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Abstract

This paper concerned with the existence of nonlocal initial value problem with Hilfer
fractional derivative. The results are obtained by using suitable fixed point theorem combined
with fractional calculus theory.
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1 Introduction

Fractional differential equations have gained importance and popularity during past few
decades, mainly due to its demonstrative applications in numerous. Seemingly diverse fields
of science and engineering. For example, the nonlinear oscillation of earth quake can be
modulated with fractional derivatives, and the Fluid dynamic traffic model with fractional
derivatives can eliminate the differences arising from the assumption of continuum traffic
flow. Due to tremendous scope and applications, several have been devoted to study the
existence of mild solution of fractional integro-differential equations studied by many authors
[1-8, 13-21, 29-31].

Two parameter family of fractional derivatives Dz’f of order o and (3 allows interpolate
between the Riemann-Liouville and Caputo’s derivatives described in [10, 12] and the refer-
ences therein. Hilfer et. al [11, 27] have initially proposed linear differential with new frac-
tional operator. Hilfer fractional derivatives and applied operational calculus used to solve
such simple fractional integro-differential equations studied by many authors in [9, 12, 23—
26, 28].

Stimulated by the above discussion, In this paper we extend the study of existence of
solutions to nonlocal initial value problem for Hilfer type integro- differential equations of
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the form
D:jrﬂz(t) = f(t,z(t),T(z(t),S(z(t)), 0<a<l,0<p<1,t€ (a,b] (1)
Ii:wx(a+) = Z)\im(ﬂ-), a<vy=a+p—-af <17 € (al] (2)
i=1

where T'(z(t)) = ftK(t7 s)z(s)ds and S(z(t)) = ftH(t, s)x(s)ds.
0 0

The operator D:’f is generalized Riemann-Liouville and Caputo’, fractional derivative

operator. The operator I;: 7 denotes the left-sided Riemann- Liouville fractional integral
as given in section 2. The nonlinear forms f : (a,b] x B> — R® is a given function ,

Tt =1,2,3,...... m are prefixed point satisfying a <7 <75 < ..o <b.
Also we implement some ideas in Eq.1 to establish an equivalent mixed type integral
equation
T(t—a)! T
o) = O TN [ o000, Tlato), SCato))is

1 t

o L 97 s 20, T(a(s). S(a(e))as. (3)
where 1
T = in the weighted space of continuous functioning C4_,[a, b]

m
I'(y) - 21 Ai(ri —a)r!
using differen‘é fixed point theorem such as Krasnoselskii fixed point theorem, Schauder fixed
point theorem and Schaefer fixed point theorem.

This paper is arranged as follows. Initially in Section 2, we establish a set of sufficient
conditions for the existence of fractional integro-differential equations in Banach spaces. In
Section 3, existence of solutions has been proved using some fixed point theorems. Finally
in Section 4, an example is given to illustrate the achieved results.

2 Preliminaries

Initially we recall some basic definitions of the Riemann - Liouville fractional integral and
derivative which will be made up to the Hilfer fractional derivative.
Let us recall the following known definitions. For more details see [27, Chapter 1].

Definition 2.1. (see [13]) The left-sided Riemann-Liouville fractional derivative of order
a € RY of function fis defined as

1%, f(z) = 1)/;(“5)‘“ >0, a>0,

(o x—s)l-a’
where T'(+) is the gamma function,

Definition 2.2. (see [13]) The left-sided Riemann-Liowville fractional derivative of order
a€n—1,n), n € Z*, of function [ is defined as

ij;f(x):;(d)n/oz(f& z>0, a>0,

L(n—a) \dz )
where T'(+) is the gamma function,

Definition 2.3. (see [11]) The left-sided Hilfer fractional derivative of order 0 < a < 1 and
0 < B <1 of function f is defined as

D f(a) = (14D (10 1) ) @),

278



International Journal of Pure and Applied Mathematics Special Issue

where D = di.
X

The Hilfer fractional derivative is considered as an interpolator between the Riemann-
Liouville and Caputo derivative, then the remark provides the relation with mentioned above

Remark 2.4. (see [11])
(i) The operator DZ‘jfj also can be rewritten as
Do‘f _ IBJEI_MD[<1+_B)(1_Q) _ fﬂil_(")Dﬁ y=a+8-ap.
(i) The left-sided Riemann-liouville fractional derivative can be represented as DS, = Ds;o
if =0
(iii) The left-sided Caputo fractional derivative can be represented as D¢y = IiI“D if
B=1
Next, we need the following basic work spaces.
Let 0 < a < b < oo and CJa,b], the Banach space of all continuous functions from [a,b] into

R with the norm ||z||, = max{|z(s)| : s € [a,b]}. For 0 < < 1, we denote the space C,[a, b]
as

Colab = {f(2) : (a,b] = Rl(@ — ) f(2)] € Cla, b}

where C, [a,b] is the weighted space of the continuous functions f in the finite interval [a,b]
with the norm

Iflle, = ll(z = a)" f(@)]lc-

Meanwhile, C' = {f € C"'[a,b]} is the Banach space with the norm

n—1
on =Y e+ 1F e, neN.
=0

171

Moreover, C9a,b] = C,[a, b].
Now, we review the following lemmas which is useful in the following sequels.

Lemma 2.5. (see [13], p.74) If « > 0 and B > 0, there exists

(1ot = )" ) @) =
and
< o (t— a)“’l)(x) =0, 0O<a<l.

In particular, if f € Cy[a,b] or cla,b], the
Lemma 2.6. (see [13], lemma 2.5) The following properties exists if & > 0, 8 > 0 and
f € LY(a,b), for x € [a,b]
(122, 7) @) = (12577 ) @) and (DG 12 f) (@) = f(a),
In particular, if f € Cyla,b] or f € Cla,b], then these equalities hold at each x € (a,b] or
x € [a,b], respectively.
Lemma 2.7. (see [7]) If f € C,[a,b] and I'7°f € Clla,b] for0 <a <1, 0<y <1, then
1,7 f(a)

I D2, f(z) = f(z) — W(w —a)* ', forall € (a,b].
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Lemma 2.8. (see [7]) For 0 <~y <1 and f € C,a,b], then

IY f(a) = lim I f(z) =0, 0<~vy<a.

z—at

In order to solve our problem, the following spaces are presented

Crl = {f € Ci4[a,b], DY f € Ciyla, b}
and

Cl,y ={feCi_4[a,b],D]), f € Ci_y[a,b]}.
It is true that

C7_la,b] € C° [a,b)].

Lemma 2.9. (see [7], lemma 20) Let a >0, 8 >0 and y = a+ f—af. If f € C]__[a,b],
then

I,.D) f=15D%’f, D) I f=D"f
Lemma 2.10. (see [7]) Let f € L'[a,b] and fo*a)f € L'a,b], then
DI f = 11D

Lemma 2.11. (see [7]) Let f : (a,b] x R — R be a function such that f(-,z(-)) € Ci_,a,b]
for any x € C1_4[a,b]. A function x € Ci1_4[a,b] is a solution of fractional value problem:

DXPa(t) = f(t,x(t, T(2(t), S(x(t), 0<a<l, 0<B<I,
I z(at)=2a, y=a+p—af.

if and only if x satisfies the following Volterra integral equation,

(t—a)r—!
L'(y)

By the above results the new mixed type Volterra integral for our problem will be given
in the next lemma.

Lemma 2.12. Let f : (a,b] x R = R be a function such thatf(-,z(-)) € C1_[a,b] for any
z € C_[a,b]. A function x € C]__Ja,b] is a solution of [1] if and only if x satisfies the
mized type integral[3].

2(t) = 22

1 t ot
+F(a)/a,(t_8) f(s,2(s), T(x(s)), S(x(s)))ds.

Proof. According to lemma ?7, a solution of 1 can be expressed as

o Ii:wa:((ﬁ)
=00

Now substitute ¢t = 7; in the above equation

1y 1 t —8)* (s, 2(s x(s x(s)))ds
(=@ i [ (=9 (). T (o) Sl ()

I'z(at)
I'()

Multiplying A; on both sides of [5], becomes

-1 L TiT-—s"“1 s, x(s z(s z(s s
(=l gy [ 9 e (6). T, (e (6)

z(r;) =

1Y (qt i
Nea(rs) = IG*TW())AZ-(T,- a4 LA/ (7 — )21 (s, 2(5), T(x(s)), S((s)))ds.

[(a)
(6)
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Then we have

Tx(a™) ZAx Ti)

L Rl

= Z)\ (r: —

Z / " (i — 9771 (5, 2(5), T(a(s)), S((s))ds.

which implies

m

I a(a 1TZA |9 (o T, Sads. (1)

Subtituting [7] in [4]we get[31].It is proved that x is also a solution of eq[1]. Next we prove
the sufficiency by applying I,” to both sides of the integral Eq.[3], we have

1570 (t) =157 (¢~ a) iz = (9. T(a(), S(a())s

I(a)
FINIS F( 2 (t), T((t), S((t)),

using lemmas 2.5 and 2.6,
() :yTZAi / " (r = 971 (s,2(5), T(a(s)), S(a(s))ds
+ 1,0 (b (1), T (), S((1), (8)
Since 1 — v < 1— (1 — ). Lemma 2.8 can be used when taking the limit as ¢t — a.
e ”TZA [0 9 0060, T (), Sl

Put ¢t = 7; into eq.3, we have

(i) = Ti—a)’” IZA/ i = 8)" 7 f(s,2(5), T(x(5)), S(a(s)))ds

T
+ m/o (15 = 8)* 7 f(s,2(s), T(x(s)), S(x(s)))ds.

S :F(T) >\ /Ti(n—s)“_lf(s,ac(s),T(x(s)),S(x(s)))dsZAi(n—a)”_l

a) 2/,
1 = i a—1 . . . S 7-1

g L JACES Flosal9 Tla(e): S(o)ds (1473 Nl — o)

_F(’Y) - . TZT.fso‘fl s, x(s x(s x(s S

_F(a)T;)\l/a (7 — )° 7" f(s,2(s), T((s)), S(x(s)))ds.
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It follows (8) and (9) that

(ﬁ Tax( Z)\ x(73).

Now by applying DY, to both sides of 2, it follows from Lemmas 2.5 and 2.9 that

DY cu(t) = DX f(t (1), T((t), S(s(t))). (9)

Since x € C}_ [a,b] and by definition of C7__[a,b], we have DY,z € C]__[a,b], then
forl_wf = Dlijﬁ(l_a)f € Ci_4[a,b]. Forf € Ci_,[a,b], it is obvious that Ii:ﬁ(l_a)f €
Ci—+[a,b]. Thus f and Ii:ﬁ(lfa)f satisfy the conditions of Lemma 2.7.

Next, applying I f Sia) both sides of Eq.(2) and using Lemma?2.7,

1-B(1=a) ¢(,
D3a(t) = 1620, (), S(e0) - 22T ¢ - -,

where I1 Al- a)f( ) = 0 is implied by Lemma2.8. Hence it reduces to

DY a(t) = f(t,a(t), T((1)), S(x(t)).

The results proved completely. O

3 Existence results

The following assumptions are introduced in this section.

(Hy): f:(a,b] x R® — R? be a function such that f(-,z(-),T(x(-)), S(z())) € Cﬁ(l a)[ b
for any = € C1_[a,b]. For all z1, 29,23, y1,2,y3 € R, there exists a positive COHbtdnt
Ly, Ly, Ly > 0 such that

I1f(t, 21, m2,3) — f(t, 91,92, y3)l| < Lallzy — yall + Lellze — yal| + Lallzs — vl

where t € (a,b], z,ye X

(Ha) : Denote K* = sup,¢(q) fo [k(s,t)|dt < oo, H* = sup;e(q fo |H(s,t)|dt < oo and L =
max{Li, Ly, L3}.

(Hs) : The constant

LB('-% a y—1 a
-5 (\T|Z>\ P b -a)7) <1,

(H4) : There exists L, Ly, Lo, L3, K*, H* satisfy the inequality
[LB('y, a)(1+ K" + H*)] <1

Now we will prove the first existence for Eq.(1) using Kranoselskii fixed point theorem .

Theorem 3.1. Assume (H,—Hy) satisfied. Then Eq.1 has atleast one solution in C]__ [a,b] C
Cif Ja, b).
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Proof. According to Lemma 2.12, it is sufficient to prove the existence result for the mixed
type integral Eq.(3) Consider the operator § : C1_,[a, b] = C1_,a,b] given by

(Q(t) =%<t SR R / " (= ) f (s 2(s), T(a(s)), S(a(s)))ds

1 ' a—1
+@/a (t =) f(s,2(s), T(z(s)), S(z(s)))ds. (10)

It is obvious that the operator ) is well defined.
Set f(s) = f(s,0) and

— L (im ZA (= a7 4 (b= 0)) [ Fller

Consider a ball

By={z€C 4a,b:||zllc, , <r} with r> %@(g <1).
Next, we subdivide the operator €2 into two operators P and Q on B,., as follows.

(Pz)(t) = (t—a ) 12/\ / (i = 8)°7 1 f(5,2(s), T((s)), S(x(s)))ds

<
(Qu)(t) :@ / (t = )% f(s.2(s), T(a(s)), S(x(s)))ds.

The proof is divided into several steps.
Step 1. Pz + Qy € B, for every z,y € B,.
The operator P,

(P)(E)(t )" = = Z /<vs“1fw<> T(x(s)), S(x(s)))ds

then,

|(Pz)(t)(t —a)' 7|

7] -
,wzx / (7 — )1 (s, 2(s), T (s)), S((s)))lds

|T| m B
STt

< 1(5,2(5). T0()), 8(a() = £ )| + F (5. 0)ds
< ﬂi/\Z T’L(Ti - S)a_l

i=1 a
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Where,
[y aolas <( [ 56— apas)iiele,
—(t— @) Bl ()
this gives
I1Pele,., < R Soafim oo (Uil +fle)] 02

For the operator Q,

(Q)(t)(t —a)' 77 < ﬁ /at(t =)t = a)' T f(s,2(s), T(x(5)), S(x(s)))ds
Then we proceed as (12),
(Q)(t)(t —a)' 77|
< I‘a)/(t_ )TNt~ a) T f (s, 2(s), T(x(s)), S(x(s))) ds

= [ e ~
< (o) /a(tf 5) (Lllx(s)|+L2\x $)| + La|a(s \+|f(s)\)ds
(t—a) ' ot )
= T(a) /a(t—s) (L\w(S)IHf(S)\)ds
(t—a) S ~
< it = ) 1B, ) (Lllalle, + [ Flle., )]
B(v, @) N .
< oy 0= (Bliellen, +1flles-. ).
Thus,
1l < éz’?( o (Lliele,, +11flle, . )- (3)

Combibining Eq.(12) and (13), for every z,y € By,
1Pz +Qyllo,, < [[Pzlle,, +1Qullo,, < or+w <,

which implies that Pz + Qy € B,.
Step 2. The operator P is contraction mapping.
For the operator P, any =,y € B,

(Pa)E) + (P~ )™
= ey 0 =0, T (), )
—f(s (6). (e S s
,F'IJ)ZA/ (ri =)'

x (Lille = yll + Lalle = yll + Lollz — yll)ds. — (14)
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Now,
[ ralite = mulias =1 [ [5G 0111et) ~ w(r)tras
<L | Jlets) — )l [ s tyaras
< Lolo(s) — w(s)l | "Keds

< Lollz — ylle,_, K™ (15)

|(Pa)(t) — (Py)(1)](t — a)' ]
[T|B(v, a) i il — s)atr1

i=1

<

T(a)
x (Lalle = ylle,_, + Lalle = yllo,_, + Lsllz —vlle, . )
ITIB(v,0) 3 Au(ms — )21
< i=1
= T'(a)
< (Lo LoK* + LsH* ) e = ylle -

Using definition of L, we can write,

m
IT|B(v,a) Y Ai(r — s)>T771
S =1

I'(a)
x (1 T K+ H*>||z —yllen..

By (Hs) and (Hy)

T|B(v,0) 32 Ai(ri = s)*+71

=1
[Pz — Pylle,_, < @) llz = ylles—,

< olle —yllo -

Therefore the operator P is contraction by (Ha).

Step 3. The operator Q is compact and continuous.

Since the function f € C1_,[[a,b], the operator Q is continuous following the definition of
Ci—+[[a, b]. According to step.1,

B(v,«a
N

1Qalle—, < 20— @) (Lllelles, + Flles-, ), (16)

so Q is uniformly bounded on B,..

285



International Journal of Pure and Applied Mathematics Special Issue

To prove the compactness, for any a < t; < to < b,

|Qz(t1) — Qz(t2)]

= =97 150060 T (w06, (o))

i [ 6. T, S|
< % atl(tl —5)* (s — a)’'ds — /f (ts — 5)°~(s — )" 'ds
Wl PO gporrms_ g, goer]

tending to zero as to — t; whether a +v < 1 or a4+ > 1. Hence Q is equicontinuous on
B, by Arzela-Ascoli theorem.

If follows Krasnoselskii fixed point theorem the problem (1) has atleast one solution
x € C1_4a,b]. Finally using Lemma 2.10 and repeating the process of proof in Lemma 2.12
or [7], we can show that the solution in C)__ [a,b]. This completes the proof. O
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