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Abstract

In this paper we introduce a new concept for Riesz almost
lacunary I'® sequence spaces strong P— convergent to zero
with respect to an Orlicz function and examine some properties
of the resulting sequence spaces. We also introduce and
study statistical convergence of Riesz almost lacunary I'3
sequence spaces and also some inclusion theorems are discussed.
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1 Introduction

A triple sequence (real or complex) can be defined as a function
z : NxNxN — R(C), where NR and C denote the set of
natural numbers, real numbers and complex numbers respectively.
The different types of notions of triple sequence was introduced and
investigated at the initial by Sahiner et al. [8,9], Esi et al. [1-5],
Datta et al. [4],Subramanian et al. [10], Debnath et al. [5] and
many others.

A triple sequence & = (Zy,,) is said to be triple analytic if

1
SUDm g | Tk | "FFE < 00.

The space of all triple analytic sequences are usually denoted by
A3. A triple sequence x = (1) is called triple entire sequence if

1
m¥ntk — () as m,n, k — oo.

|$mnk

The space of all triple entire sequences are usually denoted by I'®

2 Definitions and Preliminaries

2.1 Definition

An Orlicz function ([see [6]) is a function M : [0, 00) — [0, 00) which
is continuous, non-decreasing and convex with M (0) = 0, M (z) >
0, for x > 0 and M (z) — oo as © — oo. If convexity of Orlicz
function M is replaced by M (z+y) < M (x) + M (y), then this
function is called modulus function.

Lindenstrauss and Tzafriri ([7]) used the idea of Orlicz function
to construct Orlicz sequence space.

2.2 Definition

The four dimensional matrix A is said to be RH-regular if it maps
every bounded P— convergent sequence into a P— convergent sequence
with the same P— limit. The assumption of boundedness was made
because a triple sequence spaces which is P— convergent is not
necessarily bounded.
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2.3 Definition

A triple sequence & = (Zyni) of real numbers is called almost P—
convergent to a limit 0 if

- 1
1M, g u—s005UPr 5,20 Pqu >

r+p—1
m=

r

P —
Zs—i—q—l t+u—1

st o ‘xmnk ‘ 1/m+n+k

— 0.

that is, the average value of (x,,,x) taken over any rectangle

{(m,n,k):r<m<r+p—1,s<n<s+q—1,t<k<t+u—1}
tends to 0 as both p,q and u to oo, and this P— convergence

is uniform in ¢,¢ and j. Let denot the set of sequences with this
property as [F‘*} .

2.4 Definition

Let (grst) s (Grst) , (ﬁ) be sequences of positive numbers and

q11
g21

Qr =
dr1
q11
qo1

67‘1
0

the transformation is given by
r s — = m+n+k .
Zm:l Zn:l 22:1 Qanqk ’xmnkll/ A 18 called thC

Trst =

1 —
QrQ.Q;

q12
422

ar2

12
Go2

5’(‘2
0

.0

cooo

o o o o

d1s 0...
q2s 0...
Qrs
0
gls
625
Trs
0
gls
625
7, O...
0 O.

=qu+q2+...+¢s#0,

=qnt+qet. +qs#0,

=0+ G+ ... +q, # 0. Then
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Riesz mean of triple sequence x = (k) - If P — limgTys (x) =
0,0 € R, then the sequence & = (2, ) is said to be Riesz convergent
to 0. If x = (2nk) is Riesz convergent to 0, then we write Pg —
limz = 0.

2.5 Definition

The triple sequence 6, ,; = {(m;, ng, k;)} is called triple lacunary if
there exist three increasing sequences of integers such that

mo =0,h; =m; —m,_1 — 00 as i — 0o and
ng=0,h; =ny —ny_1 — o0 as £ — o0.
kon,hj:kj—kj_léooasj%oo.

Let m; ¢ ; = minek;, hig; = hihehj, and 6, ; is determine by
Lo ={(m,n,k):mi_y <m <m;andny;_y <n <ngandk;_; <
k< kj},

— — k;
_ mi _ My e J
Qk—mk%v%— n[717QJ_ %

Using the notations of lacujneiry sequence and Riesz mean for triple
sequences.

0;0; = {(mi,ng, k;)} be a triple lacunary sequence and ¢,,g,g;, be
sequences of positive real numbers such that

Qm, = ZmE(O,mi] Py @y = Zne(o,nz] pﬁ? an = Zke(o,kj]pkj and
H; = Zme(o,mi] P, H = Zne(o,ng] pnz’]i: Zke(o,kj]pkj' Clearly,
Hi - le - Qmi,laHE - an - an,ij - ij - ijfl' If the

Riesz transformation of triple sequences is RH-regular, and H; =
Qm; — Qm;, = o0 asi — oo, H = Zne(OW]pw — oo as £ —

0o, H = Zke(07kj]pkj — 00 as j — oo, then 0;,6,1' = {(m;,ne, k;)} =
{(le Qn]Qkk)} is a triple lacunary sequence. If the assumptions
Q, — ccasr — 00, Q, — coass — oo and @, — 00 ast — 0o may
be not enough to obtain the conditions H; — 0o as i — 0o, H; — 00
as { — oo and H; — 00 as j — oo respectively. For any lacunary
sequences (m;), (ng) and (k;) are integers.

Throughout the paper, we assume that Q, = qi1 +qi2 + ... +
Grs = 00 (r = 00),Q, =1y + qua + ... + Gy = 00 (s > 00),Q, =
G11+G19+- - +q,s — 00 (t — 00), such that H; = Q., —Qum,_, — 00
as i — 00, Hy =Qn —Qn,, > 00asl — ooandﬁj = Qk, —
Qr;, — 00 as j — 00,
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Let sz,nz, Qrm QnEQk ) zé] Hiﬁfﬁj7
Iw] (m,n, k) : szFl <M < Qmyy Qp,, <1 < Qn,
and ril <k <Qy,,

Qm,; 7 Qn I Sy va
V.= Qmi—l1 R V= Qnéi and Vj = ijil. and V;gj = V;ngj

If we take ¢, = 1,g,, = 1andq, = 1 for all m,n and k then
Hipj, Qicj, Vie; and Igj reduce to hij, Giej, Viej and ;.

Let f be an Orlicz function and p = (pmnk) be any factorable
triple sequence of strictly positive real numbers, we define the following
sequence spaces:

[F%; 9i€j7 q, f, p] = {P_limi,é,jﬂooﬁ,éj Zié[ﬂj Z@EIW Zjeji[j Gm Yy
[f (|Zmsinteprs])’™*] = 0}, uniformly in ¢, ¢ and j.

(A% Oiejs @: f, 0] = {& = (o) : P—=sUPiej i Dicr,, dotety, dmjely,
UnGnQi ] 1Tmtintepi"™™] < 0o, uniformly in ¢, ¢ and j.

Let f be an Orlicz function, p = puai be any factorable double
sequence of strictly positive real numbers and and g¢,,, g, and g, be
sequences of positive numbers and Q, = g1+ Grs, Qs = Qg1 - * Gps
and Q; = @11+ Gy _

If we choose ¢, = 1,7, = 1 and g, = 1 for all m,n and k, then we

obtain the following sequence spaces
[Fib a4, f, p] = {P - limr,s,tﬁoo Q,Q 2, Zm 1 me:l Eﬁc:l
= O} uniformly in ¢, £ and j.

o] =
QrQQ Zm IZn IZk 1

< oo}, uniformly in ¢, ¢ and j.

Qk;

qunak [f (|mm+z n+e, k+]|
[A%,q,f, ] = {P_ SUDr st——=="

GmTnGr, [ (|Zmrimrenri])™]

2.6 Definition

Let f be an Orlicz function and p = (pni) be any factorable triple
sequence of strictly positive real numbers, we define the following
sequence space:

Oi0; = .{(mi, nlg, k;)} be a triple lacunary sequence F?’c [AC’gil,j,p] =
{P - lzml»zﬁm Zmeli%j Znelijyj ZkGI,‘ygd

pmn
[f (Zmis o) " = 0}, uniformly in ¢, ¢ and j.

We shall denote I'} [ACy,, ., p| as ¥ [ACy,,,,p] respectively
when ppne = 1 for all m,n and k If z is in I/ [AC’giyl,].,p] , wWe
shall say that x is almost lacunary I'® strongly p—convergent with
respect to the Orlicz function f. Also note if f (x) = z, pnr = 1 for
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all m,n and k then T} [ACy, , ., p] = I'* [ACy, , ] which are defined
as follows:

D2 [ACs,, ;| = AP = limigjm= Yomer,, ; Sonctsy, Sokelse,
[f (’xm+i,wz+l,k+j’)1/m+n+k:| = 0}’ uniformly in ia ¢ and ]

Again note if p, = 1 for all m,n and k then F:;- [ACgm,j,p] =
% [ACy,,,| - we define

F? [Acei,g,jﬂp] = {P - lzm%&]ﬁ Zme]kl,j ZTLEI,;YLJ' Zke[iygyj

p'rnn
[f (1Zmimsersi) m*"*k] " =0}, uniformly in ¢, ¢ and .

2.7 Definition

Let f be an Orlicz function p = (pmnx) be any factorable triple
sequence of strictly positive real numbers, we define the following
sequence space: I'} [p] =

. Pmnk
{P = limyiooorly Yy Sy Yoo | (msinsess) ™4 = 0}

uniformly in 4, ¢ and j.
If we take f (z) = 2, punk = 1 for all m, n and k then FZ} [p] = T3.

2.8 Definition

Let 6; 4, be a triple lacunary sequence; the triple number sequence

x is Sgie; — p— convergent to 0 then
{m.0,0) € i f (2mpimsanss — 0D} =

: 1
P—lim; g ; Ty AT
0.

. . 5 . 1/m+n+k
In this case we write Sp;¢; — lim (f |Zm+intep+j — 0]) =0.

3 Main Results

3.1 Theorem

If f be any Orlicz function and a bounded factorable positive triple
number sequence p,,,r then F:} [ACgiM, P] is linear space
Proof: The proof is easy. Theorefore omit the proof.
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3.2 Theorem

For any Orlicz function f, we have I [ACy,, ] C '} [AC,,, ]
Proof: Let x € I'* [ACy, ] so that for each 7,¢ and j
[ [ACy,,,] =

limi,e,jm D omels s Danelig; 2okelss s [(\wm+i,n+e,k+j\
Since f is continuous at zero, for € > 0 and choose § with 0 < § < 1
such that f(t) < e for every t with 0 < ¢t < §. We obtain the
following,
ﬁ (higje) + ﬁ Zmell,e,j Zneli,g,j Zkelil,j and |2y it ot —0| >
|)Y/mebnth

)1/m+n+k -0

f [(’xm+i,n+£,k+j
ﬁ (higje) + ﬁ“m—l f(2) hi; T3 [ACy,, ] .
Hence i, ¢ and j goes to infinity, we are granted = € I’:} [ACQMJ.] .

3.3 Theorem

Let 6,0, = {m;,ne, k;} be a triple lacunary sequence with limin f;q; >

1, liminfeq > 1 and liminf;q; > 1 then for any Orlicz function

[, T3 (P) CT% (AC,,,,, P)

Proof: Suppose liminfiq; > 1, liminf,q, > 1 and liminf;q; > 1

then there exists § > 0 such that g > 1+ 6, @ > 1+ 6 and
he

q; > 1+ 6 This implies -~ b 1+5’ e 2 1+6 and > 1+5 Then for

T € F3 (P), we can write for each r, s and u.
1 -tk Pmnk
Bie = h%, Zmen,z,j Znefiygyj Zkeluﬁj f [(|xm+i,n+e,k+j|) fmetn } —

|)1/m+n+k Pmnk _

{(|Im+i,n+€,lc+j

mzl nkl

’)1/m+n+k:| Pmnk _

[(‘xmﬂ,nw,kﬂ‘

1 k Pmnk
hllfj Zm mi_1+1 an ' Zk [(’xm+i,n+2,k+j’) frtnt } -
1 k Pmnk
hie Zk kj+1 Zn ne—1+1 ka : [(‘xmﬂ,nﬂ—&k-ﬁ-j‘) et
k k. 1 k Pmnk

= e (e S T T f {uxmmﬁmn A

_ ki 1 k Pmnk
metpebios (e Y S S S (a7 )

ki 1 k Pmnk
b (e o T T f [<|xm+i,n+z,k+j|> fmtat

_ B . 1 k Pmnk
- T;Li(jl (ngl,l Zm mg_1+1 ZZF 11 Zk;l f [(’mm—o—i,n—kf,k—&-j’) frknt :| )_
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- 1 k Pmnk
ml:zjl (mk 1 Zk 127@ ne_1+1 ::1;11 [(‘xm+i,n+z,k+j‘) /m4n+ } )

Since x € F‘;’f (P) the last three terms tend to zero uniformly in
m,n, k in the sense, thus, for each r,s and u

noks k; 1 k| Pmnk
Bigj = m}l:;] . (m nek; Dot Dot 2ok [(|xm+i,n+€,k+j|) fmnt } >—
i— _1kj— 1 k Pmnk
- lZfzjl = (mz 1ne—1kj_1 Zml ] an ) Zk |:(‘Im+i,n+2,k+j‘) fmtnt ] >+
o).

Since hiej = mingk; — m;_1ne_1k;j_1 we are granted for each 7, ¢
and j the following

mnekj < L0 and mi_1ng_1k;_1 <
6 _—

1
higj  — hiej 0"

The terms

A k. 1 k Pmnk
(W;k. S S Y S [<|xm+i,n+g,k+j|> et ) an

k Pmnk
(mz ne_1k; 1 Dot Domet Zk [(‘xm+i,n+é,k+j‘)l/m+n+ } ) are

both gai sequences for all 7, ¢ and j. Thus B;; is a gai sequence for
each 4, ¢ and j. Hence = € Ff (ACQMJ, )

3.4 Theorem

Let 0; ¢ ; = {m,n, k} be a triple lacunary sequence with limsupnqn
oo and limsup;q; < oo then for any Orlicz function f, (AC@
I (p) .-

Proof: Since limsup;q; < oo and limsup;q; < oo there exists
H > 0 such that ¢; < H, ¢/ < H and ¢; < H for all 7,/ and j. Let
T € F‘;’e (ACgl.’Lj, P) . Also there exist ig > 0,4y > 0 and jo > 0 such
that for every a > ig b > £y and ¢ > jy and ¢, £ and j.

P) C

i,4,5 7

’

A, =

abc
ﬁ Zmela,bﬁ Znela,b,c Zkela,b,c f (‘xm+i,n+l,k+j‘ -

Oasm,n, k — oc.

)1/m+n+k:| Pmnk

Let G —ma:r{Aabc 1<a<ig, 1<b< ¥ty and lgcgjo}and
p,q and t be such that m;_1 < p < m;, ne_1 < ¢ < ng and
mj_1 <t < m;. Thus we obtain the following:

1 L Pmnk
ﬁ D omet 2omet 2221 [(|xm+i i) /m+n+ }

. 1 k Pmnk
= mi—lnzl—]kj—l 2221 Zﬁ 1 k 1 [(’xm+i,n+l,k+j’) fmnt ]
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1 j ¢ j
< mi_1ne_1kj_1 22:1 D1 Zi:l

1 k Pmnk
(ZmEIa,b,c Znela,b,c Zkefa,b,c (‘mm+i,n+2,k+j‘) fmnt ] )

— 1 io Lo Jjo ! 1
T omi—ine—1kj—1 Za:l b=1 c=1 ha7b7CAll7b,C + mg_1ne—1kj_1

Ry oA
2 (i<asi) Ulto <b<0) Ulio<e<i) Mab.cAape
/ . .
& Zzo o Jo S S
— mi—lni—lkjfl a=1 b=1 c=1 ha1b7c + miflng,lkjfl
3 hapeA
(io<a<i) U(bo<b<t) UlGo<c<)) "a:bse“Zabye

! . .
< G mignekjgiolojo 1 !

mi_1ng_1kj_1 Mi—1Mg—1J5-1 Z(i0<aﬁi)U(Z0<b§£)U(J'O<C§j) h“’b’cAavaC
!
G mignegr, iolojo /
0 "0%e ~ ) ) [ S
mi_lng,lkj_l + (Supazzo U b>4o U c2jo Aa,b,(;) Mi_lngflkj_l
(i0<a<i) J(Lo<b<€) U(jo<c<j) hab.c
! . .
G mignegr;, iotojo c Z I
mi—1mg_1kj—1 mi—1ng_1k;_1 4= (io<a<i)U(o<b<t) U(jo<e<j) "Pabe
!
G mignegk, i0lojo .
Jo 3
"'fli—lni.—lkj—l +eH”. ] )
Since m;, ng and k; both approaches infinity as both p,¢ and ¢
approaches infinity, it follows that

1 k Pmnk
ﬁ D omet 2omet ZZ:l [(‘xm+i,n+é,k+j‘) et =

0, uni formlyini, Landj.

A M IA

IN

Hence z € T (P).

3.5 Theorem

Let 6;,; be a triple lacunary sequence then

) (i) 5 1% (S0, )

(ii) (ACy, ) is a proper subset of (5/9;)

(iii) If x € A3 and (Znk) £ s (S/gzl\]) then (Z,1) B s (ACgi’M)
() T (So,.., ) NA® = T2 [ACy, ] A,

Proof: (i) Since for all ¢, ¢ and j

{mn k) € L = (msinapss = )4} = 0] <

Zmejil»j 2"611',(,]' Zkeli’[’j and ’Im+i,n+é,k+j ‘:0 (’xm+i,n+l,k+j

1 k .
ZmEL‘?[,j Zne]i,g,j Zke]i’[’j (|xm+i,n+e,k+j - OD /m+n+ ? for all Z’ g and

J

_ 0D1/m+n+k S
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. 1/m+n+k
P—llmi%]’ﬁ Zmefi,z,j Zn&_[ﬂ’j ZkeIij,j (|xm+i,n+f,k+j - OD /m~+n =

0
This implies that for all 7, ¢ and j

limi’“ﬁ H(mm, k)€ Lie;: (|Tmiinteprs — O|)1/m+n+k - OH -
' 0.

(ii)let z = (znk) be defined as follows:

m+n+k
R 2

0! 0
4 - ."L+’VL+I€
12y Ll

| 4 [ mtntk
(xmnk): 1 2 3 w 0

Here z is an trible sequence and for all 4, ¢ and j
. m4n+k
P—lzmi@jﬁ H(m,n, k)€ Ly : (Tmpimiens; — 0™ = OH =
. o mintk\ 1/m+n+k
P— llmi’g’jﬁ ({Vif) ]|> =0.

Therefore (Zn1) B s <S/9M\]> . Also

) 1/mA+n+k
P— “mi,&jﬁj D omelie,; donelse; 2helse; (Tmvintehsil) fmintk _

1/m+n+k
P—% (limi,e,j ' <[4V hi’e’j}wwk[\% hise,s m+n+k[4” it m*"”) /mn + 1>

hie,j (1!
1

L
P

Therefore (xmnk) Vas I (ACoi,E,j) :

(iff) If w € A and (2puns) 5 T° (S, ) then (z) 5 T° (AC,,.)

00,3
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Suppose x € A? then for all 4, ¢ and j, (|Zmrintert — o)k <

M for all m,n, k. Also for given € > 0 and ¢, ¢ and j large for all 7, ¢
and 7 we obtain the following:

1/m4n+k
ﬁ ZmEL‘?[,j ZTLEI@[J zkeli,[,j (|xm+i,n+€,k+]’ - OD /m " =

1
m Emefk,g ETLEIL@J Zk‘GIk’g’j and

1/m+4n+k

(|Zm+intep+t; — 0]) +

Tm+i,n+L,k+j5 ‘ ZO

1
m Zmeli%j ZHGI.L'T[J Zkeli,[,]‘ and ‘l‘m+i,n+&k+]|go (‘xm+i’n+eak+j - 0|)

< hJ:/l{]- ‘{(mvn: k) S Ii,é,j : <|xm+i,n+f,k+j — 0|)1/m+n+k} = 0’ —+ €.
Therefore z € A3 and (Trnk) £> T3 (5/95\]) then (L) £> I3 (Acei,/,_’j) .
(iv)1* (S/e\) NA® = I [ACy,,,] NA®. follows from (i),(ii) and
(iii).

1/m4n+k

3.6 Theorem

If f be any Orlicz function then % [ACy, , | ¢ I'® (S/QN\])

Proof: Let x € T} [ACy, ] , for all i, ¢ and j.
Therefore we have

1/mAntk
ﬁlj ZmGIzﬁ,l,j Znefz‘,l,j Zkeli,&j f [(|xm+i,n+€7k+]' _ 0’) /m+n :| Z
1
E Zmefi,l,j ZTLGIL[']' Zkeh,é,j and
f [(’$m+i,n+tz,k+j — 0|)1/m+n+k}
ﬁf (0) {(m,n, k’) € ligj: (’.Tm—‘ri,n-i-@,k.g.j — O’)l/ernJrk} _ 0‘ .
—_—
Hence z ¢ I'® (Sg ) .

Tm+rnts,k+u ’:0

>

0,4,
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