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Abstract

In this paper, we have established the homotopy anal-
ysis method (HAM) for solving a few partial differential
equations arising in engineering. This technique provides
the solutions in rapid convergence series with computable
terms for the problems with high degree of nonlinear terms
appearing in the governing differential equations. The con-
vergence analysis of the proposed method is also discussed.
Finally, we have given some illustrative examples to demon-
strate the validity and applicability of the proposed method
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1 Introduction

Non-linear phenomena play a very important role in physics, chem-
istry and biology (heat and mass transfer, filtration of liquids, dif-
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fusion in chemical reactions, etc.). Partial differential equations
(PDEs) play a crucial role in applied mathematics and physics. Re-
cently, various iterative methods are applied for getting numerical
and analytical solutions of linear and non-linear partial differential
equations (Abbasbandy, 2006; Borhanifar and Reza Abazari, 2010;
Hariharan and Kannan, 2010; Hariharan and Rajaraman, 2013;
Hariharan, 2013; Kkarslan, 2009; Hashim et al.2006; Jafari et al.
2008; Mamontov, 2013; Molabahrami and Khani, 2009). But the
nonlinear PDEs are difficult to get their exact solutions. So the ap-
proximation and numerical methods must be used. The numerical
solutions of the nonlinear reaction-diffusion equations (NLRDEs)
have received considerable attention in the literature and fall into
two groups: The analytical methods and the numerical ones. An-
alytical methods enable researchers to study the effect of different
variables or parameters on the function under study easily. Re-
cently, a powerful analytic method for nonlinear problems, the so
called Homotopy analysis method (HAM), has been proposed by
[Liao, 2003; Liao, 2004; Liao, 2005; Liao, 2009]. Moreover, the
HAM itself provides us with a convenient way to control the con-
vergence of approximation series and adjust convergence regions
when necessary. Recently, there are many new algorithms for NL-
RDEs have been proposed, for example, the Adomian decomposi-
tion Method [Hashim et al.2006], the variational iteration method
[Golbabai and Javidi, 2007], differential transform method [Borhan-
ifar and Reza Abazari, 2010], homotopy perturbation method [Bi-
azar and Ghazvini, 2007; Bizzar and Ghazvini,2009; Domairy and
Nadim, 2008; Jafari et al. 2008; Kkarslan, 2009; Kazemi-Sangsereki
et al. 2011; Matinfar and Raeisi, 2011], homotopy analysis method
[Molabahrami and Khani, 2009; Mamontov, 2013; Liao,2003; Har-
iharan,G., 2013; Abbasbandy, S., 2006; Abbasbandy, S., 2008] and
other methods [Hariharan and Rajaraman,2013; Hariharan and
Kannan,2010; Mamontov,2013].

2 Basic idea of homotopy analysis method

(HAM) [Liao,2003]

In this paper, we have applied the homotopy analysis method (HAM)
to solve the linear and nonlinear Partial differential equations aris-
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ing in mathematical chemistry. In this section the basic ideas of
the homotopy analysis method are introduced. Here a description
of the method [Liao,2003] is given to handle the general nonlinear
problem.

Nu0(t) = 0, t > 0 (1)

Where N is a nonlinear operator and u0(t) is unknown function of
the independent variable t.

2.1 Zero- order deformation equation [Liao,2005]

Let u0(t) denote the initial guess of the exact solution of Eq.(1),
h 6= 0 an auxiliary parameter, H(t) 6= 0 an auxiliary function and
L an auxiliary linear operator with the property.

L[f(t)] = 0, f(t) = 0 (2)

The auxiliary parameter h, the auxiliary function H(t), and the
auxiliary linear operator L play important roles within the HAM
to adjust and control the convergence region of solution series.[Liao,
2005] constructs, using q ∈ [0, 1] as an embedding parameter, the
so-called zero-order deformation equation

(1− q)L[Φ(t; q)− u0(t))] = qhH(t)N [Φ(t; q)] (3)

Where Φ(t, q) is the solution which depends on h,H(t), L, u0(t)
and q. when q = 0, the zero-order deformation Eq.(2) becomes
Φ(t; 0) = u0(t) and when q = 1, since h 6= 0 and H(t) 6= 0, the zero-
order deformation equation reduces to, N [Φ(t; 1)] = 0 So, Φ(t; 1)
is exactly the solution of the nonlinear Eq.(1). Define the so-called
mth order deformation derivatives.

um(t) =
1

m!

∂mΦ(t; q)

∂qm
(4)

If the power series Eq.(4) of Φ(t; q) converges at q = 1, then we
gets the following series solution

u(t) = u0(t) +
∞∑

m−1
um(t) (5)

where the terms um(t) can be determined by the so-called high
order deformation described below.
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2.2 High- order deformation equation

Define the vector,

~un = u0(t), u1(t), ....un(t) (6)

Differentiating Eq.(3) m times with respect to embedding pa-
rameter q, the setting q = 0 and dividing them by m! we have the
so-called mth order deformation equation.

L[um(t)− χmum−1(t)] = hH(t)<m( ~um, t) (7)

where

χm =

{
0, for m ≤ 1
1, for m > 1

(8)

<m( ~um, t) =
1

(m− 1)!

∂m−1N [φ(t, q)]

∂qm−1
(9)

For any given nonlinear operator N , the term <m( ~um, t) can be
easily expressed by Eq.(9). Thus, we can gain u1(t), u2(t), ... by
means of solving the linear high-order deformation Eq.(7) one after
the other order in order. The mth order approximation of u(t) is
given by

u(t) =
m∑

k=0

uk(t) (10)

Example. 1
Consider the nonlinear in homogeneous Cauchy equation (inviscid
Burger equation) arising in one dimensional stream of particles or
fluid having zero viscosity. ∂u

∂t
+ u∂u

∂x
= 2x, x ∈ R, t ≥ 0 with

initial condition u0(x, t) = x
Apply the HAM, We choose the initial approximation u0(x, t) = x
We define the nonlinear operator as

N [φ(x, t; q)] =
∂φ(x, t; q)

∂t
+ φ(x, t; q)

∂φ(x, t; q)

∂x
− 2x

and linear operator

L[φ(x, t; q)] =
∂φ(x, t; q)

∂t
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with the property L(c) = 0 where c is constant.
Now by using Eq.(7) we have

<m( ~Um−1) =
∂φ(x, t; q)

∂t
+ φ(x, t; q)

∂φ(x, ; q)

∂x
− 2x

and the solution of the mth order deformation equation Eq.(7) for
m ≥ 1 becomes

um−1(x, t) = χmUm−1(x, t) + hH(r, t)L−1[<m( ~Um−1)]

since m ≥ 1, χm = 1,we set h = −1 and H(r, t) = 1 and we succes-
sively obtain u0(x, t) = x,
u1(x, t) = x+ xt,
u2(x, t) = x+ xt+ x t

2

2
,

u3(x, t) = x+ xt+ x t
2

2
+ x t

3

6
,

........
Hence

u(x, t) = u0(x, t) + u1(x, t) + u2(x, t) + u3(x, t) + ......

The final solution in a closed form is given by

u(x, t) = xet

The surface area shows u(x, t)
Example. 2
Consider the homogeneous gas dynamic equation of the form ∂u(x,t)

∂t
+

1
2
(∂u

2(x,t)
∂x

= ∂2u(x,t)
∂x2

− u2(x, t)
With initial condition: u(x, 0) = e−x

Apply the HAM, the solution of the mth order deformation equa-
tion Eq.(1) for m ≥ 1, χm = 1, we set h = −1 and H(r, t) = 1,

um−1(x, t) = χmUm−1(x, t) + hH(r, t)L−1[<m( ~Um−1)]

where

<m( ~Um−1) =
∂φ(x, t; q)

∂t
+

1

2

∂φ2(x, t; q)

∂x
=
∂2φ(x, t; q)

∂x2
− φ2(x, t; q)

We gain
u0(x, t) = e−x,
u1(x, t) = t

1!
e−x,
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Figure 1: The surface area shows u(x, t) for Ex.(1) for x = 0(0.1)1
and t = 0(0.5)5

u2(x, t) = t2

2!
e−x,

u3(x, t) = t3

3!
e−x...

The final solution is
u(x, t) = et−x

The surface area shows u(x, t) for x = (0, 100) and t = (0, 100)

Example. 3
Consider the time fractional advection dispersion equation

∂αu(x, t)

∂tα
= D

∂2u(x, t)

∂x2
− b∂u(x, t)

∂x
+ λu(x, t), t > 0, 0 < α ≤ 1

(11)
Where D = 2, b = 2 and λ = 1

with initial condition

u(x, 0) = ex (12)

Now we will apply the HAM to solve Eq.(11) subject to the initial
condition Eq.(12)
We define the nonlinear operator as

N [φ(x, t; q)] =
∂αφ(x, t; q)

∂tα
− 2

∂2φ(x, t; q)

∂x2
+ 2

∂φ(x, t; q)

∂x
− φ(x, t; q)

(13)
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and linear operator L[φ(x, t; q)] = ∂αφ(x,t;q)
∂tα

With the property L[C1(x)] = 0 Where C1(x) is the integration
constant.
Now by using Eq.(7) we have

<m( ~Um−1) = N [φ(x, t; q)] =
∂αφ(x, t; q)

∂tα
−2

∂2φ(x, t; q)

∂x2
+2

∂φ(x, t; q)

∂x

−φ(x, t; q)

and the solution of the mth order deformation Eq.(11) for m ≥ 1
becomes

um−1(x, t) = χmUm−1(x, t) + hH(r, t)L−1[<m( ~Um−1)]

since m ≥ 1, χm = 1, we set h = −1 and H(r, t) = 1
we obtain the final solution as

u(x, t) =
∞∑

k=0

ex
tkα

Γ(kα + 1)

The surface shows the solution u(x, t) for α = 1 and t = 0.5

The surface shows the solution u(x, t) for α = 1 and t = 1.5

Example. 4
Consider another time fractional advection dispersion equation

∂αu(x, t)

∂tα
= D

∂2u(x, t)

∂x2
− b∂u(x, t)

∂x
+ λu(x, t), t > 0, 0 < α ≤ 1

(14)
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Where D = 1, b = 1 and λ = 1
with initial condition

u(x, 0) = sinx (15)

Now we will apply the HAM to solve Eq.(11) subject to the initial
condition Eq.(15)
We define the nonlinear operator as

N [φ(x, t; q)] =
∂αφ(x, t; q)

∂tα
− ∂2φ(x, t; q)

∂x2
+
∂φ(x, t; q)

∂x
− φ(x, t; q)

(16)

and linear operator L[φ(x, t; q)] = ∂αφ(x,t;q)
∂tα

With the property L[C1(x)] = 0 Where C1(x) is the integration
constant.
Now by using Eq.(7) we have

<m( ~Um−1) = N [φ(x, t; q)] =
∂αφ(x, t; q)

∂tα
− ∂2φ(x, t; q)

∂x2
+
∂φ(x, t; q)

∂x

−φ(x, t; q)

and the solution of the mth order deformation Eq.(11) for m ≥ 1
becomes

um−1(x, t) = χmUm−1(x, t) + hH(r, t)L−1[<m( ~Um−1)]

since m ≥ 1, χm = 1, we set h = −1 and H(r, t) = 1
and also the equation has super diffusive behaviour we obtain the
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final solution as

u(x, t) =
∞∑

k=0

(−1)k
t2kα

Γ(2kα + 1)
− cosx

∞∑

k=0

(−1)k
t(2k+1)α

Γ((2k + 1)α + 1)

Figure 2: Plot of u(x, t) vs. h for α = 1 and t = 0.5

Figure 3: The surface shows the solution u(x, t) for α = 1 and
t = 0.5

3 Conclusion

The homotopy analysis method (HAM) is applied to obtain the ap-
proximate/analytical solutions for a class of PDEs arising in math-
ematical chemistry. It avoids the need for calculating the Adomian
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polynomials which can be difficult in some cases. The reliability of
the method and reduction in the size of computational domain give
this method wider applicability. The results show that HAM is a
powerful mathematical tool for finding the exact and approximate
solutions of the nonlinear equations. In addition the calculations
involved in HAM are simple, straight forward and low computation
cost.
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