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Abstract

The present study deals with Electrical MHD (EMHD)
mixed convection stagnation point flow of nanofluid through
a porous medium over stretching sheet in the presence of
Joule heating .Using the similarity transformations the gov-
erning partial differential equations along with boundary
conditions are transformed to ordinary differential equa-
tions. The converted system of ordinary differential solved
numerically by using Keller box method. The different ef-
fects of various physical parameters, are analyzed and pre-
sented in graphical and tabular form.

Key Words and Phrases:EMHD, Slip effect, Mixed
convection, Joule heating

1

International Journal of Pure and Applied Mathematics
Volume 118 No. 10 2018, 369-389
ISSN: 1311-8080 (printed version); ISSN: 1314-3395 (on-line version)
url: http://www.ijpam.eu
doi: 10.12732/ijpam.v118i10.38
Special Issue ijpam.eu

369



1 Introduction

The fluid flow over a stretching surface has gained the attention of
researchers due to its important applications in engineering pro-
cesses, namely, polymer extrusion, drawing of plastic films and
petroleum manufacturing goods. Fluid heating and cooling are
important in many industries such as power, manufacturing, trans-
portation, and electronics. The flow of a fluid under ideal condi-
tions will be stable and steady as compared to any kind of external
effects. Most of the real-time applications involve non-ideal condi-
tions and the expected output from the fluids flow always delivers
deviated results from the expected results. The study of fluid flow
is quite interesting and essential for high speed applications un-
der the influence of magnetic field, radiation, mass transfer effects,
and porous medium with convective boundary conditions. In this
work a boundary layer flow over a stretching surface was consid-
ered where the velocity of the stretching sheet was assumed to be
linearly proportional to the distance from the fixed origin. In this
direction, Crane investigated fluid flow by stretching sheet and the
first to consider the boundary layr flow caused by a stretching shet
which moves with velocity varying linearly with the distance from
a fixd point [1]. Later, Magyari and Kellr studied the studied the
boundary layr conditions on exponentially stretched continuous sur-
face with an exponential temperature distribution [2]. The authors
also extended the work of Crane by assuming that the stretching
sheet is of exponential. Radiation and mass transfer effects on MHD
boundary layer flow due to an exponentially stretching sheet with
heat source studied by Lakshmi et.al [3].

Various electrical equivalent circuits are discussed by Celisnki
are capable of generating DC MHD. Constant gas dynamic pa-
rameters, generator cross-section, magnetic field, electric fields and
current densities are considered in this study to determine the Hall
parameter and connection system of electrodes [4]. However, non-
equilibrium electrical discharging was observed in MHD disk gen-
erators by Harada et al. using shock tube facility [5]. Unsteady
motion of strongly constricted discharge used to occur at disk en-
trance region which in general characterized by negative Hall po-
tential as per the study. In a study on the gas flow under the
influence of electromagnetic field by Barmin and Uspenskii, the
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switching electric conductivity is a function of thermodynamic gas
parameters found to be vanished at the time of flow [6]. A DC
type MHD micro-pump was tested and fabricated by Huang et al.
using LIGA method. The major advantage of this pump found to
be having no moving parts in the complete body [7]. This research
also explained how bubble generation might influence the perfor-
mance and improvement of driving mechanism. In attempt to study
the hydromagnetic and electrical properties of a flow Makinde and
Onyejekwe carried out a numerical study of MHD on Couette flow
and heat transfer with varying conditions of viscosity and electrical
conductivity [8]. Both the properties seem to be having serious im-
pact due to combined effect of magnetic field, viscosity and other
exponential properties of the materials. In MHD stagnation point
ferrofluid flow and heat transfer effects were studied by Khan et
al. through a stretching sheet [9]. In this work the authors con-
sidered magnetic (Fe3O4), cobalt ferrite (CoFe2O4) and Mn-Zn
ferrite (Mn-Zn- Fe2O4) along with water and kerosene as the con-
ventional base fluids. The kerosene based ferrofluids are possessing
higher skin friction and Nusselt number as compared with water
based ferrofluids. Hsiao used Maxwell fluid with radiative and vis-
cous dissipation effects to study the combined EMHD heat transfer
thermal extrusion systems [10]. In this work the author claimed
that greater heat transfer effect is possible with large values of vis-
coelastic number, Pr, free convection parameters, electric param-
eter, heat source/ sink and conduction-convection number (Ncc).
Later, Hsiao promoted radiation EMHD activation energy thermal
extrusion system using Carreau-Nanofluid under controlled param-
eters [11]. The fluid material parameter (), activation energy chem-
ical reaction parameter (A), Pr, and mixed convection buoyancy
parameters (Gc and Gt) will be influencing the thermal systems
and are divided into six degree sequences. EMHD nanofluids with
double stratification was studied by Daniel et al. under the influ-
ence of thermal radiation, viscous and joule heating effects revealed
that increasing thermophoresis and thermal stratification will re-
duce the heat and mass transfer rates for larger values of suction
[12]. Later the same authors studied the impact of thermal radia-
tion on EMHD flow of nanofluids for nonlinearly stretched sheets
with varying thickness and revealed that for increasing nanofluid
temperature and thermal boundary layer thickness the radiation
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sensitivity also tends to increase [13].
The study of MHD flow at stagnation point over a stretching

sheet has been under the examination for a long period due to
the importance they hold with various real-time applications. The
MHD flow will have the influence of liquid and magnetic proper-
ties along with the characteristics of thermal conductivity. These
applications include glass fibre, aerodynamics, ground water flow
studies, etc. In general at stagnation point, the fluid pressure and
rate of heat and mass transfer will be very high. In recent times,
various problems related to this subject have been discussed by var-
ious authors under different scenarios and industrial applications by
varying the parameters such as surface temperature, viscous dissi-
pation and effects of slip in their analysis. The stagnation point
flow was first studied by Hiemenz [14] and mixed convection MHD
flow near the stagnation point was later investigated by Chamkha
over a vertical semi-infinite surface [15]. Later, axisymmetric mixed
convection nanofluid flow was studied by Grosan and Pop over a
vertical cylinder [16]. In a similar type experiment, the MHD stag-
nation point flow was studied by Shateyi and Makinde towards
radial stretched convectively heated disk [17]. By varying different
influential parameters the studies on stagnation point flow was car-
ried out by Ibrahim et al. [18] Maboob et al. [19] and Mustafa et
al. [20]. Later, Chois introduction to nanofluids made this study
of stagnation point flow very much interesting for next two decades
[21]. Similarly, the heat transfer of MHD boundary layer flow stud-
ied by Kumar in porous medium [22] and later oscillatory flow in
same conditions was studied by Hamza [23]. Same experiment was
carried out on stretching sheet by Sharma and Singh [24].

In an attempt to study the MHD flow and heat transfer of
nanofluids at stagnation point Pal et al. experimented on stretched
/ shrinking surface in porous medium under the influence of ther-
mal radiation [25]. In this study, the authors also investigated the
impact of radiation towards energy conversion, heat transfer and
nano energy heat transfer problems. Later the focus was made on
the Joule dissipation by Abel et al. over nonlinear vertical stretch-
ing porous sheets [26]. Lakshmi et al. studied the Joule heating
and viscous dissipation effect on MHD flow over an exponentially
stretching sheet which is embedded in thermally stratified medium
[27]. The MHD flow and heat transfer of nanofluids over permeable
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stretching sheet studied by Ibrahim and Shankar considered veloc-
ity, thermal and solutal slip boundary conditions [28]. Flow and
radiation heat transfer of nanofluids over stretched sheet was stud-
ied by Zheng et al. considered only velocity slip and temperature
jump in the presence of porous medium [29]. Later, Khan et al. ex-
amined the effects of M on the radiative flow of nanofluids passing
through a stretched sheet [30]. So the stagnation point flow over a
stretching sheet in porous medium due to suction or injection are
analyzed in the presence of magnetic field parameter, Joule heating
and heat generation / absorption.

In order to study the stagnation point flow, mathematical for-
mulation of the existing model will be used after applying similarity
transformations to attain the role of system with nonlinear ODEs
representing the flow through the boundary layer. Resulting sum-
mary of the equations will be solved numerically by using the Keller
box method and analyzed.

2 Mathematical Analysis

In the defined problem the two dimensional laminar flow of a viscous
incompressible nanofluid is studied over a slip boundary stretched
surface. The surface considered in this problem is considered to be
embedded in porous medium as shown in Fig. 1. Stretching surface
is in the direction of motion considered to be the x- axis and elec-
trically conducting viscous incompressible nanofluid through the y-
axis passing through an infinite vertical sheet plate are considered
for the steady EMHD convection and mass transfer flow.

At stretching surface constant values of temperature (Tw) and
nanoparticle fraction (Cw) are considered with an ambient tempera-
ture of (T∞) and nanoparticle volume reaction (C∞). The equations
for nanofluids for steady conversion mass, momentum, thermal en-
ergy and nano particle equations are written by using Cartesian
coordinates (x and y) as ([31])

∂u

∂x
+
∂v

∂y
= 0 (1)

5

International Journal of Pure and Applied Mathematics Special Issue

373



Figure 1: The physical model and coordinate system
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where, velocity components in x and y directions are given by u
and v respectively.

The fluid flow is given by the term u∞
∂u∞
∂x

is having a physical
significance flows towards vertical sheet with a free stream veloc-
ity. Normally it will be very large and fluid flow rate on the plate
sheet will be 100%. In such conditions the heat transfer and fluid
flow effects are good as compared to any other oblique flow field.
However, the fluid flow term may change to u∞

∂u∞
∂x
sinθ and it may
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vanish completely when for θ = 0◦, i.e. it can be considered as a
flat plate flow. But if for θ = 90◦ it is considered to be stagnation
flow and the term remains same as u∞

∂u∞
∂x

.
In case of electrically conducting flow means that the influence

of electric force can make the fluid heat transfer effect changeable,
fluid passing on a heat flat sheet may vary the magnetic parame-
ter B0, which was considered to be applied normal to the sheet on
x-axis and finally assumed to have a constant electrical conductiv-
ity (σ).In the above equations electric field factor is given by E0,
magnitude of the gravity is by gx, coefficient of thermal expansion
is by βt, coefficient of mass diffusion is by βc, fluid density is by ρf
and kinematic viscosity of the fluid is given by vf , induced mag-
netic field by B0, kinematic viscosity is by ϑ, thermal conductivity
by K1, thermal diffusivity parameter is given by αm, density by ρ,
specific heat of a fluid at constant pressure is by Cp, heat capac-
ity of the fluid is by (ρCp)f , heat capacity of the nanoparticle is

by (ρCp)p, thermal diffusivity is by αm =
Kf

(ρCp)f
, dimensional heat

generation/absorption coefficient is by Q0, Brownian diffusion co-
efficient is by DB, thermophoresis diffusion coefficient is by DT and
shear stress is by τ = (ρcp)p

(ρcp)f
.

The boundary conditions are:

u = uw(x) = cx+ L
∂u

∂x
, v = −vw(x) = −ax

T = Tw(x) +K1
∂T

∂y
, C = Cw(x) +K2

∂C

∂y
, at y = 0

u = 0, T → T∞, C → C∞ as y →∞ (5)

where, surface stretching reference velocity is related to slip pa-
rameter (L), wall notation is given by w, and the proportional con-
stants are a and c. Defining new similarity variables as

η = y

√
a

vf
, u = axf ′(η), v = −√avff(η),

θ(n) =
T − T∞
Tw − T∞

and T = T∞ + Axθ(η)

ϕ(η) =
c− c∞
cw − c∞

and C = C∞ +Bϕ(η) (6)
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From the above boundary layer Equation 5, velocity, tempera-
ture distribution and rate of heat and mass transfer can be deter-
mined. At the same time it can be used to solve stretching sheet
related problems to get the relevant similarity equation using Equa-
tion 6.

f ′′′+S0+ff ′′−(f ′)2+(M+K)(1−f ′)+Gtθ+Gcϕ−ME = 0 (7)

1

Pr
θ
′′

+ fθ′ + λθ +Nbθ
′ϕ′ +Nt(θ)

2 +H(f ′)2 = 0 (8)

ϕ′′ + Scfϕ′ +
Nb

Nt

θ′′ = 0 (9)

From Equation 6, transformed boundary conditions will be ex-
pressed in following forms:

f = S, f ′ = 1 + sf ′′, θ′ = −γ(1− θ), ϕ = 1 + αϕ′ at η = 0,

f ′(∞) = 0, θ(∞) = 0, ϕ(∞) = 0 (10)

where, M =
σB2

0

ρfα
, K = ∂

αK1
, S0 = b2

[
uw

c+L
√
α3

vf
f ′′(0)

]
is the stagna-

tion parameter, E = E0

B0U
is the dimensionless electric parameter,

s = L
√

a
vf

. S = L
√

1
vf
f ′(0), Ec = a2

cp(Tf−T∞)
is the Eckert number,

Gt = Agxβt

[
uw
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√
α3

vf
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]
is the dimensionless thermal free con-

vection parameter, Gc = Bgxβt

[
uw

c+L
√
α3

vf
f ′′(0)

]
is the dimensionless

mass free convection parameter, Pr =
vf
αf

is the Prandtl number,

λ = Q0

a(ρCp)f
is the dimensionless heat source or sink parameter, Nb =

B

[
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]
DBuwϕ(0)

v

[
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√
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] is the Brownian motion, Nt =
A

[
(ρcp)p
(ρcp)f

]
DT θ(0)

vT∞

[
c+L

√
a3

vf
f ′′(0)

]

is the dimensionless thermophores is parameter, Sc =
vf
D

is the

Schmidt number, α = K1

√
α
vf

is dimensionless diffusion slip pa-

rameter, γ =
Hf

K
√

a
vf

is dimensionless slip parameters.
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3 Numerical Approach

Table 1: Comparison of the values of −θ′(0) and ϕ′(0) for different
values of physical parameters and fixed parameters when S0 = Gt =
Gc = e = M = s = α = γ = S = 0 and Sc = Pr = 10

Table2: Computation of values for various parameters M,R, S
with the fixed values Pr = 2.0, Nb = Nt = 0.5, Sc = e = 2.0, s =
α = γ = S = Sc = 0.1, S0 = 0 and E = 0
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Table 3: Computation of values for various values for Pr,K with
the fixed values Nb = Nt = 0.5, Gt = Gc = H = S = 0.1, Sc =
2.0,M = 0.5

Using Keller box method the nonlinear governing Equations 7-9
along with boundary conditions in Equation 10 are solved. This
method is quite effective and allows getting numerical solutions for
the system with nonlinear differential equations since it is more flex-
ible to get the initial approximations which control the convergence
rate. It is also observed that with a step size of ∆η = 0.01 found
satisfactory to obtain numerical solutions for each profile with er-
ror tolerance of 10−5. Comparison of the values of θ′(0) and −ϕ′(0)
for different values of S0 = Gt = Gc = e = H = M = E = S =
s = α = γ = 0 and Sc = Pr = 10 as compared with the phys-
ical parameters and fixed parameters when with Hsiao. Results
obtained using Keller box method in this work is closely agree with
the results of Hsiao and hence the validity of present technique is
established.

4 Results and Discussion

A comparison between the method proposed in this work and Hsiao
[31] is given in Table 1. Different values of skin friction −f ′′(0),
Nusselt number = θ′(0) and Sherwood number −ϕ′(0) are shown
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in Table 2 and 3. For the increasing value of thermal free convec-
tion parameter (Gt) at Gt =0.1, 1,1.5, 5, 10 the temperature profile
decreases at a particular point of flow region as shown in Figure 2
and is asymptotic towards η axis for the fixed values of Gc=0.1;
Pr=10; Nt=0.1; e=0.1; Ncc=0.1; Nb=0.1; E=0.1; Sc=0.1; S0=0.1;
e=0.1; S=0.1; s=0.1; α = 0.1; γ = 0.1. For the increasing mass
free convection parameter (Gc) at Gc= 1,5, 10, 20, 25 the tem-
perature profile increase to η to a certain point and then rapidly
decreases towards zero as tends towards larger values as shown in
Fig.3, for fixed values of Pr=10; Nt=0.1; e=0.1; Ncc=0.1; Nb=0.1;
E=0.1; Gt=0.1; Sc=0.1; S0=0.1; e=0.1; S=0.1; s=0.1; α = 0.1;
γ = 0.1. It can be seen that the effect of Gc and Gt is directly pro-
portional to dimensionless temperature and inversely proportional
to thermal boundary layer thickness from Figure 2 and 3. These
two heat parameters obtain higher transfer effects .For the increas-
ing values of magnetic parameter (M) at M = 0.5, 1, and 1.5 the
temperature profile will increase at a particular point of the flow
region and will be asymptotic towards η-axis as shown in Figure
4 for the fixed values of Gc=0.1; Pr=10; Nt=0.1; e=0.1; Ncc=0.1;
Nb=0.1; E=0.1; Gt=0.1; Sc=0.1; S0=0.1; e=0.1; S=0.1; s=0.1;
α = 0.1; γ = 0.1. Stronger resistance will be offered for the trans-
port phenomena with the stronger Lorentz force and due to the
same resistance the temperature also increases. Therefore, temper-
ature profile will increases due to magnetic field due to the Lorentz
forces within the fluid flow. For the increasing values of heat source
/ sink parameter (e) at e = 0.05, 0.1, 0.3 increases the temperature
profile for a particular point of flow region and will be asymptotic
towards η axis as shown in Figure 5 for the fixed values of M=0.1;
Pr=10; Nt0.1; Ncc=0.1; Nb=0.1; E=0.1; Gt=0.1; Sc=0.1; S0=0.1;
Gc=0.1; S=0.1; s=0.1; α = 0.1; γ = 0.1. The value of e is very
important parameter for nano energy conversion and will produce
larger effects at low values of e. For the increasing values of Pr
the temperature profile and thermal boundary layer thickness will
decreases quickly and there will be higher heat transfer effects as
shown in Figure 6. However, it is also noted that the tempera-
ture profiles will increase with the increase in the values of Nb and
Nt as shown in Figure 7 and 8. Now with some of the fixed val-
ues of M=0.1; Pr=10; Nt=0.1; Ncc=0.1; Nb=0.1; E=0.1; Gt=0.1;
Sc=0.1; S0=0.1; Gc=0.1; S=0.1; s=0.1; α = 0.1; γ = 0.1, λ = 0.1,
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the increase in the values of Nb and Nt will increase the mass trans-
fer at a particular point of the flow region which is asymptotic to-
wards η axis. Therefore the larger the value of Nb and Nt produces
greater effect on the mass transfer processing. Finally it is also seen
that the increasing value of η will allow the value of ϕ to reach at a
maximum level for all the cases and then it starts decreasing. Now
considering the increasing values of electrical parameter (E) will de-
creases the temperature profile at a point of the flow region and also
produces lower heat transferring effects. From Figure 9 it is clear
that for some fixed values of M=0.1;Pr=10;Nt0.1; Ncc=0.1; Nb=0.1
; E=0.1;Gt=0.1; Sc=0.1;S0=0.1;Gc=0.1; S=0.1;s=0.1; α = γ = 0.1
, λ = 0.1 , as increasing the values of parameter Nb/Nt results in
the increasing of mass transfer at a particular point of the flow re-
gion and is asymptotic towards η axis, which is shows that for larger
parameter of Nb/Nt will produce a larger effect starts decreasing.
As η further increases the ϕ is asymptotic towards η axis. Figure 10
depicts that as increasing electrical parameter E results in the de-
creasing of temperature profile at particular point of the flow region
and it is also shows that as increasing electrical values will produce
a lower heat transfer effects to the mass transfer processing. As η
increases ϕ reaches maximum in all the cases, and then It can be
noted from the above discussions that increasing both M and E will
increase the temperature distribution of the flow region at any par-
ticular point. Now with the increase in the stagnation parameter
(S0) value the heat transfer effect also increases as shown in Figure
11. Stagnation point will be increasing at any point means that
the temperature profile also is increasing in the flow region which
is asymptotic towards η -axis. By increasing the Schmidt number
(Sc) there will be a decrease in the nanoparticle volume fraction
profile as shown in Figure 12. The increasing value of Sc and Joule
heating (H) decreases the concentration profile in the flow region
at a particular point. Also with further increase in the value of
ϕ is asymptotic towards η -axis. Now by increasing the parame-
ter H will increase the temperature profile as shown in Figure 13
and at the same time for increasing the parameter H will decreases
the concentration profiles as shown in Figure 14. ϕ(η) With the
increasing of permeability parameter (K) the velocity profile de-
creases as shown in Figure 15. Temperature profiles increases with
the increasing parameter of K as shown in Figure 16 . Influence
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of both the Brownian motion parameter Nb and thermophoresis
parameter Nt on local Nusselt number is shown in figure 17. As
both parameters increases, the heat transfer rate on the surface of a
sheet decreases. This indicates that an increment in thermophoresis
parameter induces resistance to the diffusion of mass, this results
in the reduction of heat transfer rate on the surface. Figure 18
reveals that the variation of local Sherwood number in response to
a change in Brownian motion parameter Nb. It is clear from the
figure, an increase in both Nb and Nt leads to increase in the local
Sherwood number.

Figure 2: Variation of tempera-
ture for several values of Gt

Figure 3: Variation of tempera-
ture for several values of Gc

Figure 4: Variation of tempera-
ture for several values of M

Figure 5: Variation of tempera-
ture for several values of λ
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Figure 6: Variation of tempera-
ture for several values of Pr

Figure 7: Variation of tempera-
ture for several values of Nb

Figure 8: Variation of tempera-
ture for several values of Nt

Figure 9: Variation of tempera-
ture for several values of Nb/Nt

Figure 10: Variation of tempera-
ture for several values of E

Figure 11: Variation of tempera-
ture for several values of S0

Figure 12: Variation of concen-
tration for several values of Sc

Figure 13: Variation of tempera-
ture for several values of H
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Figure 14: Variation of concen-
tration for several values of H

Figure 15: Variation of velocity
with η for several values of K

Figure 16: Variation of tempera-
ture with η for several values of
K

Figure 17: Effect of Nb and Nt on
local Nusselt number

Figure 18: Effect of Nb and Nt on local Sherwood number
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5 Conclusions

The present study is not only a novel study but also a solution for
a nano energy conversion system problem.
There important conclusions are as follows:

1. It seemed that the increasing of magnetic parameter M or
electric parameter E results in the increasing of temperature
distribution at a particular point of the flow region.

2. The effect of free convection parameters Gt, Gc and Prandtl
number Pr on heat transfer process may show that the in-
creasing of value of free convection parameters Gt, Gc or Pr
results in the decreasing of temperature distribution as a re-
sult of decreasing of the thermal boundary layer thickness
with the increasing values of Gt, Gc or Pr and then obtaining
higher heat transfer effects.

3. For heat generation/absorption heat nano energy conversion
important parameter e, it will produce a higher effect at a
lower value of e.

4. The effect of nanofluid parameters Nt and Nb on heat trans-
fer process may show the increasing of values of Nt or Nb
and obtaining lower heat transfer effects, so that the parame-
ters had better not in a larger values for a good nano energy
conversion purpose.

5. For heat conduction energy conversion part, the conduction
convection parameter Ncc will produce a higher heat conduc-
tion effect clearly.

6. For convection nano energy conversion, the free convection
nano energy conversion effect is clearly better than the forced
convection.

7. When stagnation parameter is larger, its heat transfer effect
is larger too.

8. With the increasing of Schmidt number the nano particle vol-
ume fraction profile is decreasing.
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9. Joule heating effect is important in this study as increasing in
the Joule heating parameter H increases temperature profile
where as concentration profile decreases.
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