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Abstract

A mathematical model of a reaction diffusion with bio
reactor packed with gel granules containing immobilized
bacterial cells is discussed. This model is based on a sys-
tem of coupled nonlinear reaction diffusion equations. In
this research work, we have developed an efficient wavelet-
based approach for solving the proposed model. Analyti-
cal expressions for the concentration of substrate and their
product are established for all values of reactiondiffusion pa-
rameters using Bernoulli wavelet method. The results ob-
tained through this method were also compared with semi-
analytical method such as Homotopy perturbation method
(HPM) and Adomian decomposition method (ADM). Some
Satisfactory results with ADM and HPM solutions is ob-
served. Moreover, the use of Bernoulli wavelets is found to
be simple, reliable, efficient, and computationally attractive.
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1 Introduction

The process of arresting the free movement of enzymes is called the
enzyme immobilization. The immobilization enzyme have more
stability than the free enzyme and also it is firmly attached to
the solid materials. So the recovery of the enzyme at the end of
the reaction is every easy.[1]. Recently studying of the reaction of
the immobilized enzymes had attracted the great attention to the
applied mathematicians due the presence of the reaction diffusion
model in the chemical reaction.[2]. In this work, an attempt has
been made to solve the mathematical model of the chemical reaction
during the immobility of the enzymes.

2 Immobilized Cell with Transparent Gell

Granule

Recently, a mathematical model of an immobilized-cellwith trans-
parent gel granules containing immobilized PSB (Rhodopseudomonas
palustris) is discussed (Shirejini and Fattahi 2016).
The substrate (glucose) solution was injected into the bioreactor
by a peristaltic pump at x = 0 and the substrate flow directions
are demonstrated in Fig.1. Shirejini and Fattahi (2016) studied
the two-phase flow and mass transfer accompanied by biochemical
reactions occurred simultaneously in the entrapped-cell photobiore-
actor.
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Figure 1: Schematic of a a photobioreactor packed with gel granules
containing immobilized PSB cells

The governing nonlinear reactiondiffusion equation in the photo-
bioreactor describes the substrate and product concentration within
the gel granule. The reaction scheme of mass transfer in a single
gel granule can be written as

d2P

dt2
+

2

t

dP

dt
=

µ1P (t)

1 + β1P (t)
+ η1 (1)

d2Q

dt2
+

2

t

dQ

dt
=

µ1Q(t)

1 + β1P (t)
+ η2 (2)

The corresponding Boundary condition are

t = 0;
dP

dt
=
dQ

dt
= 0; (3)

t = 1;P = Q = 1; (4)

3 Bernoulli Wavelets and Function Ap-

proximation

In this section we recall some basic definitions of Bernoulli wavelets
and function approximation.
Wavelets constitute a family of functions constructed from dila-
tion and translation of a single function called the mother wavelet.
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When the dilation parameter a and the translation parameter b vary
continuously, we have the following family of continuous wavelets.[7]

ψa,b(t) = |a|− 1
2ψ

(
t− b
a

)
, a, b ∈ Randa 6= 0 (5)

If we restrict the parameters a and b to discrete values as a = a−k0

b = nb0a
−k
0 where a0 > 1, b0 > 0, where n and k are positive

integers, the family of discrete wavelets are defined as [8]

ψk,n(t) = |a0|
k
2ψ(ak0t− nb0)

where ψk,n(t) forms an orthonormal basis for L2(R). The Bernoulli
polynomials of order m are defined on the interval [0, 1] as

βm(t) =
m∑

i=0

(
m

i

)
βm−it

i (6)

where βi := βi, i = 0, 1, 2 · · ·m are Bernoulli numbers. Thus, the
first four such

β0(t) = 1, β1(t) = t− 1

2
, β2(t) = t2 − t+

1

6
, β3(t) = t3 − 3

2
t2 +

t

2

Bernoulli polynomials satisfy the following formula [9]

label7

∫ 1

0

βm(t)βn(t)dt = (−1)n−1 m!n!

(m+ n)!
βm+nm,n ≥ 1 (7)

The Bernoulli wavelets Ψn,m(t) = Ψ(k, n,m, t) are defined on the
interval [0, 1) by [43]

ψn,m(t) =

{
2
k
2 β̄m(2kt− n̄), n̄−1

2k
≤ t < n̄+1

2k

0, Otherwise
(8)

with

β̄(t) =





1, m = 0
1√

(−1)m−1(m!)2βm(t),
(2m)!

, m > 0 (9)

where k = 2, 3, · · · , n̄ = 2n−1, n = 1, 2, 3, · · · 2k−1,m = 0, 1, 2, · · ·M−
1, m is the order of the Bernoulli polynomial and M is a fixed pos-
itive integer.
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3.1 Function Approximation

suppose f ∈ L2[0, 1] can be expanded in terms of Bernoulli wavelets
as

f(t) =
∞∑

n=1

∞∑

m=0

cnmψnm(t). (10)

where cnm = 〈f(x), ψnm(x)〉) and 〈, 〉 denotes the inner product.
Thus above equation can also be written in truncated series as

f(x) ≈
2n−1∑

n=1

M−1∑

m=0

cnmψnm(x) = CTΨ(x) (11)

where C and Ψ(x) are 2k−1M × 1 matrices such that

C = [c10, c11 · · · c1M−1, c20, c21 · · · c2M−1M , · · · c2k−10, c2k−11 · · · c2k−1M−1]

Ψ = [ψ10, ψ11 · · ·ψ1M−1, ψ20, ψ21 · · ·ψ2M−1M , · · ·ψ2k−10, ψ2k−11 · · ·ψ2k−1M−1]
(12)

The operational matrix of derivative of the vector Ψ(x) can be
obtained by

dΨ(x)

dx
= DΨ(x) (13)

where D is called the operational matrix derivative.

3.2 Operational Matrix of Derivative for Bernoulli
wavelets

In this section we illustrate the working procedure for obtaining
operational matrix of derivative for some values of M and k.For the
case of M = 3, k = 2 we have

ψ10 =

{√
2, 0 ≤ x ≤ 1

0, otherwise

ψ11 =

{√
6(4x− 1), 0 ≤ x < 1

2

0, otherwise

ψ12 =

{√
10(24x2 − 12x− 1), 0 ≤ x < 1

2

0, otherwise
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ψ20 =

{√
2, 1

2
≤ x < 1

0, otherwise

ψ21 =

{√
6(4x− 3), 1

2
≤ x < 1

0, otherwise

ψ22 =

{√
10(24x2 − 36x+ 13), 1

2
≤ x < 1

0, otherwise

using the above relation the operational matrix derivative of Bernoulli
wavelets for M = 3 and k = 2 is given by

D =

[
F 0
0 F

]
, F =




0 0 0

0 4
√

3 0

0 0 4
√

15


 (14)

Using the above procedure one can find the nth derivative of the
operational matrix of derivative which is given as

dnΨ(x)

dxn
= DnΨ(x)

where n represents the order of the derivative.

4 Working Procedure of Solving the Non-

linear Differential Equations

Consider the nonlinear singular boundary value problems given by
(1) and (2). By using Bernoulli wavelets we have let

y(x) = CTΨ(x) (15)

By using equation 9 we have,

y′(x) = CTDΨ(x), andy′′(x) = CTD2Ψ(x) (16)

Therefore, Equation 1 becomes

CTD2Ψ(x) +
2

x
CTDΨ(x) =

µ1C
TΨ(x)

1 + β1CTΨ(x)
+ η1 (17)
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Also, the initial and boundary conditions from 3yields

CTΨ(0) = 0, CTDΨ(0) = 1 (18)

From equations (17) and (18), we get a system of algebraic equation.
By substituting we collocate the equation at 2k−1M zeros of the
first Bernoulli polyonomials. Thus we get the nonlinear system of
algebraic equation. By applying the best numerical techniques the
unknowns in the algebraic equations is easily found.

5 Results and Discussions

In this section we implement the procedure discussed and solve the
underlying differential equations 1 and 2 for the values of µ1 = 1
and β1 = 0.1 for different parameters values of t and the results are
compared with Homotopy Perturbation Method(HPM), Adomain
Decomposition Method(ADM), and Bernoulli Wavelets.

Table 1: Comparison of SKCWM, HPM, ADM and numerical so-
lution for gel granule model, when µ1 = 1 and β1 = 0.1for different
parameter values t

t HPM ADM HAM Bernoulli
Waveletk = 0,M = 2

0.0 0.8468 0.8605 0.8466 0.8605
0.2 0.8529 0.8629 0.8527 0.8574
0.4 0.8713 0.8821 0.8715 0.8861
0.6 0.9020 0.9094 0.9025 0.9061
0.8 0.9449 0.9485 0.9445 0.9482
1 1.0000 1.0000 1.0000 1.0000
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Table 2: Comparison of SKCWM, HPM, ADM and numerical so-
lution for gel granule model, when µ1 = 1 and β1 = 5for different
parameter values t

t HPM ADM HAM Bernoulli
Waveletk = 0,M = 2

0.0 0.8056 0.8063 0.8054 0.8080
0.2 0.8133 0.8140 0.8131 0.8153
0.4 0.8367 0.8372 0.8368 0.8387
0.6 0.8756 0.8759 0.8758 0.8771
0.8 0.9300 0.9302 0.9301 0.9308
1 1.0000 1.0000 1.0000 1.0000
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