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Abstract. Using Riccati transformation techniques, we present some new

oscillation criteria for generalized second order nonlinear difference equation

∆`(p(k`+ j)(∆`(u(k`+ j)))γ) + q(k`+ j)uβ((k − σ)`+ j) = 0,

when 0 < β < 1 is a quotient of odd positive integers, k ∈ (0,∞), ` ∈ (0,∞),

j = k −
[
k
`

]
`.
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1. Introduction

Difference equations is a captivating mathematical area on its own as well

as a rich field of the applications in such various disciplines such as

population dynamics, operations research, ecology, economics, biology etc.

For general background as difference equations with numerous examples from

various fields, one can refer to [1].

The study of difference equations is based on the operator ∆ defined as

∆u(k) = u(k+ 1)−u(k), k ∈ N = {0, 1, 2, · · · }. Eventhough many authors [1],

[8] have suggested the definition of ∆ as

∆u(k) = u(k + `)− u(k), ` ∈ (0,∞), (1)

no major progress have taken place on this line.

In [3], authors took up the definition of ∆ as given in (1), they produced

some inmportant results in difference equations. For convenience, we labelled

the operator ∆ defined by (1) as ∆` and by defining its inverse ∆−1
` , many

interesting results in number theory were obtained. By extending theory of ∆`

to complex function, some new qualitative properties like rotatory, expanding,

shrinking, spiral and weblike were established for the solutions of difference

equations involving ∆`. The results obtained can be found in [3, 4, 6, 7].
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Recent, the asymptotic behavior of second order difference equations has

been the investige by many authors [9, 10].

With this back ground, we will be studying the generalized second order

sublinear delay difference equations of the form

∆`(p(k`+ j)(∆`(u(k`+ j)))γ) + q(k`+ j)uβ((k − σ)`+ j) = 0, (2)

where ∆` denotes the forward difference operator for any real valued function

u(k` + j), k ∈ (o,∞), ` ∈ (0,∞), j = k −
[
k
`

]
`, γ is quotient of odd positive

integers, 0 < β < 1 is quotient of odd positive integers, σ is a fixed nonnegative

integer, p(k` + j) > 0, and q(k` + j) ≥ 0 are real valued functions, and for

some k0 > 0,

∞∑

k=k0

(
1

p(k`+ j)

)1/γ

=∞, (3)

By a solution of (2) we mean a nontrivial real valued function u(k) defined for

k ≥ −σ, and satisfies equation (2) for k ∈ (0,∞). Clearly, if

u(k`+ j) = A(k`+ j) for k ∈ [−σ, 0] (4)

are given, then equation (2) has a unique solution satisfying the initial

condition (4). A solution u(k` + j) of (2) is said to be oscillatory if for every

k1 > 0 there exists an k ≥ k1 such that u(k` + j)u((k + 1)` + j) ≤ 0,

otherwise it is nonoscillatory. Equation (2) is said to be oscillatory if all its

solutions are oscilltory.

2. Main results

Theorem 2.1. Assume that (3) holds. Furthermore, assume that there exists

a positive real valued functions ρ(k`+ j) such that for every η ≥ 1 and positive

number M.

lim sup
k→∞

k∑

l=k0

[ρ(l`+ j)q(l`+ j)

−(p((l − σ)`+ j))1/γη1−β((l − σ + 1)`+ j)1−β(∆`ρ(l`+ j))2

4β(M)(γ−1)/γρ(l`+ j)

]
(5)

Then every solution of equation (2) oscillates.
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Proof. Suppose to the contrary that u(k` + j) is an eventually nonoscillatory

solution of (2) such that u((k−σ)`+j) > 0 for all k ≥ k0 > 0. We shall consider

only this case, since the subtitution v(k`+j) = −u(k`+j) transforms equation

(2) into an equation of the same form. From equation (2) we have

∆`(p(k`+ j)(∆`u(k`+ j))γ) = −q(k`+ j)uβ((k − σ)`+ j) ≤ 0, k ≥ k0 (6)

and so p(k` + j)(∆`u(k` + j))γ is an eventually nonincreasing sequence. We

first show that p(k` + j)(∆`u(k` + j))γ ≥ 0 for k ≥ k0. In fact, if there exists

an real k1 ≥ k0 such that p(k1` + j)(∆`u(k1` + j))γ = c < 0, then (6) implies

that p(k`+ j)(∆`u(k`+ j))γ ≤ c for k ≥ k1 that is

∆`u(k`+ j) ≤
(

c

p(k`+ j)

)1/γ

and, hence

u(k`+ j) ≤ u(k1`+ j) + c1/γ

k−1∑

i=k1

(
1

p(i`+ j)

)1/γ

→ −∞ as k →∞ (7)

which contradicts the fact that u(k`+j) > 0 for k ≥ k0, then p(k`+j)(∆`u(k`+

j))γ ≥ 0. Also we claim that ∆2
`u(k`+ j) ≤ 0. If not there exists k1 ≥ k0 such

that ∆2
`u(k` + j) > 0 for k ≥ k1 and this implies that ∆`u((k + 1)` + j) >

∆`u(k` + j), so that since ∆`p(k` + j) ≥ 0, p((k + 1)` + j)(∆`u((k + 1)` +

j))γ > p((k + 1)` + j)(∆`u(k` + j))γ ≥ p(k` + j)(∆`u(k` + j))γ and this

contradicts the fact that p(k` + j)(∆`u(k` + j))γ is nonincreasing sequence,

then ∆2
`u(k`+ j) ≤ 0, and therefore we have

u(k`+ j) > 0,∆`u(k`+ j) and ∆2
`u(k`+ j) ≤ 0 for k ≥ k0. (8)

Define the sequence z(k`+ j) by

z(k`+ j) = ρ(k`+ j)
p(k`+ j)(∆`u(k`+ j))γ

uβ((k − σ)`+ j)
(9)

then z(k`+ j) > 0, and

∆`z(k`+ j) = p((k + 1)`+ j)(∆`u((k + 1)`+ j))∆`

(
ρ(k`+ j)

uβ((k − σ)`+ j)

)

+
ρ(k`+ j)∆`(p(k`+ j)(∆`u(k`+ j))γ)

uβ((k − σ)`+ j)
(10)
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From (2) and (10), we have

∆`z(k`+ j) = −ρ(k`+ j)q(k`+ j) +
∆`ρ(k`+ j)

ρ((k + 1)`+ j)
z((k + 1)`+ j)

− ρ(k`+ j)p((k + 1)`+ j)(∆`u((k + 1)`+ j))γ∆`u
β((k − σ)`+ j)

uβ((k − σ + 1)`+ j)uβ((k − σ)`+ j)
(11)

From (6) and (8), we get

p((k − σ)`+ j)(∆`u((k − σ)`+ j))γ ≥ p((k + 1)`+ j)(∆`u((k + 1)`+ j))γ

and u((k + 1− σ)`+ j) ≥ u((k − σ)`+ j) (12)

and then from (11) and (12), we have

∆`z(k`+ j) ≤ −ρ(k`+ j)q(k`+ j) +
∆`ρ(k`+ j)

ρ((k + 1)`+ j)
z((k + 1)`+ j)

− ρ(k`+ j)p((k + 1)`+ j)(∆`u((k + 1)`+ j))γ∆`u
β((k − σ)`+ j)

(uβ((k − σ + 1)`+ j))2 (13)

Now, by using the inequality in [2]

uβ − vβ ≥ βuβ−1(u− v) for all u 6= v > 0 and 0 < β ≤ 1.

Then, we have

∆`u
β((k − σ)`+ j) = β(u((k − σ + 1)`+ j))β−1∆`u((k − σ)`+ j). (14)

Substitute from (14) in (13), we have

∆`z(k`+ j) ≤ −ρ(k`+ j)q(k`+ j) +
∆`ρ(k`+ j)

ρ((k + 1)`+ j)
z((k + 1)`+ j)

−
(
ρ(k`+ j)p((k + 1)`+ j)β(u((k + 1− σ)`+ j))β−1

(uβ((k − σ + 1)`+ j))2

)

×∆`u((k − σ)`+ j)(∆`u((k + 1)`+ j))γ (15)

From (12) and (15), we have

∆`z(k`+ j) ≤ −ρ(k`+ j)q(k`+ j) +
∆`ρ(k`+ j)

ρ((k + 1)`+ j)
z((k + 1)`+ j)

− βρ(k`+ j)(p((k + 1)`+ j))1/γp((k + 1)`+ j)(∆`u((k + 1)`+ j))γ+1

(p((k − σ)`+ j))1/γ (u((k − σ + 1)`+ j))1−β (uβ((k − σ + 1)`+ j))
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hence,

∆`z(k`+ j) ≤ −ρ(k`+ j)q(k`+ j) +
∆`ρ(k`+ j)

ρ((k + 1)`+ j)
z((k + 1)`+ j)

−
(

βρ(k`+ j)(p((k + 1)`+ j))(1/γ)−1

(p((k + 1)`+ j))2(p((k − σ)`+ j))1/γ (u((k − σ + 1)`+ j))1−β

× (p((k + 1)`+ j))2(ρ((k + 1)`+ j))2(∆`u((k + 1)`+ j))2γ

(uβ((k − σ + 1)`+ j))2 (∆`u((k + 1)`+ j))γ−1

)
(16)

From (8), we conclude that

u(k`+ j) ≤ u(k0`+ j) + ∆`u(k0`+ j)((k − k0)`+ j), k ≥ k0

thus there exists a k1 ≥ k0 and by choice of constant η ≥ 1 such that

u(k`+ j) ≤ η(k`+ j) for k ≥ k1

and this implies that

u((k − σ + 1)`+ j) ≤ η((k − σ + 1)`+ j) for k ≥ k2 = k1 + σ − 1

and, hence

1

(u((k − σ + 1)`+ j))1−β ≥
1

(η((k − σ + 1)`+ j))1−β (17)

Since p(k`+ j)(∆`u(k`+ j))γ is a positive and increasing function, there exists

a k2 ≥ k1 sufficiently large such that p(k` + j)(∆`u(k` + j))γ ≤ 1/M for

some positive constant M and k ≥ k2, and hence by (6) we have p((k + 1)`+

j)(∆`u((k + 1)`+ j))γ ≤ 1/M, so that

1

(∆`u((k + 1)`+ j))γ−1
≥ (Mp((k + 1)`+ j))(γ−1)/γ (18)

then from (9), (16), (17) and (18) we have

∆`z(k`+ j) ≤ −ρ(k`+ j)q(k`+ j) +
∆`ρ(k`+ j)

ρ((k + 1)`+ j)
z((k + 1)`+ j)

− βρ(k`+ j)M (γ−1)/γ(z((k + 1)`+ j))2

(p((k + 1)`+ j))2(p((k − σ)`+ j))1/γη1−β ((k − σ + 1)`+ j)1−β (19)
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Hence,

∆`z(k`+ j) ≤ −ρ(k`+ j)q(k`+ j)+

+
(p((k − σ)`+ j))1/γη1−β((k − σ + 1)`+ j)1−β(∆`ρ(k`+ j))2

4β(M)(γ−1)/γρ(k`+ j)

−
[ √

β(M)(γ−1)/γρ(k`+ j)z((k + 1)`+ j)

ρ((k + 1)`+ j)
√
η((k − σ + 1)`+ j)1−βp((k − σ)`+ j)

√
η1−β((k − σ + 1)`+ j)1−β(p((k − σ)`+ j))1/γ∆`ρ(k`+ j)

2
√
β(M)(γ−1)/γρ(k`+ j)

]2

< − [ρ(k`+ j)q(k`+ j)

−(p((k − σ)`+ j))1/γη1−β((k − σ + 1)`+ j)1−β(∆`ρ(k`+ j))2

4β(M)(γ−1)/γρ(k`+ j)

]
(20)

Summing (20) from k2 to k, we obtain

− z(k2`+ j) < z((k + 1)`+ j)− z(k2`+ j)

< −
k∑

l=k2

[ρ(l`+ j)q(l`+ j)

−(p((l − σ)`+ j))1/γη1−β((l − σ + 1)`+ j)1−β(∆`ρ(l`+ j))2

4β(M)(γ−1)/γρ(l`+ j)

]

which yields

k∑

l=k2

[
ρ(l`+ j)q(l`+ j)− (p((l − σ)`+ j))1/γη1−β((l − σ + 1)`+ j)1−β(∆`ρ(l`+ j))2

4β(M)(γ−1)/γρ(l`+ j)

]
< c1

for all large k, and this is contrary to (5). The proof is complete. �

Remark 2.2. Note that form Theorem 2.1, we can obtain different conditions

for oscillations for oscillation of all solutions of equation (2) when (3) holds by

different choices of ρ(k`+ k).

Remark 2.3. When γ = β = 1, equation (2) reduces to the generalized linear

delay difference equation

∆`(p(k`+ j)∆`u((k − σ)`+ j)) + q(k`+ j)u((k − σ)`+ j) = 0, (21)
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where k ∈ (0,∞), ` ∈ (0,∞) and the conditions (5) in Theorem 2.1 reduces to

lim sup
k→∞

k∑

l=k0

[
ρ(l`+ j)q(l`+ j)− p((l − σ)`+ j)(∆`ρ(l`+ j))2

4ρ(l`+ j)

]
=∞. (22)

Then Theorem 2.1 and Corollary 1 in [9] are the same in the case when γ =

β = ` = 1. Also when σ = 0 and p(k` + j) = 1 and γ = β = ` = 1 Theorem

2.1 and Corollary 3 in [10] are the same.

Theorem 2.4. Assume that (3) holds. Let ρ(k`+ j) be a real valued function.

Furthermore, we assume that there exists a double fuction H(m, k` + j);m ≥
k ≥ 0 such that (i) H(m,m) = 0 for m ≥ 0, (ii) H(m, k` + j) > 0 for

m > k`+j ≥ 0, (iii) ∆2(`)H(m, k`+j) = H(m, (k+1)`+j)−H(m, k`+j) ≤ 0

for m ≥ k`+ j ≥ 0. If

lim sup
m→∞

1

H(m, 0)

m−1∑

k=k0

[H(m, k`+ j)ρ(k`+ j)q(k`+ j)

− (ρ((k + 1)`+ j))2

ρ(k`+ j)

(
h(m, k`+ j)− ∆`ρ(k`+ j)

ρ((k + 1)`+ j)

√
H(m, k`+ j)

)2
]

=∞,

(23)

where h(m, k`+ j) = −∆2(`)H(m, k`+ j)√
H(m, k`+ j)

,m ≥ k ≥ 0,

ρ(k`+ j) =
βρ(k`+ j)M (γ−1)/γ

(p((k − σ)`+ j))1/γη1−β ((k − σ + 1)`+ j)1−β

Then every solution of equation (2) oscillates.

Proof. We proceed as in Theorem 2.1, we assume that equation (2) has a

nonoscillatory solution, say u((k − σ)`+ j) > 0 for all k ≥ k0. From the proof

of Theorem 2.1, we obtain (18) for all k ≥ k2. From (18) we have for k ≥ k2,

ρ(k`+ j)q(k`+ j) ≤ −∆`z(k`+ j) +
∆`ρ(k`+ j)

ρ((k + 1)`+ j)
z((k + 1)`+ j)

− ρ(k`+ j)

(ρ((k + 1)`+ j))2
w2(k + `). (24)
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Therefore, we have

m−1∑

k=n

H(m, k`+ j)ρ(k`+ j)q(k`+ j) ≤ −
m−1∑

k=n

H(m, k`+ j)∆`z(k`+ j)

+
m−1∑

k=n

H(m, k`+ j)∆`ρ(k`+ j)z((k + 1)`+ j)

ρ((k + 1)`+ j)
−

m−1∑

k=n

H(m, k`+ j)ρ(k)z2((k + 1)`+ j)

(ρ((k + 1)`+ j))2
.

which yields, after summing by parts the first term in the right hand side.

m−1∑

k=n

H(m, k`+ j)ρ(k`+ j)q(k`+ j)

≤ H(m, k`+ j)z(k`+ j) +
m−1∑

k=n

z((k + 1)`+ j)∆2(`)H(m, k`+ j) +
m−1∑

k=n

H(m, k`+ j)

∆`ρ(k`+ j)

ρ((k + 1)`+ j)
z((k + 1)`+ j)−

m−1∑

k=n

H(m, k`+ j)
ρ(k`+ j)

(ρ((k + 1)`+ j))2
z2((k + 1)`+ j)

= H(m, k`+ j)z(k`+ j)−
m−1∑

k=n

h(m, k`+ j)
√
H(m, k`+ j)z((k + 1)`+ j)

+
m−1∑

k=n

H(m, k`+ j)
∆`ρ(k`+ j)

ρ((k + 1)`+ j)
z((k + 1)`+ j)

−
m−1∑

k=n

H(m, k`+ j)
ρ(k`+ j)

(ρ((k + 1)`+ j))2
z2((k + 1)`+ j) = H(m, k`+ j)z(k`+ j)

−
m−1∑

k=n

[z((k + 1)`+ j)

+
ρ((k + 1)`+ j)

(
h(m, k`+ j)

√
H(m, k`+ j)− ∆`ρ(k`+j)H(m,k`+j)

ρ((k+1)`+j)

)

2

√
H(m, k`+ j)ρ(k`+ j)




2

+
1

4

m−1∑

k=n

(ρ((k + 1)`+ j))2

ρ(k`+ j)

(
h(m, k`+ j)− ∆`ρ(k`+ j)

ρ((k + 1)`+ j)

√
H(m, k`+ j)

)2
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Then,

m−1∑

k=k1

[H(m, k`+ j)ρ(k`+ j)q(k`+ j)

(ρ((k + 1)`+ j))2

4ρ(k`+ j)

(
h(m, k`+ j)− ∆`ρ(k`+ j)

√
H(m, k`+ j)

ρ((k + 1)`+ j)

)2



< H(m, k1`+ j)z(k1`+ j) ≤ H(m, 0)z(k1`+ j)

which implies that

m−1∑

k=0

[H(m, k`+ j)ρ(k`+ j)q(k`+ j)

− (ρ((k + 1)`+ j))2

4ρ(k`+ j)

(
h(m, k`+ j)− ∆`ρ(k`+ j)

√
H(m, k`+ j)

ρ((k + 1)`+ j)

)2



< H(m, 0)

(
z(k1`+ j) +

k1−1∑

k=0

ρ(k`+ j)q(k`+ j)

)

Hence

lim sup
m→∞

1

H(m, 0)

m−1∑

k=0

[H(m, k`+ j)ρ(k`+ j)q(k`+ j)

− (ρ((k + 1)`+ j))2

ρ(k`+ j)

(
h(m, k`+ j)− ∆`ρ(k`+ j)

ρ((k + 1)`+ j)

√
H(m, k`+ j)

)2
]

<

(
z(k1`+ j) +

k1−1∑

k=0

ρ(k`+ j)q(k`+ j)

)
<∞.

Corollary 2.5. Assume that all the assumptions of Theorem (2.4) hold, except

the condition (23) is replaced by

lim sup
m→∞

1

mλ

m∑

k=0

[
(m− (k`+ j))λρ(k`+ j)q(k`+ j)

−λ
2(ρ((k + 1)`+ j))2(m− (k`+ j))λ−2

4ρ(k`+ j)

]
=∞. (25)

Then, every solution of equation (2) oscillates.
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Corollary 2.6. Assume that all the assumptions of Theorem 2.4 hold, except

the condition (23) is replaced by

lim sup
m→∞

1

(log(m+ 1))λ

m−1∑

k=0

[(
log

m+ 1

(k + 1)`+ j

)λ
ρ(k`+ j)q(k`+ j)

(ρ((k + 1)`+ j))2

4ρ(k`+ j)



λ
(

m+1
(k+1)`+j

) (λ−2)
2

(k + 1)`+ j
−

∆`ρ(k`+ j)

√(
log m+1

(k+1)`+j

)λ

ρ((k + 1)`+ j)




2

 =∞.

References

[1] R.P. Agarwal, Difference Equations and Inequalities, Marcel Dekker, New York (2000).

[2] G.H. Hardy, J.E. Littlewood, G. Polya, Inequalities, 2nd edn., Cambridge University

Press, Cambridge, 1952, 39-40.

[3] M. Maria Susai Manuel, G. Britto Antony Xavier, E. Thandapani, Theory of generalized

difference operator and its applications, Far East Journal of Mathematical Sciences,

20(2) (2006), 163-171.

[4] M. Maria Susai Manuel, G. Britto Antony Xavier, E. Thandapani, Qualitative properties

of solutions of certain class of difference equations, Far East Journal of Mathematical

Sciences, 23(3) (2006), 295-304.

[5] M. Maria Susai Manuel, V.Chandrasekar and G. Britto Antony Xavier, Qualitative

Properties of Solutions of Riccatis α-Difference Equations, Int. J. of Differential

Equations and Applications, 24(6)(2011), 943-954.

[6] M. Maria Susai Manuel, G. Britto Antony Xavier, E. Thandapani, Generalized Bernoulli

polynomials through weighted Pochhammer symbols, Far East Journal of Applied

Mathematics, 26(3) (2007), 321-333.

[7] M. Maria Susai Manuel, G. Britto Antony Xavier, Recessive, dominant and spiral

behaviours of solutions of certain class of generalized difference equations, International

Journal of Differential Equations and Applications, 10(4) (2007), 423-433.

[8] Ronald E. Mickens, Difference Equations, Van Nostrand Reinhold Company, New York

(1990).

[9] Z. Szafranski, B. Szmanda, Oscillation theorems for some nonlinear difference equations,

Appl. Math. Comput., 83 (1997), 43-52.

[10] B. Szmanda, Oscillation criteria for second order non-linear difference equations, Anal.

Pol. Math., XLIII(1983), 225-235.

International Journal of Pure and Applied Mathematics Special Issue

144



145



146


