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Abstract

The spread of a disease, an information, malware or the like can be origi-
nated from an individual or a group of individuals and recursively spread by
the initiator to arbitrary individuals and the successive affected individual to
their neighbours. Such a spread initiated from one individual can be modelled
by the process of burning graphs. Burning of a graph is a step-by-step pro-
cess of marking its vertices as affected or burned. The number of steps in the
process of burning a graph may vary with the choice of vertices marked by the
initiator at each step. The minimum among the number of steps necessary to
burn a graph is called its burning number. This concept was introduced by
A. Bonato to study social contagion and studied along with J. Janssen and
E. Roshanbin. Here we estimate burning number of certain classes of graphs
and that of some graph products.
AMS Subject Classification: 05C57, 05C80
Key Words and Phrases: burning number of graphs, crown graphs, helm
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1 Introduction

The concept of burning of graph is introduced by A. Bonato [2] as a model for

social contagion and studied it along with J. Janssen and E. Roshanbin ([2], [3] and

[7]). The significance of the burning number is that, the speed of the spread of a

contagion varies in reverse to the burning number of the respective graph model.
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Consider the event of the spread of a computer virus as follows: Initially an

individual A creates the program and installs in one of the computers, say c1, in

a network. Subsequently, in the next instant, A installs it in another one, say c2

and also every computer directly linked to c1 gets infected from c1. Continuing like

this, in the nth instant A will install the virus in an un-infected computer cn and

each computer linked to already infected ones will get infected. If there were no

intervention, this process will end up at a stage where all computers in the network

are infected. Similar process are there in spreading diseases, rumour, etc.

Now a days, an effective and simple way of modelling a network is using graphs.

The above process in a network can also be modelled using graphs.

To indicate the spread of infection, we (the initiator) mark the corresponding

vertex by a label or a colour. So, at the initial instant, one vertex is marked by the

initiator, and in each subsequent step the initiator mark one un-marked vertex and

all the vertices adjacent to those marked before will get marked from their marked

neighbours. Clearly, if the network is finite, the process will end up in a finite number

of steps. Such a process of marking the vertices of a graph is called burning. There

is no criteria in choosing the vertices to burn at any step by the initiator. However

only (all) neighbours of a previously burned vertex will burn otherwise. Also the

number of steps in such process may vary with the choice of vertices marked by

the initiator. The sequence of vertices marked by the initiator is called the burning

sequence of the process. Natururally the question of a minimum burning sequnce

arises. The length of a minimum burning sequence among all burning process of

a graph G is called its burning number and is denoted by b(G). Each term in a

burning sequence is called source of fire. A burning sequence of length b(G) is

called an optimum burning sequence
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The following are some of the observations given in [2], [3], [7]:

• Any non-trivial graph has burning number atleast 2,

• b(G) = 2 if, and only if ∆(G) = |V (G)| − 1 or ∆(G) = |V (G)| − 2.

• b(Km,n) = 3 if m,n ≥ 3 and b(Km,n) = 2 otherwise,

• If G is a path or cycle of order n, then b(G) = ⌈√n ⌉.

• b(H) ≥ b(G) for a graph G and any isometric subgraph H of G.

• For any graph G, b(G) = min{b(T ) : T is a spanning subtree of G}.

•
⌈√

diam(G) + 1
⌉

≤ b(G) ≤ rad(G) + 1 for any graph G.

• Bounds for the burning number of the lexicographic product G(H) of two

graphs G and H are given by b(G) ≤ b(G(H)) ≤ b(G) + 2.

Later Mitsche et.al. [6] studied burning number and found that b(G) ≤ b(G(H)) ≤

b(G)+1. Also, they classified the cases of b(G(H)) = b(G) and b(G(H)) = b(G)+1

by deriving a characterisation for b(G(H)) = b(G).

We studied burning number of the classes of crown graphs, helm graphs, fan

graphs and that of corona product of two graphs, and obtained an alternate classi-

fication for b(G(H)) = b(G) and b(G(H)) = b(G) + 1.

In this article, unless otherwise stated, every graph considered is connected,

undirected and simple. We follow Balakrishnan and Renganathan [1], Bondy and

Murthy [4] and D.B.West [8] for graph theoretic notations and terminology and

Roshanbin [7] for terminology related to graph burning, which are not explained

here. We prefer to use the symbol G(H) rather than G◦H for lexicographic product,

and reserve G ◦ H to denote corona product.

3

International Journal of Pure and Applied Mathematics Special Issue

1491



2 Burning Number

Recall the burning process of a graph. In each step there is a source of fire. If

b(G) = g and xi is the source of fire in the ith step, then {x1, x2, . . . , xg} is the

corresponding optimum burning sequence. In this article, we use the symbol B(G)

to denote an optimum burning sequence, Bk[G] to denote the set of all vertices in G

that were burned in the kth step in the burning proces under reference and Bk(G)

to denote the set Bk[G]\{xk}. Clearly B1[G] = {x1} and B1(G) = ϕ.

2.1 Burning Crown Graphs

For each n ≥ 3, the n-crown graph on 2n vertices is defined as Kn,n − M , where M

is a perfect matching in Kn,n. Crown graphs can also be viewed as the Cartesian

product Kn × K2.

Theorem 1: Let n ≥ 3 and let G be the n-crown graph. Then b(G) = 3, and

B2(G) ∩ N(x3) ̸= ϕ, where x3 is the third soruce of fire.

Proof. Let U = {u1, u2, . . . , un} and V = {v1, v2, . . . , vn} be the bipartiate sets

of Kn,n from which G is constructed. At the initial step, burn any one vertex ui ∈ U .

Then all vertices in V except vi will get burned from ui in the second step, being

neighbours of it. Let the source of fire in the second step be vi. Thus all the vertices

v1, v2, . . . , vn are burned, after the second step. But every uj, j ̸= i remains un-

bruned even after the second step. Since each of these vertices is adjacent to some

vj ∈ V , they will be burned in the third step from their neighbours. Choose any of

uj, j ̸= i as the soruce of fire in the third step. The neighbour vi of the last source

of fire has been burned in step two. The conclusions follow.
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2.2 Burning Helm Graphs

The helm graph Hn is the graph on 2n−1 vetrices obtained from the n-wheel graph

by adjoining a pendant edge at each node of the cycle (rim).

Theorem 2: If Hn is a helm graph and n ≥ 4, then b(Hn) = 3, and B2(Hn) ∩ N(x3) ̸= ϕ

where x3 is the third source of fire.

Proof. Label the vertices of Hn by u1, u2, . . . , u2n−1 such that u1 is the vertex at

the centre of the wheel; u2, u3, . . . , un are the vertices on the rim of the wheel and

un+1, un+2, . . . , u2n−1 are the pendent vertices such that u1+j is adjacent to un+j,

j = 1, 2, . . . , n − 1.

Burn Hn as follows: initially burn the vertex u1. In the second step, all of

{u2, u3, . . . , un} will get burned from u1 and let un+1 be the source of fire. After

the second step, un+2, un+3, . . . , u2n−1 remain un-burned. Choose un+2 as the third

source of fire. All of un+3, un+4, . . . , u2n−1 will also get burned in the third step

from their unique neighbours. Further reduction in the steps is impossible since

∆(Hn) = n − 1 < |V (Hn)| − 2. Furhter, the neighbour u3 of un+2 has been burned

in the second step.

2.3 Burning Fan Graph

A fan graph is a member of the family Fm,n defined as the join Fm,n = Km + Pn,

where Km is the empty graph on m vertices and Pn is the path graph on n vertices.

(i.e. V (Fm,n) = V (Km)∪V (Pn) and edges are all those with one end in V (Km) and

other in V (Pn) along with edges in the path.)

Theorem 3: Let Fm,n be a fan graph, then
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b(Fm,n) =





2 if m = 1 or 2

3 if m ≥ 3

and Bg(Fm,n) ∩ N(u) = ϕ, where u is the last soruce of fire, if and only if m = 2.

Proof. Let {u1, u2, . . . , um} be the vertex set of Km, and {v1, v2, . . . , vn} be that

of Pn

When m = 1, {u1, v1} is a burning sequence of Fm,n, and the neighbour u1 of v1

has been burned in the first step.

When m = 2, {u1, u2} the unique optimum burning sequence, and no neighbour

of u2 has been burned in the first step.

When m ≥ 3. Burn Fm,n as follows: At the initial step burn u1. In the second

step, all the vertices v1, v2, . . . , vn in the path will get burned from u1 and none of

the other ui’s. Let u2 be the source of fire in the second step. After the second step

also {u3, u4, . . . , um} remain un-burned. Choose u3 as the source of fire in the third

step. Every ui is adjacent to v1, which was burned in the second step. So all of

the remaining ui’s will be burned in the third step from v1. No further reduction is

possible due to maximum degree condition for B(G) ≤ 2. Further, v1 ∈ N(u3) has

been burned in the second step.

3 Burning Number and Graph Products

Burning number of certain product of graphs has been discussed in [6] and [7].

We also discuss lexicographic product and corona product. Burning number of

lexicographic product has already discussed in [6] and [7]. We also have same values

but exhibit different and simple conditions. We haven’t seen discussion on burning

number of corona product elesewhere.
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3.1 Burning Lexicographic Product of Graphs

If G and H are two graphs, then their lexicographic product G(H) is the graph

with vertex set V = V (G) × V (H), the Cartesian product of the vertex sets, and

two vertices (ui, vs) and (uj, vt) are adjacent in G(H) if either uiuj is an edge in G

or ui = uj and vsvt is an edge in H. Clearly H = K1 if, and only if G(H) ∼= G.

Also this product is not symmetric. In, [7] (theorem 45) Roshanbin proved that

b(G) ≤ b(G(H)) ≤ b(G)+2 for any two graphs G and H. and later it was improved

by Mitsche et.al. [6] as b(G) ≤ b(G(H)) ≤ b(G) + 1.

Theorem 4: (Theorem 13, [6] ) Let G be a connected graph of order atleast

two and H be any graph. Then we have that b(G) ≤ b(G(H)) ≤ b(G)+1. Moreover,

b(G(H)) = b(G) if and only if either H = K1 , or H is of radius one and G has

an optimum burning sequence (x1, . . . , xk) such that one of the neighbours of xk is

burned in step k − 1, or G has an optimum burning sequence (x1, . . . , xk) such that

each of xk−1 and xk has a neighbour that is burned in step k1.

We here present the same result, with a set of different conditions and simpler

proof.

To state it, we let Bi(G), 1 ≤ i ≤ b(G) to denote the set of all vertices in the

graph G burned at the ith step of an optimal burning process.

We restate the following consequences of properties of burning number given

elsewhere:

Lemma 5: Let G be a graph of order n, maximum degree ∆(G), burning
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number b(G) = g and burning sequence B(G) = {x1, x2, . . . . . . , xg}. We have that:

if b(G) = 2, then ∆(G) ≥ n − 2 and deg(x1) ≥ n − 2 (1)

if b(G) = 2 and deg(x1) = n − 2, then x2 ̸∈ N(x1) (2)

Theorem 6: If G is a connected graph of order n ≥ 2 with burning number

g and an optimal burning sequence {x1, x2, . . . , xg}, and H is any non-trivial

graph of order m ≥ 2, then

b(G(H)) =





g if ∆(G) = n − 1 and b(H) = 2

or ∆(G) ≤ n − 3 and G has a burning

sequence such that Bg−1(G) ∩ N(xg) ̸= ϕ

g + 1 in all other cases

Proof. Let V (G) = {u1, u2, . . . , un}, V (H) = {v1, v2, . . . , vm}, b(H) = h and an

optimal burning sequence of H be {y1, y2, . . . , yh}.

We consider the cases of ∆(G) = n − 1, ∆(G) = n − 2 and ∆(G) ≤ n − 3

seperately.

Case 1: ∆(G) = n − 1.

When ∆(G) = n − 1, we have g = b(G) = 2 and B(G) = {x1, x2}. Without loss

of generality, assume that deg(x1) = n − 1. which is always possible in this case.

Then clearly x2 ∈ N(u) also.

Now we consider the sub-cases of b(H) = 2 and b(H) ≥ 3 seperately.

In the former sub-case H has a vertex of degree at least m−2 and has an optimal

burning sequence B(H) = {y1, y2} where deg(y1) ≥ n − 2. That is, all vertices in
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V (H)\{y1, y2} is adjacent to y1 in H, and y2 may or may not be adjacent to y1

according as deg(y1) = n − 1 or deg(y1) = n − 2.

We claim that {(x1, y1), (x1, y2)} is an optimal burning sequence in G(H). This

is because, every vertex (ui, vj), ui ̸= x1 and every vertex (x1, vj), vj ̸= y2 are

neighbours of (x1, y1) in G(H).

Thus b(G(H)) = 2 = b(G) in this sub-case.

In the later sub-case (b(H) ≥ 3), we claim that {(x1, y1), (x1, y2), (x1, y3)} is an

optimal burning sequence of G(H).

For, since ∆(G) = n − 1, every vertex (ui, vj), ui ̸= x1 will be burned in the second

step being adjacent to (x1, y1) in G(H). However (x1, y3) will be un-burned even

after the second step, because otherwise y3 will be adjacent to y1 in H hence would

have burned in the second step of the optimal burning process of H. Every remaining

vertex (x1, vj) also will burn in the third step from (u, vj) where u is a neighbour of

x1 in G. So no un-burned vertex remain after third step.

Thus b(G(H)) = 3 = b(G) + 1 in this sub-case.

Case 2: ∆(G) = n − 2

Clearly g = 2 and x2 ̸∈ N(x1) . Also h ≥ 2 since H is non-trivial.

We claim that {(x1, y1), (x2, y1), (x2, y2)} is an optimal burning sequence of G(H).

Since x2 ̸∈ N(x1) neither (x2, y1) nor (x2, y2) will burn from (x1, y1), in the second

step. So every (x2, vj) will remain un-burned after the second step. But, since

∆(G) = n − 2, x2 ̸∈ N(x1) and G is connected, every (x2, vj) will burn from (u, v),

where u ∈ N(x1) ∩ N(x2). So b(G(H)) ≤ 3 = g + 1 in this case.

On the other hand, since ∆(G) = n−2 we have ∆(G(H)) ≤ m(n−2)+m−1 ≤

mn − 2. So b(G(H)) ≥ 3 = g + 1.

This completes the proof in this case.
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Case 3: ∆(G) ≤ n − 3.

Clearly g = b(G) ≥ 3 in this case. So, an optimal burning sequence of G has at

least three terms.

We need to consider the sub-case that every optimal burning process of G is such

that Bg−1(G) ∩ N(xg) = ϕ, and the sub-case that there is an optimal burning of G

such that Bg−1(G) ∩ N(xg) ̸= ϕ seperately.

We claim that {(x1, y1), (x2, y1), (x3, y1), . . . , (xg, y1), (xg, y2)} is an optimal

burning sequence of G(H) in the first sub-case.

For, every vertex (xg, v), where v ̸= y1 will remain un-burned after gth step,

since xg has no neighbour burned after the (g − 1)th step in burning of G. But,

since xg is the last source of fire in burning of G, there will be a neighbour (u, v′) of

(xg, v) burned in the gth step in the burnig process of G(H), because the contrary

will contradict the hypotheis that b(G) = g. Hence all the remaining vertices (xg, v)

will get burned in the next step from (u, v′). However, the choice of (xg, y2) as the

source of fire in the last step is also allowed in the process. So b(G(H)) = g + 1 in

this sub-case.

In the later sub-case, we claim that {(x1, y1), (x2, y1), (x3, y1), . . . , (xg, y1)} is

an optimal burning sequence of G(H). The arguments up to the gth step are same

as in the above sub-case. But, every vertex (xg, v) will also get burned in the gth

step itself from some neighbour (u, v′) of them where u ∈ Bg−1(G) ∩ N(xg). So

b(G(H)) = g in this sub-case.

All possible situations are exhausted.
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3.2 Burning Corona Products

Let G and H be graphs with vertex sets V (G) = {u1, u2, . . . , um} and V (H) =

{v1, v2, . . . , vn}. The corona product G ◦H is the graph with vetex set the cartesian

product V (G)×({v}∪V (H)), where v is a new vertex and the edge set {(ui, v)(uj, v) :

uiuj ∈ E(G)}∪{(ui, v)(ui, vj) : 1 ≤ i ≤ m and 1 ≤ j ≤ n}∪{(ui, vj)(ui, vk) : vivk ∈

E(H)}.

The diagram of corona product G ◦ H can be drawn easily as follows: initially

draw a disconneted graph with m + 1 = |V (G)| + 1 components in which one is G

and each of the m others is isomorphic to H. Denote the isomorphic copies of H by

H1, H2, . . . , Hm. Then, join the vertex ui in G to every vertex in the copy Hi of H,

i = 1, 2, . . . , m .

Theorem 7: If G and H are connected non-trivial graphs, then b(G ◦ H) =

b(G) + 1.

Proof. Let V (G) = {u1, u2, . . . , um}, and V (H) = {v1, v2, . . . , vn}. Also let

b(G) = g ≥ 2 and b(H) = h ≥ 2. By definition, we have V (G ◦ H) = V (G))x(v ∪

V (H), where v is a new vertex and E(G ◦ H) = {(ui, v)(uj, v) : uiuj ∈ E(G)} ∪

{(ui, v)(ui, vj) : 1 ≤ i ≤ m and 1 ≤ j ≤ n} ∪ {(ui, vj)(ui, vk) : vivk ∈ E(H)}.

Let {x1, x2, . . . , xg} be an optimum burning sequence of G. We claim that

{(x1, v), (x2, v), . . . , (xg, v)} will be an optimum burning sequence of G ◦ H. With

this burning sequence, all the vertices in G ◦ H except (ui, vj) where ui ∈ Bg(G)

will be burned after the gth step. All (ui, vj) where ui ∈ Bg(G) can be burned in

one more step being adjacent to (ui, v), which was burned already. Choose (ui, vn),

where ui ∈ Bg(G) as the (g + 1)th source of fire. Also, it can be easily realise that

the number of steps in the process cannot be reduced further.
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Open problem: Let G be a graph with burning number g. Characterise the

graphs with Bg−1(G) ∩ N(xg) = ϕ, with notations referred in this article.
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