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ABSTRACT. Using Riccati transformation techniques, we present some new
oscillation criteria for generalized second order nonlinear difference equation
Ag(p(kl + 5)(Ae(ulkl + 7)) + q(kl + j)u’((k = o)+ j) =0,
when 0 < 8 < 1is a quotient of odd positive integers, k € (0, 00), ¢ € (0, 00),

j=k-[4]e
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1. INTRODUCTION

Difference equations is a captivating mathematical area on its own as well
as a rich field of the applications in such various disciplines such as
population dynamics, operations research, ecology, economics, biology etc.
For general background as difference equations with numerous examples from
various fields, one can refer to [1].

The study of difference equations is based on the operator A defined as
Au(k) =u(k+1) —u(k),k € N={0,1,2,---}. Eventhough many authors [1],
[8] have suggested the definition of A as

Au(k) = u(k + €) — u(k), €€ (0,00), (1)

no major progress have taken place on this line.

In [3], authors took up the definition of A as given in (1), they produced
some inmportant results in difference equations. For convenience, we labelled
the operator A defined by (1) as A, and by defining its inverse A,', many
interesting results in number theory were obtained. By extending theory of A,
to complex function, some new qualitative properties like rotatory, expanding,
shrinking, spiral and weblike were esthblished for the solutions of difference

equations involving A,. The results obtained can be found in [3,4,6,7].

'Corresponding Author

135



International Journal of Pure and Applied Mathematics Special Issue

Recent, the asymptotic behavior of second order difference equations has
been the investige by many authors [9, 10].
With this back ground, we will be studying the generalized second order

sublinear delay difference equations of the form
Ae(p(kE + §)(Ao(ukl + 1)))) + q(kl + 5’ (k — o) +5) =0,  (2)

where A, denotes the forward difference operator for any real valued function
u(kl +j), k € (0,00), £ € (0,00), j =k — [%] ¢, v is quotient of odd positive
integers, 0 < 8 < 1 is quotient of odd positive integers, o is a fixed nonnegative
integer, p(kf + 7) > 0, and q(k¢ + j) > 0 are real valued functions, and for

some kg > 0,

2 Gars) - ®

k=ko
By a solution of (2) we mean a nontrivial real valued function u(k) defined for

k > —o, and satisfies equation (2) for k € (0, 00). Clearly, if
u(kl + j) = A(kl + j) for k € [—0,0] (4)

are given, then equation (2) has a unique solution satisfying the initial
condition (4). A solution u(kf + j) of (2) is said to be oscillatory if for every
k1 > 0 there exists an k > k; such that w(kl + j)u((k + 1)¢ + j) < 0,

otherwise it is nonoscillatory. Equation (2) is said to be oscillatory if all its

solutions are oscilltory.

2. MAIN RESULTS

Theorem 2.1. Assume that (3) holds. Furthermore, assume that there exists
a positive real valued functions p(k€+ 7) such that for every n > 1 and positive
number M.

lim sup Z [Pl + 5)q(ll + 5)

k—o0 I—ko

(=) (1 = o + 1)+ )P (Arp(ll + 5))?
AB(M)O=D/p(ll + 7)

Then every solution of equation (2) oscillates.

(5)
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Proof. Suppose to the contrary that u(k¢ + j) is an eventually nonoscillatory
solution of (2) such that u((k—o)¢+j) > 0 for all k > ko > 0. We shall consider
only this case, since the subtitution v(k¢+j) = —u(kl+j) transforms equation

(2) into an equation of the same form. From equation (2) we have
A(p(kl + §)(Agu(kl + §))7) = —q(kl+ j)u’((k — o)l + ) <0, k> ko (6)

and so p(kl + 7)(Aeu(kl + 7)) is an eventually nonincreasing sequence. We
first show that p(k¢ + j)(Aeu(kl + j))” > 0 for k > ko. In fact, if there exists
an real k1 > ko such that p(ki0 + j)(Apu(kil + 7)Y = ¢ < 0, then (6) implies
that p(kl + j7)(Apu(kl + 7)) < ¢ for k > k; that is

Agu(kl +§) < (Mk,;m)m

and, hence
k—1 1/'y
u(kl + §) < u(kyl + §) 4+ 7 Z <1) — —ocoask—oo (7)
S \p(il +)

which contradicts the fact that u(k¢+y5) > 0 for k > ko, then p(kl+7)(Au(ki+
7))7 > 0. Also we claim that AZu(k¢ + j) < 0. If not there exists k1 > ko such
that AZu(kl + j) > 0 for k > k; and this implies that Agu((k + 1) + j) >
Agu(kl + j), so that since Agp(kl + j) > 0, p((k + 1) + j)(Apu((k + 1)¢ +
7> pl(k + 1D+ j)(Aeu(kl + 7)) = p(kl + j)(Aqu(kl + j))7 and this
contradicts the fact that p(kf + j)(Asu(kl 4 j))7 is nonincreasing sequence,
then AZu(kl + j) <0, and therefore we have

u(kl +5) > 0, Apu(kl + 5) and A2u(kl + j) < 0 for k > k. (8)

Define the sequence z(k¢ + j) by
p(kL + ) (Au(kl + )7

Ak + ) = Pkt + )= =S 9)
then z(k¢+ j) > 0, and
Agz(kl+ ) = p((k + 1)+ ) (Aeu((k + 1)+ 7)) A (ug(fk(k_g :)ZL j))
(R + APk + ) (Aeulhl + 1)) (10)

uB((k — o)l +7)
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From (2) and (10), we have

Apz(kl+5) = —p(kl + j)q(kl + 5) + pAlp(MJrj) 2((k+ 1)+ 7)

(k+1)l+j)
~ p(RC+ G)p((k + 1)+ ) (Agu((k + DL+ ) A’ ((k — o)l + )
ub((k — o+ D+ j)ul((k— o)l + )

From (6) and (8), we get

(11)

p((k = 0)l+ ) (Au((k = o)+ 5))7 = p((k + 1)+ j)(Aeu((k + 1) + 7))
and u((k+1—o0)l+7) > u((k — o)l + 7) (12)

and then from (11) and (12), we have

Apz(kl+7) < —p(kl + 5)q(kl + 5) + pAwWJrj) 2((k 4+ 1)0+ )

(k+1)(+ )
~p(k+3)p((k + 1)+ 5) (Apu((k + 10+ 7)) Al ((k = 0)0 + )
(WP ((k — o + 1)l + 7))

(13)
Now, by using the inequality in [2]
u? —® > puf N (u—wv) forallu#v>0and 0 < < 1.
Then, we have
A’ ((k = 0)l +j) = Blu((k — o + 1)l + 1)) Agu((k = o)+ j).  (14)
Substitute from (14) in (13), we have

. | Akl + )
Agz(kl +5) < —p(kl + j)q(kl + j) + m
B (P(M + 7)p((k + )0+ 7)B(u((k +1— o)l + j))ﬂ1>
WP ((k—o+1)0+4))

x Agu((k — o)l + j)(Au((k + 1)+ ) (15)

2((k+ 1)+ )

From (12) and (15), we have

Apz(kl+5) < —p(kl + j)q(kl + 5) + pAw(M+j> 2((k+1)0+ 7)

(k+ Dl +7)
_ Bp(kl+ ) (p((k + D)L+ ) 7p((k + 1) + ) (Agu((k + 1)¢ + )
(P((k — o)+ )7 (u((k — o + 1)+ §) 7 (WP ((k — o + 1)+ j))
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hence,
. . . Ap(kl + )
- ( Bp(kt + 5)(p((k + 1) + 5)*/ 0!
(p((k + 1)+ 5))*(p((k — o)+ )7 (u((k — o + 1)+ 5)) 7

o Wk + D+ 1) (p((k + 1)l + 5))* (Agu((k + 1)E +j))2”)
(W ((k =0+ 1)0 +5))* (Aeul((k + 1) + 7))~

2((k+ 1)+ )

(16)
From (8), we conclude that
w(kl + 5) < u(kol + 7) + Apu(kol + §)((k — ko)l + 7). k > ko
thus there exists a k; > ko and by choice of constant 1 > 1 such that
w(kl + 7) <n(kl+j) for k > ky
and this implies that
u((k—o+1)l+5)<nlk—c+1)l+j)fork>ky=Fk +0—1

and, hence

1 1
W(k—o+ DET )P =~ (k=0 + D+ )P

(17)

Since p(kl+ 7)(Au(kl+ 7)) is a positive and increasing function, there exists
a ko > ki sufficiently large such that p(k¢ + j)(Aeu(kl + 7)) < 1/M for
some positive constant M and k > ko, and hence by (6) we have p((k + 1)¢ +
7 (Apu((k+ 1)+ 7)) <1/M, so that

1
Bkt Dl )1~

(Mp((k + 1)+ )07 (18)
then from (9), (16), (17) and (18) we have

. , Akl )
Agz(kl+ j) < —p(kl + j)q(kl + ) + m

. Bl + MO (a((k + 1) + ) 9)
(((k+ D+ 1)p(s = o)+ )= (k= o+ D+ )

2((k+ 1)+ )
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Hence,

Apz(kl + §) < —p(kl + §)q(kl + §)+

(p((k = o)+ ) P ((k — o + 1)+ ) P(Awp(kl + j))?
AB(M)=D11p(kl + j)

VBOD Gk + ) 2((k + 1) + j)
p((k+ 1)+ j)/n((k — o+ 1)l + j)Fp((k — o)l + j)
(k= o+ Dl )k — o)l + NP Akl + )]
2/ BN p(RL + )
< = [p(kl + 7)q(kl + j)

_(p((k = o)+ )Y P ((k — o + 1)l + §) P (Aup(kt + j))Q]
AB(M)C=DMp(kL + )

Summing (20) from ks to k, we obtain

+

(20)

— 2kl + 5) < 2((k+ 1)+ J) — 2(kol + §)
k
<=3 ol + )it + j)

(= o)+ )P — o+ 1)+ )P (Aap(il + j))Q]

AB(M)O=D1p(UL + )
which yields

- : L (= o)+ ) (= o+ 1)+ 5) P (Aep(Ul + )
zzk:z {p(l”ﬁq(lﬁﬂ) - AB(M)O=DPp(IL + ) e ] -

for all large k, and this is contrary to (5). The proof is complete. O

Remark 2.2. Note that form Theorem 2.1, we can obtain different conditions
for oscillations for oscillation of all solutions of equation (2) when (3) holds by
different choices of p(kf + k).

Remark 2.3. When v = = 1, equation (2) reduces to the generalized linear

delay difference equation

Ag(p(kl + 3)Apu((k — o)l + 7)) + q(kl + j)u((k — o)l + j) =0, (21)
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where k € (0,00),¢ € (0,00) and the conditions (5) in Theorem 2.1 reduces to

hglsoljp Z { 1+ gl +7) — p(l = U)i—;(,;g)(_f;)p(w +7)) =o00. (22)

Then Theorem 2.1 and Corollary 1 in [9] are the same in the case when v =
B =/¢=1. Also when ¢ = 0 and p(kf{ + j) =1 and v = § = £ = 1 Theorem
2.1 and Corollary 3 in [10] are the same.

Theorem 2.4. Assume that (3) holds. Let p(kf+ j) be a real valued function.
Furthermore, we assume that there exists a double fuction H(m,kl + j);m >
k > 0 such that (i) H(m,m) = 0 for m > 0, (i) H(m,kl + j) > 0 for
m > kl+4j >0, (7i1) Doy H(m,kl+3) = H(m,(k+1){+7)—H(m,kl+j) <0
form >kl +j>0.If

m—1
lim sup m Z (m, kl + ) p(kl + 5)q(kl + j)
m—r0o0 7 :k
1 . . 2
p(kl + j) p((k+ 1)+ )
(23)
Doy H(m, kel + j
where h(m,kl +j) = — 2 H(m, +J), >k>0,
H(m, kl + j5)
- 0+ \MO=D/y
ST ) = Bp(kL +j)

(p((k = ) + )V =8 ((k = o + 1)+ )7

Then every solution of equation (2) oscillates.

Proof. We proceed as in Theorem 2.1, we assume that equation (2) has a
nonoscillatory solution, say u((k — o)l + j) > 0 for all k > kq. From the proof
of Theorem 2.1, we obtain (18) for all & > ky. From (18) we have for k > ko,

Aop(kl + 5)

p(/ff —}—j)q(kf-Fj) < —Agz(kﬁ +j) + m

2((k+ 1)+ )

ekt
et i+ F 0 29
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Therefore, we have

1

3

3
L

H(m, kl+ §)p(k + j)q(kl + ) < = H(m, k€ + §)Apz(kl + )

i
3

-1

PR

= H(m,k + ))p(®)2*((k + )¢ +j)

(p((k+ 1)l +5))?

3

H(m, kl + §)Aop(kl + 5)z((k 4+ 1)0 + 7)
p((k+ 1)l + j)

B
Il
3

ol

Il

S

which yields, after summing by parts the first term in the right hand side.

3

=

H(m,kl+ j)p(kl + j)g(kl+ j)

n

~
I

-1

3

m—1
< H(m, kl+ )2k + §) + > 2((k+ D)0+ §) Do H(m, kO + §) + Y H(m, kl + j)

n

=
Il

k=n
Aop(kt +j) N N PRCEG) :
e D e ()
:H(m,k£+j)z(k£+j)—mi h(m, kl + )/ H(m, kl + j)z((k + 1){ + 7)

=
I

n

+ S " H(m, ke +j)mz((k +1)0+j)

— Y H(m,kl+j) (p((lf(fi;iz]))ﬁ%(k + 1)+ j)=H(m,kl+ j)z(kl + j)

p((k+1)t+7)

. . 2
p((k+1)C+ j) (h(m, ke + j)/H(m, kl + j) — Aw(km)mmmm) ]

2\/H(m, kt + j)p(kC + )

m

+

i ~ (elE+ DEt 7)) (h(m,k€+')—pAMM
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Then,

m—1

> [H(m, ke + 5)p(ke + j)g(k + 5)

k=k1

(p((k + 1)+ )2 Aup(kt + )T, Mﬂ')ﬂ

S (’“m’ M) G+ i+ )
< H(m, kil + j)z(kil + j) < H(m, 0)z(kil + j)

which implies that

3

[H (m, kC + j)p(kl + §)q(kl + j)
D (o Atk 4 ) R )
) (’“ R (RS TR )]

~
Il

< H(m,0) (z(k’lf +7)+ IZ_ p(kl + j)q(ke +j)>

k=0
Hence
lim sup H(nl%o) 2 [H(m, k€ + 5)p(kl + §)q(kl + j)
(p((k + 1) + ) L Agp(kE+ ) — -\ ?
_ s (h(m,k€+j)—p((k+l)€+j) H( ,k£+j)>

< (z(lﬁﬁ +7)+ i p(kl+ j)q(kt +j)> < o0.

k=0

Corollary 2.5. Assume that all the assumptions of Theorem (2.4) hold, except
the condition (23) is replaced by

1 m
lim sup — Z (K + )N p(kt + 5)q(ke + j)
=0

m—0o0

N (p((k + 1)+ §))*(m — ww))“] e (25)

4p(kl + 7)

Then, every solution of equation (2) oscillates.
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Corollary 2.6. Assume that all the assumptions of Theorem 2.4 hold, except
the condition (23) is replaced by

m—1 A
1 m+ 1
limsup 55 log—" ) p(kt + f)q(kt + j
e (log(m + 1)) ; ( og<k T 1)€+j> p(kl + j)q(kl + j)
(-2) Y 2
m+1 ? ; _ml
e+ e (M) T Al (loogiits)
okl + 1) T - = 00.
p(kl + j) (k+1)l+ p((k+ 1) + j)
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