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ABSTRACT 

A new damage index based on strain energy and wavelet is implemented to localize the damage 
damaged elements of beam like structures. The principle of strain energy based damage detection is 
taking into consideration of strain changes in structural elements, between damaged and undamaged 
condition. The strain energy of an element is calculated via coefficients of the flexibility matrix 
estimated through modal analysis information. Combination of strain energy change and 
Biorthogonal wavelet method is implemented for detect minor damage case. Several damage 
combinations simulated in fixed-fixed beam structure to compute the effective of the presented 
method. Simulated numerical results highlight that the technique can provide a trustworthy tool to 
accurately identify the structural defect up to 10% damage. 

Keywords; Modal analysis, strain energy, Biorthogonal wavelet, Damage detection  

1 .INTRODUCTION 

 Structural health condition monitoring is an emerging research area for researcher because 
it’s not just for structure’s condition it will protect human life [1] Boundary Effect Detection (BED) 
utilize the beam’s operational deflection from the experimental data with the help of laser vibrometer. 
Proposed method is very effective single and multiple damage detection nearby the boundaries [2] 
Changes in the natural frequency and amplitudes of damaged beam measured. Based on 
experimental data damage is detected but quantifying the depth of the damage more mode shapes is 
necessary [3]. Wavelet finite element method (WFEM) is proposed for beam damage detection, 
young’s modulus change is made to create damage in the structure. This method is detecting the 
small size damage also [4] there are plenty of different structure is available in mechanical and civil 
field most of the wavelet based damage detection algorithm is in high level of mathematics. Still there 
is drawback in creating engineering tools based on the theory in all field [5].  

   Rotational mode shapes change is not effective in detecting the damage, but using the rotational 
mode shape as wavelet input it is very much effective and better than the translational mode shape 
[6].Damaged PVC Sandwich plate specimen’s frequency response function calculates before and 
after damage calculated through experimentally. The signal is used to calculate the wavelet 
coefficient for detect damage location and neural network is implemented to identify the severity of 
damage [7]. Based on Timoshenko beam theory simply supported beam modeled with spring 
intermediate, here spring consider the damage, with the help of natural frequency degradation 
shallow cracks were identified[8].Continuous wavelet transform and wavelet packet transform were 
implemented for 3d frame structure for damage detection. These techniques are very effective even 
in noisy atmosphere [9]  FRF based damage detection in plate structure developed [10] wavelet 
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based damage detection implemented bridge like structures[11] Utilized natural frequency and mode 
shape of multi-span and multi-floor frame structure for damage identification, in case of avoid error 
substructure approach is proposed[12] Modern Cornwell indicator method with the help of strain 
energy variation single and multi damage detection is effective[13]. 

 From the studies on vibration analysis of damaged beams, only few useful and practical 
techniques are found for very small damage identification. In this paper a study is carried out to 
investigate the influence of using the translational mode shapes are input for the wavelets on 
damage identification for different scenarios, damaged beam subjected to fixed-fixed boundaries. 
This paper presents a method for beam structure damage detection. The different wavelets 
transforms are used to analyze spatially distributed signals of translation mode shapes of the 
structure. The crack location can be effectively detected by the proposed method even though the 
crack size is very small. 

2. MATHEMATICAL MODELING 

Consider the length (L) and cross-sectional area (A) of the beam structure the fundamental theory of 
bending is adopted. Here assumes that the stress components 𝜎𝑦 , 𝜎𝑧 , 𝜏𝑦𝑧 ,and 𝜏𝑥𝑧  are zero. It also 

assumes that plane sections which are normal to the undeformed midplane axis remain plane after 
bending and are normal to the deformed axis. Based on this assumption,  

 

   (a)      (b) 

Figure 1 (a): Straight beam element in local coordinate system; (b) Stresses and distortion in x-y 
plane 

The axial displacement, u, at a distance y from the centroidal axis is 

                                            𝑢 𝑥, 𝑦 = −𝑦
𝜕𝑣

𝜕𝑥
                                                                                (1)           

Where 𝑣 = 𝑣 𝑥  is the displacement of the centroidal axis in the y-direction at position x. The strain 

components 𝜀𝑥  and 𝛾𝑥𝑦  are therefore 

                                            𝜀𝑥 =
𝜕𝑢

𝜕𝑥
= −𝑦

𝜕2𝑢

𝜕𝑥2                                                                              (2) 

                                           𝛾𝑥𝑦 =
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
= 0                                                                              (3) 

The strain energy available in the element is  

International Journal of Pure and Applied Mathematics Special Issue

4436



                                          𝑈 =
1

2 V 𝜎𝑥𝜀𝑥𝑑𝑣                                                                                (4) 

The normal stress is given by  

                                          𝜎𝑥 = 𝐸𝜀𝑥                                                                                              (5) 

And so equation becomes 

                                         
V

U
2

1
𝐸𝜎𝑥𝜀

2
𝑥𝑑𝑉                                                                           (6) 

Placing the equations (2) into equation (6) gives, dV=dA.dx 

                                         𝑈 =
1

2
 𝐸𝐼𝑧

+𝑎

−𝑎
 
𝜕2𝑣

𝜕𝑥2 𝑑𝑥                                                                        (7) 

Where  

                                         𝐼𝑧 = A dAy 2

                                                                                        (8)
 

Is the second moment of area of the cross-section about the z-axis. 

The stress- strain relationship is 𝜏𝑥𝑦 = 𝐺𝛾𝑥𝑦 , consider v and 𝜕𝑣 𝜕𝑥  as degrees of freedom at each 

node of a beam element. Therefore the element which has two nodes has a total of four degrees of 
freedom. The displacement function can thus be represented by a polynomial having four constants, 

                                        𝑣 = 𝛼1 + 𝛼2 𝜉 + 𝛼3𝜉
2 + 𝛼4𝜉

3                                                            (9) 

This expression can be written in the following form 

                                       𝑣 =  1  𝜉  𝜉2   𝜉3     

𝛼1

𝛼2
𝛼3

𝛼4

                                                                        (10) 

                                        𝑣 =  𝑃(𝜉)  𝛼                                                                                      (11) 

Differentiating (10) gives 

                                      𝑎𝜃𝑧 = 𝑎
𝜕𝑣

𝜕𝑥
=

𝜕𝑣

𝜕𝜉
= 𝛼2 + 2𝛼3𝜉 + 3𝛼4𝜉

2                                               (12) 

Evaluating (11) and (13) gives at 𝜉 = ∓1 gives 

                                      

𝑣1

𝑎𝜃𝑧1
𝑣2

𝑎𝜃𝑧2

 =























3210

1111

3210

1111

 

𝛼1

𝛼2
𝛼3

𝛼4

                                                        (13) 

Where  

                                     𝑁(𝜉) =  𝑁1 𝜉   𝑎𝑁2 𝜉   𝑁3 𝜉   𝑎𝑁3(𝜉)                                            (14) 
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The displacement functions in (15) are given by 

                                     𝑁1 𝜉 =
1

4
 2 − 3𝜉 + 𝜉3                                                                       (15) 

                                    𝑁2 𝜉 =
1

4
 1 − 𝜉 − 𝜉2 + 𝜉3                                                                 (16) 

                                   𝑁3 𝜉 =
1

4
 2 + 3𝜉 − 𝜉3                                                                        (17) 

                                   𝑁4 𝜉 =
1

4
(−1 − 𝜉 + 𝜉2 + 𝜉3)                                                                (18) 

The energy expressions for the single element  

                                  𝑇𝑒 =
1

2
 𝜌𝐴𝑣2𝑑𝑥 

+𝑎

−𝑎
                                                                                   (19) 

                                  𝑈𝑒 =
1

2
 𝐸𝐼𝑧  

𝜕2𝑣

𝜕𝑥2 
+𝑎

−𝑎

2
 dx                                                                          (20) 

Substituting the displacement expression into kinetic energy 

                                𝑇𝑒 =
1

2
 𝜌𝐴𝑣2𝑑𝑥 =

1

2

 +𝑎

−𝑎
 𝜌𝐴𝑣2𝑎 𝑑 

+1

−1
𝜉                                                     (21) 

Therefore the element inertia matrix is given by 

                               [m]e=
𝜌𝐴𝑎

105



























22

22

822613

22781327

613822

13272278

aaaa

aa

aaaa

aa

                                                  (22)

 

Substituting the displacement expression into the strain energy equation gives 

                               𝑈𝑒 =
1

2
 𝐸𝐼𝑧  

𝜕2𝑣

𝜕𝑥2 
+𝑎

−𝑎

2
dx=

1

2
 𝐸𝐼𝑧

1

𝑎4

+1

−1
(
𝜕2𝑣

𝜕𝜉2)
2
ad𝜉                                       (23) 

The element stiffness matrix is therefore 

                                 [k]e= 
𝐸𝐼𝑧

2𝑎3



























22

22

4323

3333

2343

3333

aaaa

aa

aaaa

aa

                                                           (24)

 

The free vibration solution of the beam  

                                 
𝑑4𝑌 𝑥 

𝑑𝑥4 − 𝛽4𝑌 𝑥 = 0                                                                                 (25) 

                                𝛽4 =
𝜔2

𝑐2 =
𝜌𝐴𝜔2

𝐸𝐼
                                                                                          (26) 

The solution of equation can be assumed to take the form of 

                               𝑌 𝑥 = 𝐶𝑒𝑠𝑥                                                                                                 (27) 
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Hence the solution to equation 

                                  𝑌 𝑥 = 𝐶1𝑒
𝛽𝑥 + 𝐶2𝑒

−𝛽𝑥 + 𝐶3𝑒
𝑖𝛽𝑥 + 𝐶4𝑒

𝑖𝛽𝑥                                            (28)                              

Where C1 to C4 are constants to be determined by the boundary conditions of the beam, boundary 

condition for fixed end; Deflection=y=0 and slope = 
𝜕𝑦

𝜕𝑥
= 0 

3. MODAL STRAIN ENERGY 

In structural damage detection area stiffness shrinkage occur due to the working condition or loading 
condition, but no mass is takes places. If damage takes place in structure, it can be represented as 

small changes in the original system. Thus, the stiffness matrix𝑘𝑑 , the 𝑖𝑡  modal eigenvalue 𝜆𝑖
𝑑  and 

the 𝑖𝑡  mode shape 𝜙𝑖
𝑑  of the damaged system can be expressed as 

                                 𝐾𝑑 = 𝐾 +  Δ𝐾𝑗 = 𝐾 +  𝛼𝑗𝐾𝑗 (−1 < 𝛼𝑗 ≤ 0)𝐿
𝑗−1

𝐿
𝑗−1                              (29) 

                                 𝜆𝑖
𝑑 = 𝜆𝑖 + Δ𝜆𝑖                                                                                             (30) 

                                 𝜙𝑖
𝑑 = 𝜙𝑖 + Δ𝜙𝑖                                                                                           (31) 

Where the damage in elements is expressed as a fractional change of the elemental stiffness matrix; 
the superscript d denotes the damage case; 𝛼𝑗 =Coefficient defining a fractional reduction of the 

𝑗𝑡  elemental stiffness matrix and L= Total number of elements in the system 

The element Modal Strain Energy (MSE) is defined as the product of the elemental stiffness matrix 
and the second power of the mode shape component. For the 𝑗𝑡  element and 𝑖𝑡  mode, the MSE 

before and after occurrence of damage is given as 

                                 𝜀𝑖𝑗 = 𝜙𝑖
𝑇𝐾𝑗𝜙𝑖                                                                                              (32) 

                                 𝜀𝑖𝑗
𝑑 = 𝜙𝑖

𝑑𝑇
𝐾𝑗𝜙𝑖

𝑑                                                                                           (33) 

Where 𝜀𝑖𝑗  and 𝜀𝑖𝑗
𝑑  are undamaged and damaged MSE of the 𝑗𝑡  element for the 𝑖𝑡  mode shape, 

respectively. 

4. CONTINUOUS WAVELET TRANSFORMS 

In employing the wavelet technique, two important mathematical entities must be introduced wavelet 
functions and wavelet transform. A complex-valued φ(x) that is localized in both time and frequency 
domains is used to create a family of wavelets φ a,b (x), where a and b are real numbers that dilate 
(scale) and translate the function  φ(x), respectively these φ(x) functions are known as mother 
wavelets and can be continuous or discrete. For the continuous case, the complex –valued wavelets 
generated from the mother wavelet are given by 

                                                       𝜑𝑎 ,𝑏(𝑥) =  𝑎 −1/2𝜑  
𝑥−𝑎

𝑎
                                                       (34) 

Where a is the real-valued dilation parameter and b the real -valued translation parameter. For the 
discrete case, the wavelets take the form. 

                                                                    𝜑𝑗𝑘(𝑥) = 2
𝑗

2
𝜑 2𝑗𝑥 − 𝑘                                                (35) 

Where 𝜑 is the mother wavelet, j the integer dilation and integer translation index, for given integrated 
signal, the wavelet transform obtained by integrating the product of signal and the complex conjugate 
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wavelet function. The resulting wavelet is the set of wavelet coefficients is the measure of the 
correlation between wavelet and corresponding wavelet signal. Mathematically, continuous wavelet 
transform, wfa,b  of a f(x) is defined as 

                            wfa,b=
1

 𝑎
   𝑓(𝑥)  

𝑥−𝑏

𝑎
 

∞

−∞
𝑑𝑥 =  𝑓 𝑥 𝜑𝑎 ,𝑏(𝑥)

∞

−∞
                                       (36) 

Wavelet coefficients are performed with various scale indexes, local perturbations in the mode 
shapes will be found in the fine scale wavelets that are positioned at the locations of the 
perturbations. 

Biorthogonal wavelets more flexibility, scaling function are represented by FIR filters, hk and gk have 
a finite number of non-null coefficients. The Biorthogonal MRA requires the existence of a dual 

scaling function 𝜑  and a dual wavelet 𝜓  .It generated a dual multi resolution analysis with subspaces 

𝑉𝑗  and 𝑊𝑗
   such that 𝑉𝑗   ⊥ 𝑊𝑗  ; 𝑉𝑗  ⊥ 𝑊𝑗

   

                           𝜑  𝑥 , 𝜓(𝑥 − 𝑘)  =  𝜓   𝑥 , 𝜑(𝑥 − 𝑘)  = 0                                                       (37)   

For any signal input b[n] sampled an intervals N
-1

=2
L
, there exists f∈ 𝑉𝐿 such that 𝑎𝐿 𝑛 =  𝑓,𝜙𝐿,𝑛 =

𝑁−1 2 𝑏[𝑛]. The wavelet coefficients are computed by successive convolutions with   𝑎𝑛𝑑 𝑔  . Let 
𝑎𝑗  𝑛 =  𝑓, 𝜙𝑗 ,𝑛   𝑎𝑛𝑑 𝑑𝑗  𝑛 =  𝑓, 𝜓𝑗 ,𝑛 . 

                           𝛼𝐽+1 𝑛 = 𝛼𝑗 ∗  [2𝑛], 𝑑𝑗 +1 𝑛 = 𝛼𝑗 ∗ 𝑔 [2𝑛]                                                  (38) 

The reconstruction is performed with the dual filters      and 𝑔  

                                           𝛼𝑗  𝑛 = 𝑎𝑗+1 *  𝑛 + 𝑑𝑗+1
 *𝑔 [𝑛]                                                      (39) 

If aL includes N nonzero samples the Biorthogonal wavelet representation [ 𝑑𝑗  L<j≤, 𝑎𝑗 ] is calculated 

with O(N) operations by iterating above equation for L≤j<J. The reconstruction of 𝑎𝐿 by applying to 

(39) J>≥ 𝐿 requires same number of operations. 

The procedure of the damage detection is as follows: 

(1) Find the strain energy of an element before and after damage. 

(2) Calculate the spatial wavelet coefficients of the strain energy variations. 

(3) Plot the value of Absolute Coefficient of Biorthogonal wavelets along the length of the beams. 

(4) Examine the distributions of wavelet coefficients at each scale. A sudden change in the 
distributions of the wavelet coefficients identifies the damage position. 

(5) Maximum wavelet coefficient present in the damage location values shows the damage severity 
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5. SIMULATION RESULT AND DISCUSSION 

5.1 Beam model and damage scenarios: 

 

Figure 2, Fixed- fixed beam without and with damage (dimensions: 2500 X50X5) in mm 

 Figure 2 shows the undamaged rectangular beam structure and single damaged beam 
structure and damaged element location is mentioned with element number. The damage is 
simulated by reducing Young’s modulus value of the element in beam structure. Aluminum material 
properties are considered for beam structure. Different damage cases and corresponding reducing in 
Young’s modulus values are tabulated as shown in Table 1.The modal analysis is performed on the 
beam structure with fixed–fixed boundary conditions. Natural frequency, strain energy mode shapes 
of damaged and undamaged and all cases calculated. To check the effectiveness of the wavelet tool 
double and triple damage cases are also simulated for only 40% damage. 

Table1. Represents different damage cases with element number 

Damage Cases % of Young’s modulus 
reduction 

Damage element number 

1 90 1600 

2 60 1600 

3 40 1600 

4 20 1600 

5 10 1600 

6 40 140,2280 

7 40 140,1180,2280 

 

5.2 Results and Discussion: 

 Modal analysis is performed for the beam with several damage configurations as well as 
without damage. The table 2 shows the first five natural frequency of the beam structure. If the 
damage severity is high (case 1) frequency variation is also high at the same time this data is not 
useful to locate damage. Comparing Case 6 and Case 7 is also showing variations but even though 
case 1 is high. From the table easily conclude the natural frequency variation is not suitable for multi 
damage detection. 
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Table 2. First five natural frequencies (Hz) for undamaged and damaged cases 

Damage Cases Frequency(Hz) for the mode number 

1 2 3 4 5 

UD 4.1904 11.55 16.755 22.643 37.427 

Case 1 4.1846 11.520 16.731 22.642 37.314 

Case 2 4.1894 11.545 16.751 22.642 37.408 

Case 3 4.1899 11.548 16.753 22.643 37.418 

Case4 4.1917 11.554 16.754 22.643 37.436 

Case 5 4.1903 11.55 16.754 22.643 37.426 

Case 6 4.1883 11.548 16.746 22.641 37.426 

Case 7 4.1875 11.548 16.743 22.635 37.425 

 

5.3 Comparing strain energy mode shape: 

 In this study particularly concentrated on first mode shape, because comparing the all other 
natural frequencies the first mode frequency is very much sensitive so further in this research 
focuses the fundamental mode shape. For locating and quantifying damage the strain energy of a 
beam is plotted along the length of the beam axis to observe the strain energy variations in the curve.  

 Figure 3 shows if the damage severity is high using the curve itself peak will found hence the 
damage location identified. Figure 4 shows if the small damage is present in the structure it is very 
complicated to find a non linearity in the curve, so in case of avoid the obstacle using the difference 
data for damage identification. 

  For quantifying the damage severity and location the Biorthogonal wavelet is used for 
analyzing the difference data signal, in mean while using the strain energy create lots of disturbance 
in nearby boundary so if the damage is located near by the fixed position means difference data is 
suitable to locate and quantifying the damage.  

 

Figure 3: Comparison of strain energy mode shape between damaged, un damaged and difference 
data (Case 1) 

International Journal of Pure and Applied Mathematics Special Issue

4442



 

Figure 4: Comparison of strain energy mode shape between damaged, un damaged and difference 
data (Case 5) 

5.4 Single Damage: 

Case 1: 

 

Figure 5. Two dimensional plot of Abs. Coefficient along the length of beam for Biorthogonal wavelet 

Figure 5 shows the strain energy difference data’s absolute wavelet coefficient for biorthogonal 
wavelet plotted along the length of the beam structure. The peak value representing the damage 
location. Absolute wavelet coefficient which is in damage location is assumed to be damage index, it 
is used to quantify the damage size. 

Case 2: 

 

Figure 6. Two dimensional plot of Abs. Coefficient along the length of beam for Biorthogonal wavelet 

International Journal of Pure and Applied Mathematics Special Issue

4443



Figure 6 shows the strain energy difference data’s absolute wavelet coefficient for biorthogonal 
wavelet plotted along the length of the beam structure. The peak value representing the damage 
location. Absolute wavelet coefficient which is in damage location is used to quantify the damage 
size. 

Case3:

 

Figure 7. Two dimensional plot of Abs. Coefficient along the length of beam for Biorthogonal wavelet 

Figure 7 shows the strain energy difference data’s absolute wavelet coefficient for biorthogonal 
wavelet plotted along the length of the beam structure. The peak value representing the damage 
location. Absolute wavelet coefficient which is in damage location is used to quantify the damage 
size. 

Case 4: 

 

Figure 8. Two dimensional plot of Abs. Coefficient along the length of beam for Biorthogonal wavelet 

Figure 8 shows the strain energy difference data’s absolute wavelet coefficient for Biorthogonal 
wavelet plotted along the length of the beam structure. The peak value representing the damage 
location. The peak magnitude shows the severity of damage. 

Case 5: 
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Figure 9. Two dimensional plot of Abs. Coefficient along the length of beam for Biorthogonal wavelet 

Figure 9 shows the strain energy difference data’s absolute wavelet coefficient for Biorthogonal 
wavelet plotted along the length of the beam structure. The peak value representing the damage 
location and its magnitude shows the damage severity.  

 

 

5.5 Double Damage Case: 

Case 6: 

 

Figure 10. Two dimensional plot of Abs. Coefficient along the length of beam for Biorthogonal 
wavelet 

Figure 10 shows the strain energy difference data’s absolute wavelet coefficient for Biorthogonal 
wavelet plotted along the length of the beam structure. Two peaks are visible in the figure it shows 
two damage is present in the structure in different location. But the peak magnitudes are varying 
because one of the damage is located nearby anti nodal location so its value is high comparing to 
other peak. 

5.6 Triple Damage Case: 

Case 7: 
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Figure 11. Two dimensional plot of Abs. Coefficient along the length of beam for Biorthogonal 
wavelet 

Figure 11 shows the strain energy difference data’s absolute wavelet coefficient for Biorthogonal 
wavelet plotted along the length of the beam structure. Three peaks are visible in the figure it shows 
three damage is present in the structure. But the peak magnitudes are varying because one of the 
damage is located nearby anti nodal location so its value is high comparing to other two peaks. 

Table 3: Biorthogonal wavelet’s damage detection sensitivity for different damage case 

 Damage 
percentage 

Actual element Predicted element Absolute wavelet coefficient 

90 1600 1600 0.9632 

60 1600 1600 0.1622 

40 1600 1600 0.0722 

20 1600 1601 0.0271 

10 1600 1601 0.0120 

 

From the table 3 absolute wavelet coefficient value is varying for severe damage case the coefficient 
value is high if the damage level is low the coefficient value also low. So the coefficient value is 
sensitive. 

6.CONCLUSION 

This study presented a developed approach for damage identification based on combination of strain 
energy and Biorthogonal wavelet. Strain energy difference data is improvised by Biorthogonal 
wavelet to identify the minor damage. For damage detection and quantification of fixed-fixed beam 
structure based on finite element method developed. Several damage severities and several number 
of damage is also simulated. The results show that the proposed method is effective in both the 
aspect localizing and quantifying the damage. Biorthogonal wavelet is detecting the damage with 
precision. 
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