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Abstract 

One random walk growth-collapse process is 

reviewed. This process models situations in which 

the value has constant growth, and this value 

abruptly collapses with the probability that depends 

on the current value. Such processes arise in many 

applications in natural and social sciences. The 

article reviews the application of growth-collapse 

processes to pricing management. 
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1 Introduction 
The article reviews random walk processes, which 

can be called growth-collapse processes. These 

processes are described by constant small growth and 

random abrupt collapse, the value of which depends on 

the current value. Besides, the probability of collapse 

increases along with the value of the random process. 

Such processes arise in various fields of science – for 

example, mechanics, biology, social sciences. This 

article will review application of growth-collapse 

processes in problems of optimal cost management of 

goods, which is particularly important in today's 

unstable financial and economic development of the 

world economy[7]. 

Growth-collapse processes from the mathematical 

standpoint are Markov processes of random walk with 

discrete time, but constructions are also possible for 

Markov chains (with discrete states), as well as for 

growth-collapse processes in the case of continuous 

time. 

Main constructions of growth-collapse processes 

that determine the dynamics of random walk are 

reviewed in the article. Statistical modeling of 

characteristic processes is reviewed in order to study 

the statistical characteristics of growth-collapse 

processes. The results of statistical modeling reveal 

that trajectories of the growth-collapse processes 

perform random oscillations around the mean value. 

Meanwhile, the values of the random process are well 

approximated by random variable with Nakagam 

distribution with suitable parameters. 

The problem of stochastic optimization is 

reviewed, in the solution of which growth-collapse 

processes arise. The process under review, as a solution 

to the optimization problem, is used to solve the 

problem of managing the cost of a homogeneous 

product in the consumer market. It is revealed that a 

permanent but insignificant increase in value until a 

sharp drop in demand is the most profitable. At the 

time of falling demand, it is recommended to sharply 

reduce the cost of goods in order to restore demand. 

2 Growth-collapse processes 

The growth-collapse process is described as 

follows. Let s0>0 be a given initial value, then the value 

of sn+1 is found using the following formula: 

 

sn+1 = sn + f(sn),  

 

where f(s) is found using the following formulas: 

 

f(s) = g(s) with probability 1 - p(s) and 

f(s) = - h(s) with probability p(s), 

 

where probability 0 ≤ p(s) ≤ 1 depends on s using 

the given formula, g(s) and h(s) are non-random 

functions satisfying the conditions indicated below. 

Let’s describe the conditions that functions p(s), g(s), 

and h(s) satisfy. Function p(s), aside from the natural 

conditions for its values belonging to interval [0,1], is 

non-decreasing. Function g(s) is positive for all values 

of s. Function h(s) is also positive and satisfies the 

condition 

 

h(s) ≤ s. 

 

This condition guarantees that the parameter sn 

will not become negative at any stage. 

On the one hand, function g(s) ensures a 

permanent growth for the parameter sn, while function 

h(s) reflects the disruption processes that arise with a 

certain probability, while the value by which sn 

decreases depends on the value of this parameter itself. 

On the other hand, the probability of disruption 

increases as the parameter sn grows. 

Let’s provide typical example of the growth-

collapse process, which describes a large number of 

options in applications. As a rule, a certain 

characteristic value corridor is considered for the 

parameter sn. Let the parameters be fixed 

 

0 ≤ smin<smax, 
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wheresmin and smax are lower and upper boundaries 

of the value corridor for the process under 

consideration. The probability function p(s) is defined 

as follows: 

 

p(s) = 0, at s ≤ smin, 

p(s) = pmax (s – smin) / (smax – smin), at smin ≤ s ≤ smax, 

p(s) = pmax, at s ≥ smax. 

 

In this case, the parameter pmax ≤ 1 defines the 

maximum probability, which is usually close to 1. It is 

assumed that when sn exceeds the upper limit, the 

probability of disruption is quite high. 

Function g(s) may have the following form: 

 

g(s) = as + b. 

 

If a ≠ 0, then the growth process has exponential 

growth, and if a = 0, there is linear growth. 

Accordingly, function h(s) has the following form: 

 

h(s) = sα, at s ≥ 1, 

h(s) = 0, at s < 1, 

 

where α < 1 is the parameter.  

Obviously, such a function satisfies the condition 

h(s) ≤ s. 

The provided example of the growth-collapse 

process arises in many applied problems, where the 

dynamics of a certain parameter are reviewed, which 

under normal conditions increases with time but is 

subject to catastrophic risks from time to time. 

Moreover, the probability of this risk is proportional to 

the parameter under consideration, but the resulting 

losses are also related to the current value [1]. 

The constructed random process is a process of 

random walk with discrete time. Meanwhile, by 

construction, this process is Markov random process. 

However, the growth-collapse process is not martingale 

(submartingale, supermartingale) [2]. 

If our process, like many applications, meets the 

condition 

 

p(s) ≤ pmax< 1, 

 

then the random process sn will be unlimited with 

probability of one. However, even with small pmax 

values, the probability of process disruption, i.e. when 

 

f(sn) = - h(sn)  

 

grows rapidly as n increases. 

Understanding how the growth-collapse processes 

are built can be obtained with the help of stochastic 

modeling and obtaining statistical characteristics of 

these processes’ realization. 

3 Stochastic Modeling of 

Growth-Collapse Processes 
Construction of a growth-collapse process allows 

for efficient stochastic simulation of this process by 

playing a random parameter taking the values 0 and 

1. The random parameter corresponding to the 

occurrence of collapse is set to 1 with the given 

probability p(s) and is set to 0 with the probability 1-

p(s). 

Let’s consider an example of the growth-collapse 

process. The following functions to build the random 

process will be considered in this example: 

 

g(s) = 1 

 

h(s) = s1/2, at s ≥ 1 

h(s) = 0, at s < 1 

 

The following parameters will be used for the 

function that specifies the probability of disruption: 

 

smin = 10 

smax = 100 

pmax = 0.8 

 

 

Fig1: Example of the random process trajectory 

Statistical play allows to observe the trajectories 

of the process. Figure 1 shows a typical example of 

such a trajectory.  

This example shows a sharp jump in the values 

of the random process, but at the same time, the 

values of the random process oscillate around the 

mean value. Let’s analyze the statistical 

characteristics of our random process. 

Let’s consider the density of the function 

distributing the values of our random process. This 

density is well approximated by Nakagami 

distribution [3], see Figure 2. 
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Fig2:Function of the random process values’ distribution 

density 

Expectation and variance of this distribution 

have the following values: 

 

E = 27.51 

D = 37.31 

 

Let’s also review kurtosis K and asymmetry 

coefficient A of these values: 

 

K = 3.03 

A = 0.31 

 

As such, we can see that the obtained 

distribution is also very close to normal distribution. 

Computational experiments reveal that the form 

of functions g(s) and h(s) does not fundamentally 

change the type of random variable distribution, which 

indicates that the construction of the random growth-

collapse process has characteristic features. 

4 Managing the Growth-Collapse 

Process 
Let’s consider the situation when growth-

collapse processes can be managed. We will manage 

the function g(s), which determines the growth of the 

sn value at a subsequent time. The selection of the 

function g(s) from the set of admissible values will be 

understood as management. 

The admissible manageable set is defined as 

follows 

 

a ≤ g (s) ≤ b 

 

As such, the restriction on the increment of the 

process under review is used. This restriction is 

natural in applications. The most commonly used 

option is a = -1, b = 1 or conditions a = 0, b = 1, which 

correspond to the restriction of growth. 

The following functions are considered as a 

target functional: 

 

J1 = E[s0 + s1 + … + sN] 

 

or 

 

J2 = E[sN] 

 

In both cases, the expectation of the function 

built on the trajectories of the process is sought to 

increase. As such, there is a problem of stochastic 

optimization. 

Let’s show that the strategy of constant increase 

of the process values is the best in the problem under 

review. 

We will use the following function for 

management: 

 

g(s) = b. 

Let’s suppose that the function p(s) satisfies the 

natural conditions 

 

1 – p(s)> p(s + b) – p(s)   (1) 

 

and 

 

s(p(s + b) – p(s)) → 0, at s → ∞.  (2) 

 

Suppose that the sn value is obtained at some 

step. Let’s consider the mathematical expectation of 

the value sn+1, in the case when g(s) = s + b. This 

results in 

 

E[sn+1] = (sn + b)(1 – p(sn + b)) + h(sn)p(sn + b) 

 

Since the function p(s) is non-decreasing, then 

 

p(sn + b) = p(sn) + q(sn, b), 

 

where q(sn, b) ≥ 0. This expression is 

transformed into 

 

E[sn+1] = sn – snp(sn) + h(sn)sn  –  snq(sn, b) + b – 

bp(sn) – bq(sn, b) + h(sn)q(sn, b) = 

= E0 – snq(sn, b) + b – bp(sn) – bq(sn, b) + 

h(sn)q(sn, b). 

 

E0 is expectation of the next term of the 

sequence, provided that the management g(s) = s is 

chosen. Let’s show that 

 

–  snq(sn, b) + b – bp(sn) – bq(sn, b) + h(sn)q(sn, b) 

> 0. 

 

Indeed, there is 

 

(1 – p(sn))b + h(sn)q(sn, b) >snq(sn, b) + bq(sn, b) 

 

This follows from conditions (1) and (2) at 

sufficiently high values of sn. Consequently, for 

sufficiently large sn there is 

 

E[sn+1] > E0. 

 

It must be noted that if p(s) < 1 for all s, the 
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snparameter will become greater than any number 

with probability 1, therefore a sufficiently high sn 

value can be assumed without loss of generality. 

As such, it was shown that it makes sense to 

constantly increase the value under the conditions of 

the growth-collapse process, even in the face of the 

increasing risk of collapse. 

5 Application of Growth-Collapse 

Processto the Pricing 

Problem 
Growth-collapse processes arise in various economic 

models – in the pricing problem, in particular [4]. 

Assume that some enterprise sells a single-type 

product, which is considered infinitely divisible for 

convenience. This means that the sale of goods can be 

considered in volume X, where X is a non-negative 

value. Suppose that the enterprise can sell arbitrarily 

large volumes of the given goods. Let the cost of a unit 

of goods be determined at the moment of time t, 

denoted as Ct. Offering goods at the cost Ct on the 

market, the company will be able to sell the goods in 

the amount Xt, which is a function of the unit cost of 

the goods. According to the market supply and 

demand laws, the volume of the goods sold is a 

decreasing function of the goods cost. However, in 

reality there is an inelasticity of demand for the goods. 

Indeed, it is easy to imagine that sales volumes will 

not change if the unit cost of the goods is slightly 

raised, but the revenue from the sold volume will be 

increased. However, a further increase in the unit cost 

can trigger a sharp decline in demand for goods that 

became more expensive. To restore revenue, it is 

required to reduce the cost of a unit of goods in order 

to increase the demand for goods. It can be assumed 

that the inelasticity of demand manifests itself 

abruptly, as a threshold effect. 

Let’s consider the use of the growth-collapse process to 

model the unit cost of the goods. Assume that the 

goods in the volume X0 are sold at the initial moment 

at the unit cost of the goods C0. Accordingly, the 

enterprise has revenue S0 = C0X0. In the following 

moment, the enterprise will increase the unit cost of 

the goods by a fixed (insignificant) sum, which will be 

considered equal to 1. Consequently, it is 

 

Cn+1 = Cn + 1     (3)  

 

Further, if the volume of the sale of the goods does not 

change, then the unit cost of the goods is increased 

again. If there is an abrupt decline in demand, then 

the unit cost of the goods is significantly reduced 

according to the following rule 

 

Cn+1 = (Cn)1/2. 

 

In the subsequent moment of times, the cost will be 

increased again, according to rule (3). As such, there is 

a random growth-collapse process for the dynamics of 

the unit cost of the goods. 

The proposed strategy for changing the goods price on 

the market has certain advantages over the fixed unit 

price of the goods. 

Firstly, in this case, the consumer is constantly "tested 

for strength", as the cost is constantly increased, 

which allows to achieve permanent increase in 

revenue. It must be noted that if the consumer is 

willing to pay more for the goods due to some 

fundamental factors, then the strategy in question will 

automatically raise the cost to a new limit. 

Secondly, the change in the price of the goods occurs 

automatically, focused on the highest cost 

corresponding to the market situation. 

Thirdly, with the fall in demand, the cost is sharply 

reduced, which can be a good psychological stimulus 

for the growth in demand for the goods sold. It must be 

noted that the proposed strategy assumes slow but 

steady increase in price, and sharp and simultaneous 

price reduction. 

6 Conclusion  
The paper reviews the definition of the random walk 

process, which can be called the growth-collapse 

process. These processes are described by constant 

increase and recurrent collapse, the probability of 

which increases as the process value grows. 

In particular, the described process arises in the 

optimization task of managing the goods cost in the 

case of inelastic demand. The paper considers this case 

and obtains the best (within the corresponding 

assumptions) strategy for changing the goods cost, 

which is the trajectory of the growth-collapse process. 

It must be noted that the maximum heights of surface 

waves in the considered region of the ocean are also 

described by the growth-collapse processes [5,6]. 
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