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1 Introduction and preliminaries

S ostak [?] introduced the fuzzy topology as an extension of Chang’s fuzzy
topology [?]. It has been developed in many directions [?, 7, ?]. Weaker forms
of fuzzy continuity between fuzzy topological spaces have been considered by many
authors [?, 7, ?, 7, 7, 7, 7] using the concepts of fuzzy semi-open sets [?], fuzzy
regular open sets [?], fuzzy preopen sets, fuzzy strongly semiopen sets [?], fuzzy
~v-open sets [?], fuzzy ¢-semiopen sets [?], fuzzy §-preopen sets [?], fuzzy semi
d -preopen sets [?] and fuzzy e-open sets [?]. Recently, Bin Shahna [?] introduced
and investigated fuzzy strong semi-continuity and fuzzy precontinuity between fuzzy
topological spaces, one of which was independent and the other strictly stronger than
fuzzy semi-continuity [?]. Ganguly and Saha [?] introduced the notions of fuzzy o -
cluster points in fuzzy topological spaces in the sense of Chang [?]. Kim and Park
[?] introduced r- ¢ -cluster points and 0 -closure operators in fuzzy topological spaces
in view of the definition of S ostak. It is a good extension of the notions of Ganguly
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and Saha [?]. Park et al. [?] introduced the concept of fuzzy semi-preopen sets which
is weaker than any of the concepts of fuzzy semi-open or fuzzy preopen sets. Using
these concepts he defined and studied fuzzy semi-precontinuous mappings between
fuzzy topological spaces in Chang’s sense. Sobana et al. [?], defined r-fuzzy e-open
and r-fuzzy e-closed sets in a fuzzy topological space in the sense of Sostak. In
2008, the initiations of e*-open sets in topological spaces was introduced by Erdal
Ekici [?]. Recently, Vadivel et. al. [?], defined the concept of r-fuzzy e*-open and
r-fuzzy e*-closed sets in S ostak’s fuzzy topological spaces. In this paper, we define
fuzzy e*-continuous and fuzzy e*-open mappings in a fuzzy topological space in the
sense of S ostak [?].

Throughout this paper, nonempty sets will be denoted by X, Y etc., I =0, 1]
and Iy = (0, 1]. For a € I, @(z) = a for all x € X. A fuzzy point z; for
t € Iy is an element of I* such that z;(y) = t ?f Y=% The set of all fuzzy

0 ifyé¢a.
points in X is denoted by Pt(X). A fuzzy point z; € A iff ¢t < A(z). A fuzzy
set A is quasi-coincident with pu, denoted by Aqu, if there exists x € X such that
Ax) + p(z) > 1. If X is not quasi-coincident with p, we denoted Agu. If A C X,

1 ifzeA,

we define the characteristic function x4 on X by xa(x) = )
0 ifx¢ A

All other notations and definitions are standard, for all in the fuzzy set theory.

Lemma 1.1. [?] Let X be a nonempty set and v, § € I*. Then

(i
(ii

) g0 iff there exists x; € v such that z;q0.

)
(iii) ~go iff v <1-4.

)

)

vgd , then v A # 0.
(iv) v <¢ iff &, € v implies x; € ¢ iff x,qy implies x,qd implies ;G-

(v

xq \/ p; iff there exists iy € v such that x,qpu,.
1€y

Definition 1.1. [?] A function 7 : [* — I is called a fuzzy topology on X if it
satisfies the following conditions:

(1) 7(0)=71) =1,
(2) T(Vier thi) > /\ieF 7(ps) , for any {p;}ier C X,
) >

(3) T(m A pz) > 7() A7(po), for any pur, pz € I
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The pair (X, 7) is called a fuzzy topological space or smooth topological space (for
short, fts or sts).

Remark 1.1. [?] Let (X,7) beasts. Then,every r € Iy, 7, = {§ € I : 7(§) > r}
is a Change’s fuzzy topology on X .

Theorem 1.1. [?] Let (X, 7) be asts. Then for each v € IX, r € I we define an
operator Cy : [Xx Iy — IX asfollows: C.(y, r)=AN{0 € ¥ :~v <6, 7(1-0) >r}.
For v, 6 € IX and r, s € I, the operator C, satisfies the following conditions:
(1) C-(0,7) = 0, (2) v < Crly, 1), (3) Gy, 1) VC(6, 1) = Cr(y V4, 1), (4)
Cr(y, 1) S Crly, 8) it r <5, (5) Cr(Crly, 1), 1) = Crly, 7).

Theorem 1.2. [?] Let (X, 7) be a sts. Then for each r € Iy, v € I we define
an operator I, : I x Iy — I¥ as follows: I (v, r)=\/{d € X :v >4, 7(6) >r}.
For v, 6 € I and r,s € Iy, the operator I, satisfies the following conditions: (1)
I’r(lv T) =1, (2) v 2 IT(’Y? 'I’), (3) IT(’% r)/\IT(dv T) = IT(7A57 7")7 (4) 17(77 T) <
Ly, s) it s <r,(5) I:(I:(y, r), r) = I(y, 1), (6) L-(L—v,7) =1—Ci(y, 7)
and C,(1—~,r)=1—L(y, r)

Definition 1.2. [?] Let (X, 7) be a sts, every 6 € I, x; € P,(X) and r € I,

(i) 9§ is called r-open @Q,-neighbourhood of z; if x;qd with 7(5) > r.

(ii) 0 is called r-open R.-neighbourhood of z; if z,¢d with ¢ = L.(Cy(~, r), 7).
We denote Q. (s, 7) = {6 € I* = 2,90, 7(6) > r}, Ro(xy, ) = {§ € I* :
296 = L(Cr(y, 1), 1)}

Definition 1.3. [?] Let (X, 7) be a sts, every v € IX, 2, € P,(X) and r € I,
x; is called

(i) r-7 cluster point of v if for every 6 € Q,(x, r), we have dgy.
(ii) r-d cluster point of v if for every 6 € R.(zy, 1), we have dg.

(iii) An §-closure operator is a mapping D, : I* x I — IX defined as follows:
0-Cr(ry, r) or D.(y, ) =\{z € P(X) : x; is r- 0 -cluster point of ~}

Definition 1.4. Let (X, 7) be asts. For v € IX and r € Iy, v is called an

(i) r-fuzzy semiopen (resp. r-fuzzy semi-closed)(in short r-fso)(resp. r-fsc) [?]
set if v < Cr(I:(v, r), r) (resp. L(Cr(v, 1), 7) < 7).
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(ii) r-fuzzy preopen (resp. r-fuzzy preclosed)(in short r-fpo)(resp. r-fpc) [?] set
if v <I.(C:(v, 1), 7) (vesp. Cr(Ir(7, 1), 1) < 7).

(iii) r-fuzzy 6-closed [?] iff v = D, (v, r).

The complement of r-fso (resp. r-fpo, r-fspo and r-fdc) is r-fsc (resp. r-fpc,
r-fspc and r-fdo).

Definition 1.5. Let (X, 7) beasts. v, d € [X and r € Iy, 7 is called an

(i) r-foso (resp. r-fosc) [?] set if v < C(0-I;(y, r), r) (vesp. I, (0-
Cr(y, 1), 1) < 7).

(ii)) r-fopo (resp. r-fopc) [?] set if v < L. (0-Cr(n, r), r) (resp. C,(4-
L(y, 1), 1) < 7).

(ii) r-feo (resp. r-fec) [?] set if v < Cr(0-L: (v, r), r) VI (6-Cr(v, 1), T)
(resp. O‘r(él'r(’% T)? T) /\]T((SCT(% T)? T‘) < 7)

(iv) r-ffo (resp. r-ffc ) [?] set if v < C.(I;(Ci(y, 1), 7), 1) (resp.
(G (I (v, ), ), ) < ).

Definition 1.6. [?] Let (X, 7) be a sts. For v, § € I* and r € Iy, v is called
an r-fuzzy e*-open (resp. r-fuzzy e*-closed) set if v < Cr(I; (6-C.(v, r), 1), )
(I‘CSp. IT(CT((S'IT(’% 7’), T)v 7") S 7)

Definition 1.7. [?] Let (X,7) beasts. v, d € IX and r € Iy,

(i) eL(y, r)=V{d € I*¥:5 <, disa r-feo set } is called the r-fuzzy
e* -interior of ~.

(i) e*Co(y, r) = N{d € IX:6>7, §isa r-fe'c set } is called the r-fuzzy
e* -closure of .

Lemma 1.2. [?] The following hold for a subset 7 of a sts X.

(i) e*Ci(v, r) is r-fe*c.

(ii) 1—e*Cr(r, r)=€e"I.(1 — (v, 1)).
Theorem 1.3. [?] Let (X, 7) be a sts and r € I,,.

(i) Any union of r-fe*o sets is an r-fe*o set.
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(ii) Any intersection of r-fe*c sets is an r-fe*c set.

Theorem 1.4. [?] Let (X, 7) be a sts, For v, 6 € I and r € I.

Theorem 1.5. [?] Let (X, 7) be a sts. Let v € IX and r € I,.
(i) v is r-fe*o iff v =e*L, (v, r).
(i) ~v is r-ferc iff v =e*Cr(y, 7).
Theorem 1.6. [?] Let (X, 7) be a sts. Let v € IX and r € I,, then
Cr(0, r)=0, e I.(1, r)=1.
Ly, 7) < el (v, 1) <v < e*Cr(y, ) < Cr(y, 7).

) e
1)
(i) v < 0= e L(y, r) < e L3, r) and e Cp(y, 1) < e*Cr(6, 7).
iv) eCr(y, 1)V eCr(d, 1) < e*Cr(y V3, 7).
)
1)

Cr(erCr(y, 1), 1) = e Cr(Cr(y, 1), 1) = Cr (v, 7).
are holds.
Theorem 1.7. [?] Let (X, 7) be a sts, having v € ¥ and r € I, we have

(1) €*IT(]_ -7 7") =1- (6*07(77 T‘))
(11) e*CT(]‘ - T‘) =1- (6*17'(/77 T))

e*Cr(e*Cr(ry, 1), 1) = e*Cr(7y, r) and e*I.(e*I.(v, r), r) =e*I.(v, 7).

Special Issue

Definition 1.8. Let (X, 1) and (X, 1) bests’sand f: (X, 1) = (Y, 1) a

mapping. Then f is called

(i) fuzzy continuous(in short f-cts) [?] iff 75(8) < 7 (f~1(d)) for each 6 € IV.
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(ii) 0-semi (resp. 0- pre e and f)-continuous (in short fds-cts,fd p-cts,fe-cts
and fB-cts [?] iff f71(5) is 1-fdso (resp. r-fdpo, r-feo and r-f30)) of X for
each 6 € I, r € Iy with 7(5) > 7.

Definition 1.9. Let (X, 7) and (Y, 72) bests’s and f: (X, 1) — (Y, 72) be
a mapping. Then f is called fuzzy

(i) d-semiopen (resp. fuzzy §-preopen, fuzzy e-open and §-open)(in short, {4 so,
fdpo, feo and f50) [?] map iff f(v) is r-fdso (resp. r-fdpo, r-feo and r-
fBo) set of Y for every v € I, r € Iy with m(y) >r

(ii) d-semiclosed (resp. fuzzy 0 -preclosed, fuzzy e-closed and -closed)(in short,
fosc, fdpe, fec and f5¢) [?] map iff f(y) is r-fosc (resp. r-fopc, r-fec
and r-fBc) set of Y for every v € I, r € Iy with (1 —~) >r.

2 Fuzzy e*-continuous mappings

We introduce the following definition namely fuzzy e*-continuous.

Definition 2.1. Let (X, 71) and (Y, 7») be sts’s and the mapping ¢ : (X, 71) —
(Y, 72). Then g is called fuzzy e*-continuous (in short fe*-cts) iff g=*(d) is r-fe*o
of X for each § € I*, r € Iy with () >r.

Remark 2.1. The below implications are true for r € Ij.

f-cts-mapping

77%

foscts mapping chp cts mapping

fe cts mapplng

//\

f3-cts mapping fe*-cts mapping

where f-cts, fos-cts, fdp-cts, fe-cts, f5-cts and fe* -cts are abbreviated by fuzzy-
cts, f0-semi-cts, fd-pre-cts, fe-cts, f3-cts and fe*-cts mappings respectively.
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Remark 2.2. From the above definitions, it is evident that every fép-cts and fds-
cts is fe-cts. Also, it is clear that each fe-cts is f3-cts and fe*-cts. Also, each
{5 -cts is fe*-cts. In general it may not be true for converse.

Below examples represents that the inverse is not true.

Example 2.1 Having (1, po, ps and ug be fuzzy subsets of X = {p, ¢}
represented as

pa(p) =02, m(q) = 0.1
p2(p) = 0.3, p2(q) = 0.5
ps(p) = 0.7, ps(q) = 0.7
pa(p) = 0.2, u4( )—08
Then 7, n : IX — I defined as
1, ify=0orl, 1, ify=0orl,
7(6) = %a 1f5:,u17 M2, :LL3777(,Y) = %7 lf’)/:,U,47
0, or else, 0, or else
tobeastson X. g: (X, 7) — (Y, n) is an identity mapping Take r = £. For any
1 -fuzzy open set (in short, fo set) pq in (Y, 1), ¢7'(pa) = pa is fuzzy 1-B-open

set in (X, 7). Then ¢ is fB-cts, however ¢ is not fe-cts, considering g “py) is

not 3-feo in (X, 7).

Example 2.2 Having v and ¢ be fuzzy subsets of X = {p, ¢, r} represented as

v(p) =04, y(q) =0.5, v(r)=0.5;
6(p) =04, 6(q) =0.5, 6(r) =0.4.
Then 7, n : IX — I defined as
1, ify=0orl, 1, ify=0orl,
() =43 ify=7 a0 =43 ify=4
07 or CISC, 0, or else

to be sts on X. g : (X, 7) — (Y, n) is an identity mapping. Take r = 1. For
any %—fo set § in (Y, n), g7 4(6) =4 is fuzzy %—e—open set in (X, 7). Then g

is fe-cts, however g is not fds-cts, considering ¢g='(d) is not fuzzy %—f(Sso set in
(X, 7).

Example 2.3 Having v and 0 be fuzzy subsets of X = {p, ¢, r}represented as

v(p) = 0.5, v(¢) = 0.3, y(r)=0.2;
o(p) = 0.5, 6(q) =0.4, 6(r)=04.

333



International Journal of Pure and Applied Mathematics Special Issue

8
Then 7, n : IX — I defined as
1, ify=0orl, 1, ify=0o0rl,
(=43 ifvy=7  n()={3 ify=4,
0, or else, 0, or else.
to be stson X. g: (X, 7) = (Y, 1) is an identity mapping. Take r = 1. For any
1

2-foset 6 in (Y, 1), g7*(0) =46 is

is not fdp-cts, having ¢g—'(d) is not

%—feo in (X, 7). Then g is fe-cts, however g
5 -fopo set in (X, 7).
Example 2.4 Having 7, ¢ and w be fuzzy subsets of X = {p, ¢, r} represented
as

v(p) = 0.3, () = 0.5, v(r) =0.2;

o0(p) =04, §(q) =0.5, o(r)=0.5;

w(p) =0.7, w(q) =04, w(r)=08.
Then 7, n : IX — I defined as

1, ify=0orl, 1, ify=0o0rl,
(=43 ifv=716 n(0)=43 ifrv=w,
0, or else, 0, or else.

be astson X. g: (X, 7) = (Y, n) is an identity mapping. Take r = 1. For any
i1foset win (Y, ), ¢g7'(w) = w is 1-fe*o set in (X, 7). Then g is fe*-cts,

however g is not f3-cts, having ¢~*(w) is not 3-ffo set in (X, 7).

Example 2.5 Having v and § be fuzzy subsets of X = {p, ¢, r} represented as
v(p) =04, y(q) =0.5, v(r) =0.2;
0

(p) = 0.5, 0(q) =04, 6(r)=0.7.
Then 7, n : IX — I defined as

1, ify=0orl, 1, ify=0orl,
() =43 ify=7 a0 =43 ify=4
0, or else, 0, or else.

be astson X. g: (X, 7) — (Y, n) identity mapping. Take r = 1. For any 1 -fos
6 in (Y, n), g7'(6) =4 is i-fe*o set in (X, 7). Then g is fe*-cts
(i)however g is not fe-cts, since g~'(d) is not 3-feo set in (X, 7).

(ii) however g is not f-cts, since 6 € I, n(d) £ 7(g7*(4)).

Theorem 2.1. Let (X, 7)) and (Y, 72) be sts’s and the mapping g : X — YV .
Then

(i) g is fe*-cts mapping.
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(i) g7'(8) is r-fe*c in X for every v € IV, r € Iy with m(1 —4d) >r.
(iii) g(e*Cr(7,7)) < Cr(g(y),r) ¥y € I* and 7 € I,.

) e*Cr(g71(0),r) < g HCr(8,7)), VI e I¥ and r € Iy.

)

(iv

L (CL(6-T,,(g71(5), r), r), 1) < g HC(0,7), V6 €I¥ and r € I. are
equivalent.

(v

Proof. (i)=(ii): Let 6 € IV, r € I with m(1 — &) > 7. Then by (i), g~*(1 —4)
is an r-fe*o set of X. But g7 '(1—8) =1—g !(d). Therefore g~'(d) is an r-fe*c
set of X .

(i) = (iii): Let v € I*, r € Iy, since 7o(1—Cr,(g(7y),r)) > r. From the definition
of C., in Theorem ?? and from Definition 77?(3),

971(1 - CTQ(Q(’V),T’)) =1- 971(072(9(7)77'))

is an r-fe*o set of X . By Theorem ??(i) ¢ *(C,,(g(7),r)) is an r-fe*c set of X .

Since 7 < g7 (9(7)) < 97" (Cru(9(7), 7)), we have eCr,(v,7) < g7 (Cry(9(7), 7).
Hence g(e*C.(v,r) < Cr(g(v),r) .

(iii) = (iv): each § € IV, r € Iy, let v = ¢g~1(d). By (iii)
9(eCr(g7(0), 7)) < Cry(g(g™'(8)),7) < Cry(6,7).
= €Cr(g7'(0),r) < g (Cr(0,7)).
(iv)= (i): Let § € IV, r € Iy with 7(8) > r. By (iv)

e*Cr(g (1 —=0),7) < g HCr(1 = 0,7)) = g (1 = 9).
By Theorem ??, we have
g (1=0)>eCr(g (1 =6),7) = 1= ("L, (g7 (5),7))

. Therefore g~*(8) is r-fe*o set in X .

(i) = (v): Forall 6 € IV, r € I, since 7o(1 — C,,(6,7)) > r. Then by (ii) we
see that ¢g~1(C,,(8,7)) is r-fe*c in X . Therefore

g_1<OT2(5’T>) > ITI(CTl<g_1 (5—172(5,1”)),7“),1”) > IT1 (CTI (5—[7.2(9_1(5),7')77‘),7“).
(v)=>(ii): Since all § € IV, r € Iy, with 72(1 — &) > r. Then by (v)
I (Cry (8- Ty (g71(6), 7). 1), 1) < g7 H(Cra(0,7)) = g7 (0).

Hence ¢g~1(§) is r-fe*c in X.
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3 Fuzzy e*-open and fuzzy e*-closed mappings

Definition 3.1. Let (X, 1) and (Y, ) bests’s and ¢ : (X, 7)) = (Y, 7o) be
a mapping. Then g is

(i) fe*o map iff g(v) is r-fe*o set of Y for each v € IX, r € Iy with 7 (y) > r.

(i) fe*c map iff g(y) is r-fe*c set of Y for each v € I¥, r € I, with
T(l—7)>r.

Remark 3.1. The below implications is true for r € Iy. by Definition 7?7
fo map

fdso map fépo map

S
7\

———

fgo map ) fe*o map

feo map

where fo, fdso, fésc, fopo, fopc, feo, fec, fBo, fBc, fe*o, fe*c are abbreviated
by fuzzy open, fuzzy d- semiopen, fuzzy J-semiclosed, fuzzy d-preopen, fuzzy §-
preclosed, fuzzy e-open, fuzzy e-closed, fuzzy fJ-open, fuzzy [-closed, fuzzy e*-
open, fuzzy e*-closed mappings respectively.

Remark 3.2. Bt Definition ?? it is evident that every fépo (resp. fdpc) map
is feo (resp. fec) map and every fdso (resp. fdsc) map is feo (resp. fec) map.
Also, it is clear that every feo (resp. fec) map is ffo (resp. ffc) map and fe*o
(resp. fe*c) map. Also, every ffo (resp. ffc) map is fe*o (resp. fe*c) map. The
converses need not be true in general.

The below example represents that the inverse is not true.

Example 3.1 Having Ay, A, A3 and Ay be fuzzy subsets of X = {p, ¢}
represented as

Ai(p) =02, A\i(g) =0.1;
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(
As(p) = 0.7, As(q) =0.7;
Then 7, n : IX — I defined as

1, ify=0orl, 1, ify=0orl,
T(’Y) = %7 if Y= )‘4a n(V) = %7 if Y= )‘17 )‘23 )‘37
0, or else, 0, or else,

be a sts on X. g : (X, 7) = (Y, 1) is an identity mapping. Take r = 3. For
any %—fo set Ay in (X, 1), g(A\1) = Aq is -fBo set in (Y, n). Hence g is ffo
mapping. However ¢ is not feo mapping, as f(Ay) = A4 is not %—feo setin (Y, n).

Example 3.2 Having v and ¢ be fuzzy subsets of X = {p, ¢, r} represented as
v(p) = 0.4, v(q) =05, y(r)=0.5;
6(p) = 0.4, d(q) =0.5, o(r) =04.

Then 7, n : I* — I defined as

1, ify=0orl, 1, ify=0orl,
() =43 ify=9, ) =93z ifr=7
0, or else. 0, or else,

be astson X. g: (X, 7) — (Y, n). is an identity mapping Take r = . For any
%—fo set § in (X, n), g(d) =4 is %—feo set in (Y, n). Hence g is feo mapping.
However g is not fdso mapping, as g(§) = 4§ is not 3-fdso set in (Y, 7).

Example 3.3 Having v and 0 be fuzzy subsets of X = {p, ¢, r} defined as

follows
Y(p) = 0.5, 7(q) = 0.3, y(r) =0.2;
o0(p) =0.5, d(q) =04, 6(r)=04.
Then 7, n : I*X — I defined as
1, ify=0orl, 1, ify=0orl,
() =34L ify=68 n(y) =11 ify=~,
0, or else, 0, or else,

be astson X. g: (X, 7) = (Y, n). is an identity mapping. Take r = 1. For any
1-foset 0 in (X, 1), g(6) =46 is L-feo set in (Y, 7). Hence g is feo mapping.

However ¢ is not fépo mapping, as ¢(d) = J is not %—fépo set in (Y, 7).

Example 3.4 Having 7, § and w be fuzzy subsets of X = {p, ¢, r} represented
as
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7(p) = 0.3, 7(q) =05, »(r) =0.2;
o(p) =04, d(q) =05, 6(r) =0.5;
w(p) =0. 7 w(q) =04, w(r)=0.8.
Then 7, n : IX — I defined as
1, ify=0orl, 1, ify=0orl,
() =43 ifry=w,  n()=q3 ifr=174
0, or else, 0, or else

be astson X. g: (X, 7) = (Y, n). is an identity mapping. Take r = 1. For any
1-foset w in (X, 1), g(w) =w is 3-fe*o setin (Y, n). Hence g is fe*o mapping.

However g is not ffo mapping, as g(w) = w is not %—fﬁo set in (Y, n).

Example 3.5 Having v and 6 be fuzzy subsets of X = {p, ¢, r} defined as

follows
v(p) = v(q) = 0.5, v(r) = 0.2;
o(p) = 5(q) =04, 6(r)=0.7.
Then 7, 7 : IX — I defined as
1, ify=0orl, 1, ify=0orl,
M) =41 ifr=d n) =1L ity=n,
0, or else, 0, or else,

beanstson X. g: (X, 7) — (Y, n) is an identity mapping. Take r = % For any
2-foset 6 in (X, n), g(6) =0 is 3-fe*o set in (Y, n). Hence g is fe*o mapping.
However ¢ is not feo mapping, as g(6) =4 is not 1-feo set in (Y, 7).

Theorem 3.1. Let (X, 1) and (Y, 72) be sts’s and f: X — Y be a mapping.
Then

(i) ¢ is fe*o mapping.

(i) g(Ly (v, 7)) <e*I,(g9(7), r) for each v € I* and r € I,.

(iii) I,(g7(9), r) < g ' (e*I, (5, 7)) for each § € IV and r € I;.
Proof. (i)=(ii) : For all v € I*, r € Iy with 7 ([,(y,r)) > 7. Since g is
fe*o mapping, we see that g(I.(v,r)) is r-fe*o set in Y. From Theorem ?7?(i),

9L (v, 7)) = eI, (g(Ir, (v, 7)), 1) < eI (9(7), 7).
(i) = (iii) : Let § € IV, r € Iy. By (ii),

9(Ir(97'(8),7)) < €' Iy (997" (8),7) < € Iy (8, 7).

338



International Journal of Pure and Applied Mathematics Special Issue

13

= I (971(6),7) < g7 ("I (6,7)) -
(iii)= (i) : Bvery v € IX, r € Iy with 7(y) > r. Let v = ¢g71(d). By
iii), we have I, (y, r) < g *(e*I,(g9(7), 7)). Since I.(vy, r) = 7, we get
gl

(
9(v) < e L,(9(7), ) < g(7). Thus g(v) = e'Ir,(g(y), r). By Theorem ?7(i),
g(y) is r-fe*o set in Y. Thus g is fe*o mapping.

Theorem 3.2. Let g: (X, 71) — (Y, 72) be a fe*o (resp. fdso, f§ po) mapping.
If 6 €I¥ and v € I*, 71(1 —~) >, r € Iy such that g~'(§) < v, then 3 an
r-fe*c (resp. r-fdsc, r-fopc) set v of Y such that § <wv, g '(v) <7.

Proof. Let v =1—g(1—v). we know that ¢g~'(§) <~ having g(1—v) < 1-4§. since
g is fe*o mapping, then v is r-fe*c set in Y such that ¢g~1(v) = 1—g~(g(1—7)) <
1-—(1-7)=7.

Theorem 3.3. If g : (X, 1) = (Y, 7o) be a fe*o mapping. Then for each
selv, rel,,

97 U (Cry (8- 17, (0, 1), 1), 7)) < Cri(g7H(9), 7).

Proof. Since (1 — Cp(¢7(d), 7)) > r and g *(0) < Cr(97*(9), r) for each
b eIV, r € ly, it follows from Theorem ??, 3 an r-fe*c set v of Y, § <~ such
that f~1(y) < Cr (g ‘1(5) r). So

g () IH(Cr (6-1y(y, 1), 7), 7))
HIn(Cry (0- I, (6, ) r), 1))
r), r), ) < g7t () < Cr(g7(6), 7).
I

(6, 1), 1), 7)) < Cr(g7(0), 1),

(I

(Ir

= 9_1(172( 72(5 [7—2(5
Hence ¢~ (1, (Cr, (0-

Theorem 3.4. If ¢g: (X, 1) — (Y, 7») be a bijective mapping such that

971(172(07'2 (6_17'2(5a T)v 7"), T)) < Cﬁ(gil(é% T)'

for every d € IV, r € Iy, then ¢ is fe*o map.

Proof. Let v € I, r € Iy having 7(y) > r. Then, from the given condition,
g_l(ITQ(CTz <6_IT2(9(1 - 7)’ T)v T)7 T)) < C‘Fl(g_l(f(l - 7))’T)
= C(7'1(]- -7 7’)
and so I, (Cr, (6-1,(5, 7), ), ) < g(1 — ) which shows that g(1 —~) is an
r-fe*c set of Y. Since g is bijective, g() is an r-fe*o set of Y. Therefore g is
fe*o map.
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Conclusion In this paper, fe*-cts, fe*o and fe*c mappings are introduced in
sts in the sense of S ostak’s. We investigated some of their properties. Moreover,
we have investigated the relationships between f-cts, fds-cts, fop-cts, fe-cts, f5-cts
and fe* -cts. Also we have shown some theorems using fe*o and fe*c mappings and
established the relationships between fo map, fdso map, fdpo map, feo map, f5o
map and fe*o map.
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