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Abstract 

Target dynamic models play an important role to design efficient tracking algorithms. Proper 
modeling of target dynamics helps to achieve desired tracking accuracy. In this paper various models 
of target motion in three dimensional space are considered where it includes the higher order position 
derivatives up to third order to track maneuvering targets. As the sensor measurements are 
nonlinear, the extended Kalman filter is used for the filtering and nonlinear state estimation. The 
tracking performance of constant velocity, constant acceleration and jerk models are evaluated and 
results are discussed through simulations. 
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1.INTRODUCTION 

The problem of tracking a maneuvering target lies in the optimal extraction of information (kinetic 
attributes) about the target’s state from the noisy sensor measurements. A proper mathematical 
model of the target facilitates this information extraction to a great extent [1]. The more real this 
modeling is, the better and more accurate the motional attributes of the target will be obtained. Thus, 
mathematical modelling of the target tracking process to achieve the kinetic attributes of targets 
(position, velocity, acceleration etc.) has been a topic of extensive study [2]. Kalman Filter (KF) is 
extensively used in target tracking applications due to its simplicity, optimality, tractability and 
robustness. It performs optimally when the model describing the target motion is liner and specified 
properly [3]. In this approach the state of the target consists of its position and the time-derivatives of 
the position. These models include the first derivative of position for targets moving with constant 
velocity and include second derivative of the position for the targets moving with constant 
acceleration [4]. The models with second order derivatives are referred as acceleration models which 
are preferred for tracking maneuvering targets, as the maneuver corresponds to unknown 
acceleration terms in terms of target dynamics. The Singer model is assumed as a standard model 
for modeling maneuver with target acceleration [5].  When the target takes evasive maneuver, it 
seems that the performance of the acceleration model degrades. The cause for this degradation is 
that under large maneuver conditions, higher order derivatives of position become significant [4]. K. 
Meherotra et al presented a model for highly maneuvering aerospace vehicles, where the authors 
considered third derivative of the target position known as acceleration rate or jerk of the target [2].  

One of the important problem in target tracking is state estimation. If the target dynamics and 
measurement models are linear and the probability distributions are Gaussian, then the Kalman filter 
represents an optimal estimator in the Bayesian framework. When the dynamic or measurement 
model is nonlinear or the distributions are non-Gaussian, numerical solutions using the Bayesian 
approach are required. In most of the practical applications of interest the system dynamics and 
observation equations are nonlinear, so KF became inappropriate [6]. Bucy et al proposed an optimal 
filter for nonlinear state estimation named as Extended Kalman filter (EKF). This filtering technique 
uses some mathematical methods which converts the nonlinear model to a linear one and then 
estimates the state [7]. The basic idea of EKF is that it takes first order approximation of Taylor 
expansion to linearize nonlinear state equation and observation equation, then use traditional KF for 
state estimation. 
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In this paper an analysis has been made with different target dynamics and they are modeled with 
constant velocity, constant acceleration and jerk for maneuvering. EKF is implemented for nonlinear 
filtering and state estimation to track the maneuvering target. Section 3 and 4 represents the sensor 
model and target dynamic models respectively. The EKF technique for nonlinear state estimation is 
described in section 5. Simulation results and discussion for various tracking models are given in 
section 6 and conclusion in section 7. 
 
 

2.Problem Formulation 
 
The mathematical formulation of the state estimation problem is presented here where the target is in 

three dimensional (3D) space ( ) and sensor is tracking the target. Sensor is provided with the 

range ( ), azimuth ( ) and the elevation angle ( ) measurements of the target. Target is modeled 

with different kinematic models like nearly constant velocity, nearly constant acceleration and jerk. 
Due to the nonlinearity in the measurements of the sensor, to estimate the state of the target some 
efficient nonlinear techniques are required.  The sensor and the target model are described in the 
following sections. 

3.State Estimation in Linear and Nonlinear Dynamic 
Systems 

The state space of linear dynamic systems are represented by a state equation of the form [8] 

 
Measurement equation is given by  

 
 is the state of the system,  is the state transition matrix,   is the process noise,  is 

the measurement noise,  is the measurement vector and  is the measurement matrix. The 

process and measurement noise co-variances are considered to be uncorrelated, white, and 

Gaussian with zero mean and known co-variance matrices  and  respectively as given in the 

following equations 

and  

  

and        

In case of nonlinear systems, the state vector and the measurement vector are described by the 
vector stochastic differential equation [9] and represented by 

                                     

 

 

1.1.   EKF for nonlinear state estimation 

The suboptimal approach for filtering in nonlinear systems which is an extension of Kalman filter 
known as extended Kalman filter, a standard approach for nonlinear stochastic state estimation [10]. 
This technique is the linearization of a nonlinear system by using proper mathematical formulations. 
Here the Jacobian matrices need to be calculate at each time step to determine the local linearized 
model of the system. Let us define the following quantities 
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Where  and   are differentiated with respect to state and measurement estimates,  and  are 

differentiated with respect to process and measurement noise terms respectively. Once the 
Jacobians are calculated, the linear KF technique is applied to linearize the system using the 
following equations [11]. 

  

  

  

  

  

The above equations represent the non-additive noise equation of the EKF. In case of additive white 

Gaussian noise and become identity matrices. 

4.Modeling of Sensor 

In aerospace applications sensors are deployed in order to localize and track the target. Since 
estimation has to be done with the support of sensors, appropriate sensors are required for the data 
accumulation. As the part of simulation, a proper sensor mathematical model is essential for 
generating realistic sensor data for validating estimation and tracking algorithms. Sensor 

measurements ( ) are expressed in spherical co-ordinates. 

      Range:   

      Azimuth:  

      Elevation:  

Where  and  are zero-mean white noise sequence with standard deviations  

and  respectively. The subscript  indicates measurement and  is the measurement noise to add 

to simulate the realistic measurements.  

5.Modeling of Target Motion  

In this section the general frame work for different kinematic models of targets with the state models 
are presented. The state model of a constant velocity model (CV) includes the first derivative of the 
position and targets moving with constant acceleration (CA) model includes the second derivative of 
the position, where as in jerk model it takes the third derivative of the position. The various models 
with their mathematical description are given bellow. 

1.2.  Constant Velocity Model 

In this model the state vector is contains target position and velocity in 2D along  and  axis 

 
The state transition matrix for the above model is given by 
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The process noise covariance  is represented as  

   

Where the time interval between data samples is T,  is the standard deviation of the white 

Gaussian noise,   is a target maneuver time constant. The measurement model for the above model 

would be: 

  

   

Where the range (m) is ,  is the range rate (m/sec), is the azimuth (rad), is the azimuth rate 

(rad/sec). 

1.3. Constant Acceleration Model 

The target model for constant acceleration in 3D space is presented here. The state vector includes 

the target position and velocity in 3D along ,  and  coordinates. The general form of acceleration 

model is given by 

  

  

  

The state transition matrix would be 

 
The process noise covariance  is represented as 

 
 

1.4. Jerk Model 
The state equation for target with jerk model in a 3D space is given by 

 
The state transition matrix for the model is represented as 

 
The process noise covariance  is modeled as  

 
Where  Where  is the constant known as the correlation parameter for the jerk model. 

For large values of  the elements of the transition matrix are mathematically formulated as [2] 
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The elements of the covariance matrix for the jerk model are mathematically represented as  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

 

Where  is the correlation parameter used to model different class of targets. Small values of are 

used for targets with constant jerk levels and high values of  for targets with rapidly fluctuating jerk. 

It is reciprocal of the jerk time constant . The measurement update equation from the corresponding 

observations are represented by 

  

  

  

 
Where the parameters are 

 

 

 
 

6.Simulation Results and Discussion 

The maneuvering target motion trajectory is simulated with constant velocity, constant acceleration 

and jerk model for a period of  with a sampling interval of . The sensor measurements for a 
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maneuvering target is generated in polar coordinates. The starting position of the targets in x, y, and 

z coordinates are (900, 950, 850) with a velocity of  in x-axis, in y-axis and 

 in z-axis respectively. Random noise with variances of 

is added to range, range rate, elevation and elevation rate 

respectively. The correlation parameter for the jerk model is taken as . Process noise 

variances for acceleration and jerk models are  and  respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Tracking a maneuvering target in two dimensional with constant velocity model has shown in Fig. (1), 
where EKF is used for nonlinear filtering. Performance of position and velocity tracking in CV model 
is evaluated with RMSE which is shown in Fig. (2). Target trajectories with CA model is shown in Fig. 
(3), where true trajectories and the estimated trajectories along x, y and z axis for the position, 
velocity and acceleration are shown. The tracking performances of the CA model with EKF is 
assessed with RMSE and are shown in Fig. (4). Trajectory simulation for jerk model are shown in Fig. 
(5) for position, velocity, acceleration and jerk and the error is shown in Fig. (6). 

 

 

 

 

 

 

 

Figure 1: True and estimated trajectories in Constant velocity (CV) 

model 

 
Figure 2: RMSE in position and velocity for CV model 
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Initially the error is high due to the assumption of the initial covariance in case of EKF. Due to the 
recursive nature of the filter it converges slowly. From the above simulation models it is observed that 
jerk model performed better. The acceleration estimates are better with jerk model and position 
estimates are almost similar. It shows the necessity of jerk model where ever acceleration estimates 
are required. It is clear that when the maneuver is slow and the acceleration is not very high, the 
acceleration errors are lesser when jerk model is used for tracking. The acceleration models result in 
large biases when the maneuvers are more dynamic whereas jerk models are seen to give good 
tracking performance under large maneuvers. The performance of the models are evaluated through 
absolute root mean square error (RMSE). Mathematically RMSE can be represented by 

 

 

 

 

 

 
Figure 3: True and estimated trajectories in Constant acceleration (CA) model 

 

 

Figure 4: RMSE in position, velocity and acceleration for CA model 
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Where  are the true values of position, velocity, acceleration and jerk and  are the 

estimated position, velocity acceleration and jerk in  coordinates respectively for various 

models. The values of the root mean square position error (RMSPE), root mean square velocity error 
(RMSVE), root mean square acceleration error (RMSAE) and root mean square jerk error (RMSJE) 
are given in table 1 for CV,CA and jerk model respectively. 

 

 TABLE-1 RMSPE RMSVE RMSAE RMSJE 

X Y Z X Y Z X Y Z X Y Z 

JERK MODEL 48.5 11.2
3 

10.1
1 

9.6
7 

12.2
2 

10.4
1 

3.1
3 

4.1
6 

6.32 2.1
4 

1.9
8 

2.1
3 

 
Figure 5: True and estimated trajectories in jerk model 

 

 

Figure 6: RMSE in position, velocity, acceleration and jerk for jerk model 
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ACCELERATIO
N MODEL 

40.1
2 

2.21 26.1
2 

8.9
1 

3.34 38.7
6 

2.1
4 

8.7
6 

15.6
5 

_ _ _ 

VELOCITY 
MODEL 

2.41 1.86 _ 2.2
1 

3.16 _ _ _ _ _ _ _ 

 

7.Conclusion 

In this paper various modes of two-dimensional and three dimensional target motions are simulated 
and their tracking performance is analyzed in terms of absolute RMSE. The white-noise family 
models with the target position derivative of a certain order as white noise are considered. The 
performance of an EKF with the jerk model are compared with an EKF with acceleration model for 
simulated data of a target undergoing slow maneuvers. Detailed derivations and expressions for the 
jerk model in three dimensions are presented. Simulation results indicate that the tracking 
performance of the jerk model is superior to that of the acceleration model even when the maneuver 
is slow. It is expected that the performance improvement will be more significant when the target 
undergoes evasive maneuvers. Better nonlinear filtering techniques can be implemented for 
accuracy in state estimation and better tracking performance. 
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