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Abstract 

In this article, the detailed study of flow behavior in a square cavity due to buoyancy-driven flow 
with distinctive Rayleigh numbers (Ra) and settled Prandtl number (Pr) are concentrated on. The 
governing equations are solved numerically by Lattice Boltzmann Method (LBM). For 
effortlessness and solidness, single relaxation time (SRT) - Bhatnagar, Gross, Krook (BGK) 
model is used to solve coupled momentum and energy equations. The geometry is developed 
such that the left wall of the cavity is kept hot, and the right wall is kept cold. Both top and bottom 
walls are maintained adiabatic. The obtained numerical results are compared with available 
benchmark results reported in the literature and found to be in good agreement. The flow 
characteristics and temperature fields are studied by analyzing the horizontal velocity, vertical 
velocity, streamline, vorticity, isotherms and Nusselt number for various Ra (10

3
, 10

4
, 10

5
 and 

10
6
). Results shows that the velocity profile changes significantly as Ra increases. The flow 

velocity caused because of the convection is also studied and displayed in the form of graphs. It 
is evident that when Ra increases average Nusselt number also increases, which shows the 
increment in convective heat transfer due to the increment of buoyancy force.  

Keywords— Buoyancy-driven flow, LBM, SRT-BGK model. 

1.INTRODUCTION 
Lattice Boltzmann method is one of the prominent tools in the computational fluid dynamics. 

Amid late decades, the LBM recreation has made progress in different complex streams. Recent 
interest in LBM for complex partial differential equations has been persuaded by the requirement 
for efficient methods at an extensive variety of troublesome nonlinear issues. In order to facilitate 
numerical solution of Boltzmann equation, the complicated non-linear integral collision operator is 
often replaced by simpler expressions aimed at relinquishing most of the mathematical difficulty 
without spoiling the basic physics. This class of simplified Boltzmann equations is epitomized by 
so-called BGK collision operator [1] which is used in the present study. It has enjoyed the 
substantial development and has become a very promising and versatile tool for simulating 
complex phenomena in various fields,ranging from heat and mass transfer [2], magneto-
hydrodynamics [3], single phase and multiphase fluid [4], suspensions flow [5], turbulent flow [6], 
complex geometries [7] etc. There are numerous literature available for natural convection 
problem. Zhao et al. [8] proposed a thermal lattice BGK model with doubled populations to 
simulate the two-dimensional natural convection flow in porous media. They concluded that the 
heat transfer can be enhanced by lowering the porosity and cell size. Chang and Tsay [9] 
analyzed the effects of heated backward step for various Ra to study the laminar natural 
convection in an enclosure. Yousaf and Usman [10] has conducted studies on natural convection 
with sinusoidal roughness and showed the effects of the sinusoidal roughness on thermal and 
hydrodynamic behaviors of the fluid. In the work of  Peng et al.[11], they simulated the natural 
convective heat transfer in a horizontal concentric annulus between a square outer cylinder and a 
heated circular inner cylinder using Taylor-series-expansion and least-squares-based lattice 
Boltzmann method. Verhaeghe et al. [12] developed a model to combine a multi component 
lattice Boltzmann scheme with a finite-difference solution of the energy equation to simulate 
natural convection caused by gradients in temperature and concentration. Elatar et al. [13] 
performed a numerical study of laminar natural convection in a square enclosure with a single 
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horizontal fin attached to its hot wall and found that the fin effectiveness enhanced in general with 
the increase of fin length. 

Vahl Davi [14] work is considered as one of the benchmark solutions for natural convection 
problems. He studied the two-dimensional natural convection in a square cavity with differentially 
heated side walls by using second-order, central difference approximations. Mahdi and Kinney 
[15] studied the time-dependent natural convection in a square cavity by developing a new finite 
volume method. Hortmann et al. [16] discussed the effects of natural convection by applying the 
multi-grid technique in finite volume method. Barakos et al. [17] studied the natural convection in 
a square cavity for laminar and turbulent flow. They used k-ϵ model for turbulence and confirmed 
the limitations of that model. Massarotti et al. [18] observed natural and forced convection and 
transient problems by using the characteristic based split algorithms. Manzari [19] solved steady 
incompressible fluid flow with heat transfer using triangular meshes. He used standard Galerkin 
finite element method is used for spatial discretization, and an explicit multistage Runge‐ Kutta 
scheme is used to march in the time domain. It is observed from the literature that the buoyancy-
driven flow problems were solved extensively, because the geometry and problem setup is 
simpler. The natural convection problem in spite of being simple, it gives lots of details expected 
to comprehend the flow behavior as well as heat transfer. Therefore, authors have attempted to 
study the buoyancy driven flow and heat transfer in terms of streamline, vorticity and temperature 
contours for different Ra.  

2.NUMERICAL METHOD 
For the incompressible thermal problem, two distribution functions need to be solved,  for 

momentum and  for scalar variable.  

 

Fig 1. D2Q9 lattice model 

The current numerical problem, the fluid flow and heat transfer characteristics in a square 
cavity is solved using D2Q9 model as shown in Fig.1 and SRT-BGK collision factor. The following 
equations need to be solved for momentum Eq. (1) and energy Eq. (2), [20] 

 
 

(1) 

 

 
 

(2) 

 
where,  denotes the discrete velocity vectors in the ith direction, the lattice time step is 

defined as  which is set to unity,  and  are the relaxation time for the flow and temperature 

fields respectively. The term  in Eq.(1) is the buoyancy force term. In this simulation the 

Boussinesq approximation is considered, hence the force term becomes as follows, [20] 

  (3) 

 

The relaxation time factors are related to kinematic viscosity and thermal diffusivity 
respectively as given in the relation below. 

 
 

(4) 
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(5) 

 

 and denotes the local distribution functions dependence on the local hydrodynamic 

properties which are solved by using the local Maxwell-Boltzmann model, the equilibrium 
distribution function for flow Eq. (1) and temperature Eq. (2) can be obtained using the following 
equations. 

 
 

(6) 

 

  (7) 

 

where,  is the weight factor at respective lattice,  and u denotes the macroscopic density 

and velocity, respectively. The weight factors ( ) and lattice velocity ( used for D2Q9 model is 

as follows. 

 

 

(8) 

 

 

 

(9) 

The macroscopic quantities (velocity U, pressure P, mass density , momentum ) are 

obtained by evaluating the distribution function .The macroscopic quantities are calculated as 

 Fluid density :  (10) 

 

 Momentum :  (11) 

 

 Temperature :  (12) 

  

 Local Nusselt number (Nu) calculation is essential in this work for predicting the heat transfer 
quantitatively, which is nothing but the ratio of convective heat transfer to conductive heat 
transfer. The following equations are used to calculate the local Nusselt number (Eq.13) and 
average Nusselt number (Eq.14). 

 
 

(13) 

 

 

 

(14) 

 

3.METHODOLOGY 
The geometry of the present square problem is shown in Fig. 2. It consists of the two-

dimensional cavity. The temperature at the left wall is maintained hot (Th), and temperature at the 
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right wall is maintained cold (Tc). Both the bottom and top walls are considered to be adiabatic. 
As mentioned before the simulation is carried for different Ra (10

3
, 10

4
, 10

5
 and 10

6
) by fixing Pr 

(0.71). The Rayleigh and Prandtl numbers are characterized as  and . For all 

the four walls bounce back boundary condition [20] is used to calculate the unknown distribution 
function for the flow field. For temperature field the top and bottom walls are given adiabatic 
boundary condition, and the left and right walls are Dirichlet boundary conditions to calculate the 
unknown distribution functions. The convergence criteria is set as 10

-6
 to obtain stable solutions. 
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Fig 2. Schematic representation of geometry setup

Fig 3. Grid Independent Test For 
Avergae Nusselt Number At Hot 

Wall For Ra = 104 
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TABLE I. COMPARISON OF U-MAX, V-MAX, AND AVERAGE NUSSELT NUMBER AT THE HOT WALL 

FOR VARIOUS RAYLEIGH NUMBER WITH LITERATURE. 

Rayleigh 
Number 

References  umax vmax 

10
3
 

De Vahl Davi [14] 1.118 3.649 3.697 
Mahdi and Kinney [15] 1.113 3.649 3.690 

Barakos et al.[17] 1.114 - - 
Massarotti et al. [18] 1.117 - 3.692 

Manzari [19] 1.074 3.68 3.73 
Mayne et al. [21] - 3.649 3.696 
Wan et al. [22] 1.117 3.489 3.686 
Kalita et al. [23] 1.117 3.65 3.69 

Shu and Wee [24] 1.118 3.648 3.696 
Corcione and Habib [25] 1.116 3.654 3.708 

Present work 1.133 3.61 3.68 

10
4
 

De Vahl Davi  [14] 2.243 16.178 19.617 
Hortmann et al [16] 2.244 16.180 19.629 
Barakos et al.[17] 2.245 - - 

Massarotti et al. [18] 2.243 - 19.63 
Manzari [19] 2.084 16.1 19.9 

Mayne et al. [21] - 16.179 19.617 
Wan et al. [22] 2.254 16.122 19.790 
Kalita et al. [23] 2.235 16.20 19.61 

Shu and Wee [24] 2.244 16.182 19.628 
Corcione and Habib [25] 2.254 16.242 19.714 

Present work 2.271 16.16 19.50 

10
5
 

De Vahl Davi  [14] 4.519 34.730 68.590 
Hortman et al [16] 4.519 34.739 68.639 
Barakos etal.[17] 4.510 - - 

Massarotti et al. [18] 4.521 - 68.85 
Manzari [19] 4.3 34.0 70.0 

Mayne et al. [21] - 34.774 68.692 
Wan et al. [22] 4.598 33.390 70.630 
Kalita et al. [23] 4.504 34.82 68.60 

Shu and Wee [24] 4.519 34.721 68.462 
Corcione and Habib [25] 4.506 35.008 68.109 

Present work 4.552 34.78 68.62 

10
6
 

De Vahl Davi  [14] 8.800 64.630 219.360 
Hortman et al [16] 8.825 64.836 220.461 
Barakos et al.[17] 8.806 - - 

Massarotti et al. [18] 8.806 - 221.6 
Manzari [19] 8.743 65.4 228 

Mayne et al. [21] - 64.691 220.833 
Wan et al. [22] 8.976 65.400 227.110 
Kalita et al. [23] 8.767 65.33 221.66 

Shu and Wee [24] 8.814 64.855 220.072 
Corcione and Habib [25] 8.879 65.226 221.598 

Present work 8.858 65.27 220.85 

4.RESULTS AND DISCUSSION 
To validate the present numerical resultsthe obtained u-max, v-max and average Nusselt 

number at hot wall  for different Ra are compared with the existing literature (given in Table 

1). The obtained results show good agreement with the literature. For optimizing the grid size, the 
grid independence test is carried out for Ra=10

4
 and found that beyond the grid size of 151 x 151, 

the variation in the numeric values for Nusselt number is negligible. The local Nusselt number at 
various locations near the hot wall of different grid sizes are given in Table 2. It clearly 
demonstrates in Fig. 3, the average Nusselt number for various grid sizes is plotted and the grid 
size of 151 x 151 is found to be optimum for further numerical study.  
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Initially, the fluid inside the cavity is maintained as that of the cold wall. When the simulation 
begins the fluid picks up heat from the hot wall and moves towards the cold wall and liberates it. 
There is no heat transfer by any means from the horizontal walls since it kept as insulated. 

   

 (a) Ra = 10
3
  

   

 (b) Ra = 10
4
  

   

 (c) Ra = 10
5
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 (d) Ra = 10
6
  

Fig 4. Contours of u-velocity, v-velocity and isotherms 

 
 Fig. 4 shows the contours of horizontal velocity, vertical velocity and isotherms caused by the 

buoyancy force. As already discussed the Rayleigh number constitute significance in the buoyant 
force, hence the change in Ra shows different patterns. The horizontal velocity contour for Ra = 
10

3
 shows a regular oval shaped movement from hot wall to cold wall. Due to this movement the 

fluid near the cold wall are pushed towards the hot wall with the negative velocity. Therefore, two 
vortexes are formed, one above with positive value and one below with negative value. The 
positive one is caused as the fluid comes in contact with the hot wall thus absorbs heat from the 
wall and negative one is due to the heat from the fluid is liberated to wall on the cold side. Fig 4. 
clearly shows the dimensional values of the velocity contours. From these contours, it is observed 
at the middle of the cavity the velocity is zero which shows there is no movement of fluid due to 
the convection at the core cavity. For Ra=10

3
, the isotherm contours show the linear layer 

formation normal to the adiabatic walls, which shows that for lower Ra the convection process is 
very less in the flow regime. This is also due the fact of high boundary layer thickness, which is 
observed to get decrease as Ra increases. When Ra is increased to 10

4
, the velocity patterns are 

not changed significantly. But it can be seen that the oval pattern is getting elongated towards the 
isothermal walls. In isotherms, there are remarkable changes compared to its predecessor. At the 
core of the cavity, the isotherms are almost horizontal but which is slightly inclined vertically for 
the previous case. It shows when Ra increases, convection becomes dominant, and the profiles 
change from linearity. When Ra is increased to 10

5
 and 10

6
, the vortexes formed by the 

horizontal velocities are almost closer to adiabatic walls and vortexes formed by the vertical 
velocities are moving towards the hot and cold wall. The isotherms developed at the core are 
exactly horizontal, and the immediate zone of the hot and cold walls show lots of reactions but 
which is almost horizontal and normal to adiabatic walls for Ra = 10

3
 and 10

4
 . 

 
Fig. 5. shows the contours of streamline and vorticity for various Ra. The dimensionlised 

values are added to the contours. The values are in corresponds with the values shown by 
Kefayati [2] and Kalita [23]. Streamlines display the flow of fluid, at the left wall due to heat the 
fluid raises and near the top wall the flow is horizontal. Since the top wall is kept adiabatic, the 
flow reaches the right wall and drops down as the temperature decreases, then it continuous 
horizontally due to the adiabatic condition of the bottom wall. This continues as a cyclic process. 
From the contours, it can be understood that the strength of circulation is getting higher as Ra 
increases. This is due to decrease in the boundary layer near the walls. It is observed from other 
stream line contours, the thickness between the layers gets reduced rapidly. As Ra increases the 
shape of the core cavity circulation also changes. These changes are due to the changes in 
velocity. For Ra=10

3
, the velocity is less, and streamline shows the complete circle. For Ra=10

4
 

the velocity starts to increase, that can be observed by circular shape shifted to an oval shape. 
For higher Ra, the velocity drastically increases near the hot wall and constant at the middle and 
finally drops near the cold wall. The streamline for Ra 10

6
 shows the above discussed shapes 

clearly. The vorticity profiles display the rate of circulation for various Ra. As shown in Fig. 5, the 
values of vorticity increases as Ra increases. The vorticity profile also explains for higher Ra the 
rate of circulation happens mostly near the walls and becomes zero at the core cavity. 
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(a) Ra = 10
3
 

  

(b) Ra = 10
4
 

  
(c) Ra = 10

5
 

  

(d) Ra = 10
6
 

Fig 5. Contours of streamline and vorticity 

Fig. 6. shows the horizontal velocity along the vertical centerline, vertical velocity along the 
horizontal centerline and the temperature profile in the middle of the cavity along the vertical 
direction.  The graphs are drawn for dimensional parameters. It is observed that if Ra increases, 
the values of all the three parameters also increases drastically. Especially velocities, this is 
because of the reason that Ra influence the buoyant force. Notably, the velocity component 
corresponds with the direction of gravity (v-velocity) tremendously increases when compared with 
another velocity component. For Ra=10

6
, the v-max is around 219 m/s and u-max for the same 

Ra is around 62 m/s. But for Ra=10
5
, the v-max is around 68.62 and u-max is around 34.78. This 

is due to the fact that for higher Ra the temperature difference is very high which in turns 
decreases the viscosity of the fluid, which causes the velocity to increase rapidly. 
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The heat transfer details are not only observed by the isotherms but in the extraordinary subtle 
element by estimation of Nusselt number (Nu). It is calculated by the relation given in Eqs. (13) 
and (14). The local Nusselt number distribution for the hot wall for various Ra is presented in Fig. 
7. The change in isotherm profiles can be clearly understand by detailed studies of local Nusselt 
number.  

 
(a) 

 
(b) 

 
(c) 

Fig 6. (a) horizontal velocity along vertical centerline (b) vertical velocity along 
horizontal centerline (c) temperature profile at mid-height of cavity. 

From the graph it is evident that at the bottom of hot wall, the heat transfer is maximum and 
minimum at the top. On the other hand, the top position of the cold wall absorbs more of the heat 
from the fluid and minimum at the bottom. This phenomenon explains the fluid motion inside the 
cavity. As mentioned earlier, the convective heat transfer rate increases as Ra increases. For 
lower Ra, the profile shows almost linear which satisfies our previous discussion that at lower Ra, 
the heat transfer due to convection is very less. In isotherms, the less compressed layers are 
observed for lower Ra, and the highly densed layers are found for higher Ra. In these contours, 
the layers are compressed at the bottom wall since the convection is maximum at the bottom as 
shown in the above graph and less compress at the top side. The average Nusselt number is 
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calculated by the relation, given in equation (14). Average Nusselt number (  is obtained by 

integrating the local Nusselt number over the range of domain. Fig. 8 shows the average Nusselt 
number at the hot wall for various Ra. From the graph, it can be observed that when Ra increases 

the values of enhances nearly twice. These results are in concurrent with our discussions.  

 

Fig 7. Local Nusselt number at the hot wall for various Ra 
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Fig 8. Average Nusselt number at the hot wall for various Ra. 

5.CONCLUSION 
In this work, the buoyancy-driven flow in a square cavity is numerically investigated. The 

present study shows the precise knowledge about the heat transfer taken place in the closed 
enclosure. From the simulation, it is understood that the Rayleigh number adopts a significant 
role in the natural convection process. From the velocity contours and streamlines, it is evident 
that the thermal boundary layer gets reduced as a function of Rayleigh number which is the 
reason for the velocity vortexes moves towards the walls. The present numerical code is 
validated by comparing the various results obtained for different Ra with the numerous literature 
[15-25] and they are in good agreement. It is noted that for Ra 10

6
, the velocities increases 
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drastically when compared to lower values of Ra (10
3
,10

4
, and 10

5
). Even though horizontal 

velocity increases substantially, the vertical velocity increases triple times of the horizontal 
velocity, which is mainly due to the fact of high-temperature difference. The effect of Rayleigh 
number over the heat transfer rate is also understood in detail by isotherms and Nusselt number. 
In temperature profile, it is observed that Ra > 10

3
, the temperature of the core cavity becomes 

horizontal to the lower Ra. For higher Rayleigh number, the Nusselt number increases 
tremendously. From the local Nusselt number profiles, it is understood that the heat transfer and 
fluid flow inside the domain enhances with Ra. 
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