {

gtk it mon ke N\ A
gmtrtk L g7 if otherwise '

Then it is very obvious that
d ({P ([fmnk ((ank (Afoy[ymnk) = Hmnk (Agxmnk)))] > 6) > 5}) =
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0

and

d ({2 ([frunt (o (ATy) = ttmak (ASYmar)))] = 6+ €) = 6}) <
A ({P ([fomnt ((mne (AJmne) = pimare (A52)))] 2 8+ 5) 2 3})+

d ({P ([fmnk ((ank (Aroy[ymnk) — Mmnk (Af;x)))] Z /8 + 6) Z 5}) =
0.

Conversely, let ch (Ag“ymnk, *, 77) e F?’f (A?‘/xmnk, *, 17) and

S - limmnkﬁoop ([fmnk ((,umnk (A»D;x) — Hmnk (Agy)))] > ﬁ) =0.
Then for each ¢,d > 0,

llmuvw—mo
Zmuvw—)oom
P ([fomr (e (AT ) = b (A vym”k)) Jzp+5) =5} =0

We know the inequality
P (L fomnt (ot (ASTmnk) = ke (A5Ymnr)) )] >
P ([ fonnt (ot (A ymnr) = pmne (A52)))] 2 5)
P ([ frune (s (DS i) = timnk (A5 ) )] 2
This implies
{2 ([Fomnse (Cptmne (ASmnk) = st (A5)) )]
{P [fmnlc Hmnk Afyxymnk> Pt A l‘)))] ) Z
LP (Ut (it (A5 s) — o (A33000)))] 2 5+ %) >3}
Hence I'} (A2, ,1) — SPA T8 (A2 Tk ,7) -

Q+Q
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