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1 Introduction and preliminaries

Ŝ ostak [?] introduced the fuzzy topology as an extension of Chang’s fuzzy
topology [?]. It has been developed in many directions [?, ?, ?]. Weaker forms
of fuzzy continuity between fuzzy topological spaces have been considered by many
authors [?, ?, ?, ?, ?, ?, ?] using the concepts of fuzzy semi-open sets [?], fuzzy
regular open sets [?], fuzzy preopen sets, fuzzy strongly semiopen sets [?], fuzzy
γ -open sets [?], fuzzy δ -semiopen sets [?], fuzzy δ -preopen sets [?], fuzzy semi
δ -preopen sets [?] and fuzzy e -open sets [?]. Recently, Bin Shahna [?] introduced
and investigated fuzzy strong semi-continuity and fuzzy precontinuity between fuzzy
topological spaces, one of which was independent and the other strictly stronger than
fuzzy semi-continuity [?]. Ganguly and Saha [?] introduced the notions of fuzzy δ -
cluster points in fuzzy topological spaces in the sense of Chang [?]. Kim and Park
[?] introduced r- δ -cluster points and δ -closure operators in fuzzy topological spaces
in view of the definition of Ŝ ostak. It is a good extension of the notions of Ganguly
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and Saha [?]. Park et al. [?] introduced the concept of fuzzy semi-preopen sets which
is weaker than any of the concepts of fuzzy semi-open or fuzzy preopen sets. Using
these concepts he defined and studied fuzzy semi-precontinuous mappings between
fuzzy topological spaces in Chang’s sense. Sobana et al. [?], defined r -fuzzy e -open
and r -fuzzy e -closed sets in a fuzzy topological space in the sense of Ŝ ostak. In
2008, the initiations of e∗ -open sets in topological spaces was introduced by Erdal
Ekici [?]. Recently, Vadivel et. al. [?], defined the concept of r -fuzzy e∗ -open and
r -fuzzy e∗ -closed sets in Ŝ ostak’s fuzzy topological spaces. In this paper, we define
fuzzy e∗ -continuous and fuzzy e∗ -open mappings in a fuzzy topological space in the
sense of Ŝ ostak [?].

Throughout this paper, nonempty sets will be denoted by X, Y etc., I = [0, 1]
and I0 = (0, 1] . For α ∈ I, α(x) = α for all x ∈ X . A fuzzy point xt for

t ∈ I0 is an element of IX such that xt(y) =

{
t if y = x

0 if y /∈ x.
The set of all fuzzy

points in X is denoted by Pt(X). A fuzzy point xt ∈ λ iff t < λ(x). A fuzzy
set λ is quasi-coincident with µ, denoted by λqµ, if there exists x ∈ X such that
λ(x) + µ(x) > 1. If λ is not quasi-coincident with µ, we denoted λq̄µ. If A ⊂ X,

we define the characteristic function χA on X by χA(x) =

{
1 if x ∈ A,

0 if x /∈ A.

All other notations and definitions are standard, for all in the fuzzy set theory.

Lemma 1.1. [?] Let X be a nonempty set and γ, δ ∈ IX . Then

(i) γqδ iff there exists xt ∈ γ such that xtqδ.

(ii) γqδ , then γ ∧ δ 6= 0.

(iii) γq̄δ iff γ ≤ 1− δ.

(iv) γ ≤ δ iff xt ∈ γ implies xt ∈ δ iff xtqγ implies xtqδ implies xtq̄γ.

(v) xtq̄
∨
i∈γ

µi iff there exists i0 ∈ γ such that xtq̄µi0 .

Definition 1.1. [?] A function τ : IX → I is called a fuzzy topology on X if it
satisfies the following conditions:

(1) τ(0) = τ(1) = 1 ,

(2) τ(
∨

i∈Γ µi) ≥
∧

i∈Γ τ(µi) , for any {µi}i∈Γ ⊂ IX ,

(3) τ(µ1 ∧ µ2) ≥ τ(µ1) ∧ τ(µ2) , for any µ1, µ2 ∈ IX .
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The pair (X, τ) is called a fuzzy topological space or smooth topological space (for
short, fts or sts).

Remark 1.1. [?] Let (X, τ) be a sts. Then, every r ∈ I0 , τr = {δ ∈ IX : τ(δ) ≥ r}
is a Change’s fuzzy topology on X .

Theorem 1.1. [?] Let (X, τ) be a sts. Then for each γ ∈ IX , r ∈ I0 we define an
operator Cτ : IX×I0 → IX as follows: Cτ (γ, r) =

∧{δ ∈ IX : γ ≤ δ, τ(1−δ) ≥ r} .
For γ, δ ∈ IX and r, s ∈ I0 , the operator Cτ satisfies the following conditions:
(1) Cτ (0, r) = 0 , (2) γ ≤ Cτ (γ, r) , (3) Cτ (γ, r) ∨ Cτ (δ, r) = Cτ (γ ∨ δ, r) , (4)
Cτ (γ, r) ≤ Cτ (γ, s) if r ≤ s , (5) Cτ (Cτ (γ, r), r) = Cτ (γ, r) .

Theorem 1.2. [?] Let (X, τ) be a sts. Then for each r ∈ I0, γ ∈ IX we define
an operator Iτ : IX × I0 → IX as follows: Iτ (γ, r) =

∨{δ ∈ IX : γ ≥ δ, τ(δ) ≥ r} .
For γ, δ ∈ IX and r, s ∈ I0 , the operator Iτ satisfies the following conditions: (1)
Iτ (1, r) = 1 , (2) γ ≥ Iτ (γ, r) , (3) Iτ (γ, r)∧ Iτ (δ, r) = Iτ (γ ∧ δ, r) , (4) Iτ (γ, r) ≤
Iτ (γ, s) if s ≤ r , (5) Iτ (Iτ (γ, r), r) = Iτ (γ, r) , (6) Iτ (1 − γ, r) = 1 − Cτ (γ, r)
and Cτ (1− γ, r) = 1− Iτ (γ, r)

Definition 1.2. [?] Let (X, τ) be a sts, every δ ∈ IX , xt ∈ Pt(X) and r ∈ I0,

(i) δ is called r -open Qτ -neighbourhood of xt if xtqδ with τ(δ) ≥ r.

(ii) δ is called r -open Rτ -neighbourhood of xt if xtqδ with δ = Iτ (Cτ (γ, r), r).
We denote Qτ (xt, r) = {δ ∈ IX : xtqδ, τ(δ) ≥ r}, Rτ (xt, r) = {δ ∈ IX :
xtqδ = Iτ (Cτ (γ, r), r)}.

Definition 1.3. [?] Let (X, τ) be a sts, every γ ∈ IX , xt ∈ Pt(X) and r ∈ I0,
xt is called

(i) r- τ cluster point of γ if for every δ ∈ Qτ (xt, r), we have δqγ.

(ii) r- δ cluster point of γ if for every δ ∈ Rτ (xt, r), we have δqγ.

(iii) An δ -closure operator is a mapping Dτ : IX × I → IX defined as follows:
δ -Cτ (γ, r) or Dτ (γ, r) =

∨{xt ∈ Pt(X) : xt is r- δ -cluster point of γ}

Definition 1.4. Let (X, τ) be a sts. For γ ∈ IX and r ∈ I0 , γ is called an

(i) r -fuzzy semiopen (resp. r-fuzzy semi-closed)(in short r -fso)(resp. r -fsc) [?]
set if γ ≤ Cτ (Iτ (γ, r), r) (resp. Iτ (Cτ (γ, r), r) ≤ γ).

International Journal of Pure and Applied Mathematics Special Issue

329



4

(ii) r -fuzzy preopen (resp. r-fuzzy preclosed)(in short r -fpo)(resp. r -fpc) [?] set
if γ ≤ Iτ (Cτ (γ, r), r) (resp. Cτ (Iτ (γ, r), r) ≤ γ).

(iii) r -fuzzy δ -closed [?] iff γ = Dτ (γ, r).

The complement of r -fso (resp. r -fpo, r -fspo and r - fδc ) is r -fsc (resp. r -fpc,
r -fspc and r - fδ o).

Definition 1.5. Let (X, τ) be a sts. γ, δ ∈ IX and r ∈ I0, γ is called an

(i) r -f δ so (resp. r -f δ sc) [?] set if γ ≤ Cτ ( δ - Iτ (γ, r), r) (resp. Iτ ( δ -
Cτ (γ, r), r) ≤ γ).

(ii) r -f δ po (resp. r -f δ pc) [?] set if γ ≤ Iτ ( δ -Cτ (γ, r), r) (resp. Cτ ( δ -
Iτ (γ, r), r) ≤ γ).

(iii) r -f e o (resp. r -f e c) [?] set if γ ≤ Cτ ( δ - Iτ (γ, r), r) ∨ Iτ ( δ -Cτ (γ, r), r)
(resp. Cτ (δIτ (γ, r), r) ∧ Iτ (δCτ (γ, r), r) ≤ γ).

(iv) r -f β o (resp. r -f β c ) [?] set if γ ≤ Cτ (Iτ (Cτ (γ, r), r), r) (resp.
Iτ (Cτ (Iτ (γ, r), r), r) ≤ γ).

Definition 1.6. [?] Let (X, τ) be a sts. For γ, δ ∈ IX and r ∈ I0 , γ is called
an r -fuzzy e∗ -open (resp. r -fuzzy e∗ -closed) set if γ ≤ Cτ (Iτ ( δ -Cτ (γ, r), r), r)
(resp. Iτ (Cτ ( δ - Iτ (γ, r), r), r) ≤ γ).

Definition 1.7. [?] Let (X, τ) be a sts. γ, δ ∈ IX and r ∈ I0 ,

(i) e∗Iτ (γ, r) =
∨{δ ∈ IX : δ ≤ γ, δ is a r - fe∗o set } is called the r -fuzzy

e∗ -interior of γ .

(ii) e∗Cτ (γ, r) =
∧{δ ∈ IX : δ ≥ γ, δ is a r - fe∗c set } is called the r -fuzzy

e∗ -closure of γ .

Lemma 1.2. [?] The following hold for a subset γ of a sts X.

(i) e∗Cτ (γ, r) is r - fe∗c.

(ii) 1− e∗Cτ (γ, r)= e∗Iτ (1− (γ, r)).

Theorem 1.3. [?] Let (X, τ) be a sts and r ∈ Io.

(i) Any union of r - fe∗o sets is an r - fe∗o set.
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(ii) Any intersection of r - fe∗c sets is an r - fe∗c set.

Theorem 1.4. [?] Let (X, τ) be a sts, For γ, δ ∈ IX and r ∈ I0.

(i) γ is r - fe∗o iff 1− γ is r - fe∗c .

(ii) If τ(γ) ≥ r then γ is r - fe∗o set.

(iii) Iτ (γ, r) is an r - fe∗o set.

(iv) Cτ (γ, r) is an r - fe∗c set.

Theorem 1.5. [?] Let (X, τ) be a sts. Let γ ∈ IX and r ∈ Io.

(i) γ is r - fe∗o iff γ = e∗Iτ (γ, r).

(ii) γ is r - fe∗c iff γ = e∗Cτ (γ, r).

Theorem 1.6. [?] Let (X, τ) be a sts. Let γ ∈ IX and r ∈ Io, then

(i) e∗Cτ (0, r) = 0 , e∗Iτ (1, r) = 1.

(ii) Iτ (γ, r) ≤ e∗Iτ (γ, r) ≤ γ ≤ e∗Cτ (γ, r) ≤ Cτ (γ, r).

(iii) γ ≤ δ ⇒ e∗Iτ (γ, r) ≤ e∗Iτ (δ, r) and e∗Cτ (γ, r) ≤ e∗Cτ (δ, r).

(iv) e∗Cτ (γ, r) ∨ e∗Cτ (δ, r) ≤ e∗Cτ (γ ∨ δ, r).

(v) e∗Cτ (e
∗Cτ (γ, r), r) = e∗Cτ (γ, r) and e∗Iτ (e∗Iτ (γ, r), r) = e∗Iτ (γ, r).

(vi) Cτ (e
∗Cτ (γ, r), r) = e∗Cτ (Cτ (γ, r), r) = Cτ (γ, r).

are holds.

Theorem 1.7. [?] Let (X, τ) be a sts, having γ ∈ IX and r ∈ I0 we have

(i) e∗Iτ (1− γ, r) = 1− (e∗Cτ (γ, r)).

(ii) e∗Cτ (1− γ, r) = 1− (e∗Iτ (γ, r)).

Definition 1.8. Let (X, τ1) and (X, τ2) be sts’s and f : (X, τ1) → (Y, τ2) a
mapping. Then f is called

(i) fuzzy continuous(in short f-cts) [?] iff τ2(δ) ≤ τ1(f
−1(δ)) for each δ ∈ IY .
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(ii) δ -semi (resp. δ -pre, e and β )-continuous (in short f δ s-cts,f δ p-cts,f e -cts
and f β -cts [?] iff f−1(δ) is r- fδso (resp. r- fδpo , r -feo and r -f β o)) of X for
each δ ∈ IX , r ∈ I0 with τ2(δ) ≥ r .

Definition 1.9. Let (X, τ1) and (Y, τ2) be sts’s and f : (X, τ1) → (Y, τ2) be
a mapping. Then f is called fuzzy

(i) δ -semiopen (resp. fuzzy δ -preopen, fuzzy e-open and β -open)(in short, f δ so,
f δ po, f e o and f β o) [?] map iff f(γ) is r -f δ so (resp. r -f δ po, r -feo and r -
f β o) set of Y for every γ ∈ IX , r ∈ I0 with τ1(γ) ≥ r

(ii) δ -semiclosed (resp. fuzzy δ -preclosed, fuzzy e-closed and β -closed)(in short,
f δ sc, f δ pc, f e c and f β c) [?] map iff f(γ) is r - fδsc (resp. r - fδpc , r - fec
and r -f β c) set of Y for every γ ∈ IX , r ∈ I0 with τ1(1− γ) ≥ r.

2 Fuzzy e∗ -continuous mappings

We introduce the following definition namely fuzzy e∗ -continuous.

Definition 2.1. Let (X, τ1) and (Y, τ2) be sts’s and the mapping g : (X, τ1) →
(Y, τ2) . Then g is called fuzzy e∗ -continuous (in short fe⋆ -cts) iff g−1(δ) is r - fe∗o
of X for each δ ∈ IX , r ∈ I0 with τ2(δ) ≥ r .

Remark 2.1. The below implications are true for r ∈ I0.

fe-cts mapping

fδs-cts mapping fδp-cts mapping

f-cts mapping

fe∗-cts mappingfβ-cts mapping

where f -cts, fδs -cts, fδp -cts, fe -cts, fβ -cts and fe∗ -cts are abbreviated by fuzzy-
cts, fδ -semi-cts, fδ -pre-cts, fe -cts, fβ -cts and fe∗ -cts mappings respectively.
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Remark 2.2. From the above definitions, it is evident that every fδp -cts and fδs -
cts is fe -cts. Also, it is clear that each fe -cts is fβ -cts and fe∗ -cts. Also, each
fβ -cts is fe∗ -cts. In general it may not be true for converse.

Below examples represents that the inverse is not true.

Example 2.1 Having µ1, µ2, µ3 and µ4 be fuzzy subsets of X = {p, q}
represented as

µ1(p) = 0.2, µ1(q) = 0.1 ;
µ2(p) = 0.3, µ2(q) = 0.5 ;
µ3(p) = 0.7, µ3(q) = 0.7 ;
µ4(p) = 0.2, µ4(q) = 0.8 .

Then τ, η : IX → I defined as

τ(δ) =





1, if γ = 0 or 1,
1
2
, if δ = µ1, µ2, µ3,

0, or else,

η(γ) =





1, if γ = 0 or 1 ,
1
2
, if γ = µ4,

0, or else.

to be a sts on X. g : (X, τ) → (Y, η) is an identity mapping. Take r = 1
2
. For any

1
2
-fuzzy open set (in short, fo set) µ4 in (Y, η), g−1(µ4) = µ4 is fuzzy 1

2
- β -open

set in (X, τ). Then g is fβ -cts, however g is not fe -cts, considering g−1(µ4) is
not 1

2
- feo in (X, τ).

Example 2.2 Having γ and δ be fuzzy subsets of X = {p, q, r} represented as
γ(p) = 0.4, γ(q) = 0.5, γ(r) = 0.5 ;
δ(p) = 0.4, δ(q) = 0.5, δ(r) = 0.4 .

Then τ, η : IX → I defined as

τ(γ) =





1, if γ = 0 or 1,
1
2
, if γ = γ,

0, or else,

η(γ) =





1, if γ = 0 or 1 ,
1
2
, if γ = δ,

0, or else.

to be sts on X. g : (X, τ) → (Y, η) is an identity mapping. Take r = 1
2
. For

any 1
2
-fo set δ in (Y, η), g−1(δ) = δ is fuzzy 1

2
- e -open set in (X, τ). Then g

is fe -cts, however g is not fδs -cts, considering g−1(δ) is not fuzzy 1
2
- fδso set in

(X, τ).

Example 2.3 Having γ and δ be fuzzy subsets of X = {p, q, r} represented as
γ(p) = 0.5, γ(q) = 0.3, γ(r) = 0.2 ;
δ(p) = 0.5, δ(q) = 0.4, δ(r) = 0.4 .
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Then τ, η : IX → I defined as

τ(γ) =





1, if γ = 0 or 1,
1
2
, if γ = γ,

0, or else,

η(γ) =





1, if γ = 0 or 1 ,
1
2
, if γ = δ,

0, or else.

to be sts on X. g : (X, τ) → (Y, η) is an identity mapping. Take r = 1
2
. For any

1
2
-fo set δ in (Y, η), g−1(δ) = δ is 1

2
- feo in (X, τ). Then g is fe -cts, however g

is not fδp -cts, having g−1(δ) is not 1
2
- fδpo set in (X, τ).

Example 2.4 Having γ, δ and ω be fuzzy subsets of X = {p, q, r} represented
as

γ(p) = 0.3, γ(q) = 0.5, γ(r) = 0.2 ;
δ(p) = 0.4, δ(q) = 0.5, δ(r) = 0.5 ;
ω(p) = 0.7, ω(q) = 0.4, ω(r) = 0.8 .

Then τ, η : IX → I defined as

τ(γ) =





1, if γ = 0 or 1,
1
2
, if γ = γ, δ,

0, or else,

η(γ) =





1, if γ = 0 or 1 ,
1
2
, if γ = ω,

0, or else.

be a sts on X. g : (X, τ) → (Y, η) is an identity mapping. Take r = 1
2
. For any

1
2
-fo set ω in (Y, η), g−1(ω) = ω is 1

2
- fe∗o set in (X, τ). Then g is fe∗ -cts,

however g is not fβ -cts, having g−1(ω) is not 1
2
- fβo set in (X, τ).

Example 2.5 Having γ and δ be fuzzy subsets of X = {p, q, r} represented as
γ(p) = 0.4, γ(q) = 0.5, γ(r) = 0.2 ;
δ(p) = 0.5, δ(q) = 0.4, δ(r) = 0.7 .

Then τ, η : IX → I defined as

τ(γ) =





1, if γ = 0 or 1,
1
2
, if γ = γ,

0, or else,

η(γ) =





1, if γ = 0 or 1 ,
1
2
, if γ = δ,

0, or else.

be a sts on X. g : (X, τ) → (Y, η) identity mapping. Take r = 1
2
. For any 1

2
-fos

δ in (Y, η), g−1(δ) = δ is 1
2
- fe∗o set in (X, τ). Then g is fe∗ -cts

(i)however g is not fe -cts, since g−1(δ) is not 1
2
- feo set in (X, τ).

(ii) however g is not f-cts, since δ ∈ IY , η(δ) � τ(g−1(δ)).

Theorem 2.1. Let (X, τ1) and (Y, τ2) be sts’s and the mapping g : X → Y .
Then

(i) g is fe∗ -cts mapping.

International Journal of Pure and Applied Mathematics Special Issue

334



9

(ii) g−1(δ) is r - fe∗c in X for every γ ∈ IY , r ∈ I0 with τ2(1− δ) ≥ r .

(iii) g(e∗Cτ1(γ, r)) ≤ Cτ2(g(γ), r) ∀γ ∈ IX and r ∈ I0 .

(iv) e∗Cτ1(g
−1(δ), r) ≤ g−1(Cτ2(δ, r)), ∀ δ ∈ IY and r ∈ I0 .

(v) Iτ1(Cτ1(δ - Iτ1(g
−1(δ), r), r), r) ≤ g−1(Cτ2(δ, r)), ∀ δ ∈ IY and r ∈ I0 . are

equivalent.

Proof. (i)⇒ (ii): Let δ ∈ IY , r ∈ I0 with τ2(1− δ) ≥ r . Then by (i), g−1(1− δ)
is an r - fe∗o set of X . But g−1(1−δ) = 1−g−1(δ) . Therefore g−1(δ) is an r - fe∗c
set of X .

(ii)⇒ (iii): Let γ ∈ IX , r ∈ I0, since τ2(1−Cτ2(g(γ), r)) ≥ r . From the definition
of Cτ2 in Theorem ?? and from Definition ??(3),

g−1(1− Cτ2(g(γ), r)) = 1− g−1(Cτ2(g(γ), r))

is an r - fe∗o set of X . By Theorem ??(i) g−1(Cτ2(g(γ), r)) is an r - fe∗c set of X .
Since γ ≤ g−1(g(γ)) ≤ g−1(Cτ2(g(γ), r)), we have eCτ1(γ, r) ≤ g−1(Cτ2(g(γ), r)) .
Hence g(e∗Cτ (γ, r) ≤ Cτ2(g(γ), r) .

(iii)⇒ (iv): each δ ∈ IY , r ∈ I0 , let γ = g−1(δ) . By (iii)

g(e∗Cτ1(g
−1(δ), r)) ≤ Cτ2(g(g

−1(δ)), r) ≤ Cτ2(δ, r).

⇒ e∗Cτ1(g
−1(δ), r) ≤ g−1(Cτ2(δ, r)) .

(iv)⇒ (i): Let δ ∈ IY , r ∈ I0 with τ2(δ) ≥ r . By (iv)

e∗Cτ1(g
−1(1− δ), r) ≤ g−1(Cτ2(1− δ, r)) = g−1(1− δ).

By Theorem ??, we have

g−1(1− δ) ≥ e∗Cτ1(g
−1(1− δ), r) = 1− (e∗Iτ1(g

−1(δ), r))

. Therefore g−1(δ) is r - fe∗o set in X .

(ii)⇒ (v): For all δ ∈ IY , r ∈ I0 , since τ2(1 − Cτ2(δ, r)) ≥ r . Then by (ii) we
see that g−1(Cτ2(δ, r)) is r - fe∗c in X . Therefore

g−1(Cτ2(δ, r)) ≥ Iτ1(Cτ1(g
−1 ( δ - Iτ2(δ, r)), r), r) ≥ Iτ1(Cτ1 ( δ - Iτ2(g

−1(δ), r), r), r).

(v)⇒ (ii): Since all δ ∈ IY , r ∈ I0 , with τ2(1− δ) ≥ r . Then by (v)

Iτ1(Cτ1 ( δ - Iτ2(g
−1(δ), r), r), r) ≤ g−1(Cτ2(δ, r)) = g−1(δ).

Hence g−1(δ) is r - fe∗c in X .
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3 Fuzzy e∗ -open and fuzzy e∗ -closed mappings

Definition 3.1. Let (X, τ1) and (Y, τ2) be sts’s and g : (X, τ1) → (Y, τ2) be
a mapping. Then g is

(i) fe∗o map iff g(γ) is r - fe∗o set of Y for each γ ∈ IX , r ∈ I0 with τ1(γ) ≥ r .

(ii) fe∗c map iff g(γ) is r - fe∗c set of Y for each γ ∈ IX , r ∈ I0 with
τ1(1− γ) ≥ r .

Remark 3.1. The below implications is true for r ∈ I0. by Definition ??

feo map

fδso map fδpo map

fo map

fe∗o mapfβo map

where fo , fδso , fδsc , fδpo , fδpc , feo , fec , fβo , fβc , fe∗o , fe∗c are abbreviated
by fuzzy open, fuzzy δ - semiopen, fuzzy δ -semiclosed, fuzzy δ -preopen, fuzzy δ -
preclosed, fuzzy e-open, fuzzy e-closed, fuzzy β -open, fuzzy β -closed, fuzzy e∗ -
open, fuzzy e∗ -closed mappings respectively.

Remark 3.2. Bt Definition ?? it is evident that every fδpo (resp. fδpc ) map
is feo (resp. fec ) map and every fδso (resp. fδsc ) map is feo (resp. fec ) map.
Also, it is clear that every feo (resp. fec ) map is fβo (resp. fβc ) map and fe∗o
(resp. fe∗c ) map. Also, every fβo (resp. fβc ) map is fe∗o (resp. fe∗c ) map. The
converses need not be true in general.

The below example represents that the inverse is not true.

Example 3.1 Having λ1, λ2, λ3 and λ4 be fuzzy subsets of X = {p, q}
represented as

λ1(p) = 0.2, λ1(q) = 0.1 ;
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λ2(p) = 0.3, λ2(q) = 0.5 ;
λ3(p) = 0.7, λ3(q) = 0.7 ;
λ4(p) = 0.2, λ4(q) = 0.8 .

Then τ, η : IX → I defined as

τ(γ) =





1, if γ = 0 or 1,
1
2
, if γ = λ4,

0, or else,

η(γ) =





1, if γ = 0 or 1,
1
2
, if γ = λ1, λ2, λ3,

0, or else,

be a sts on X. g : (X, τ) → (Y, η) is an identity mapping. Take r = 1
2
. For

any 1
2
-fo set λ4 in (X, η), g(λ4) = λ4 is 1

2
- fβo set in (Y, η). Hence g is fβo

mapping. However g is not feo mapping, as f(λ4) = λ4 is not 1
2
- feo set in (Y, η).

Example 3.2 Having γ and δ be fuzzy subsets of X = {p, q, r} represented as
γ(p) = 0.4, γ(q) = 0.5, γ(r) = 0.5 ;
δ(p) = 0.4, δ(q) = 0.5, δ(r) = 0.4 .

Then τ, η : IX → I defined as

τ(γ) =





1, if γ = 0 or 1 ,
1
2
, if γ = δ,

0, or else.

η(γ) =





1, if γ = 0 or 1,
1
2
, if γ = γ,

0, or else,

be a sts on X. g : (X, τ) → (Y, η). is an identity mapping Take r = 1
2
. For any

1
2
-fo set δ in (X, η), g(δ) = δ is 1

2
- feo set in (Y, η). Hence g is feo mapping.

However g is not fδso mapping, as g(δ) = δ is not 1
2
- fδso set in (Y, η).

Example 3.3 Having γ and δ be fuzzy subsets of X = {p, q, r} defined as
follows

γ(p) = 0.5, γ(q) = 0.3, γ(r) = 0.2 ;
δ(p) = 0.5, δ(q) = 0.4, δ(r) = 0.4 .

Then τ, η : IX → I defined as

τ(γ) =





1, if γ = 0 or 1,
1
2
, if γ = δ,

0, or else,

η(γ) =





1, if γ = 0 or 1,
1
2
, if γ = γ,

0, or else,

be a sts on X. g : (X, τ) → (Y, η). is an identity mapping. Take r = 1
2
. For any

1
2
-fo set δ in (X, η), g(δ) = δ is 1

2
- feo set in (Y, η). Hence g is feo mapping.

However g is not fδpo mapping, as g(δ) = δ is not 1
2
- fδpo set in (Y, η).

Example 3.4 Having γ, δ and ω be fuzzy subsets of X = {p, q, r} represented
as
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γ(p) = 0.3, γ(q) = 0.5, γ(r) = 0.2 ;
δ(p) = 0.4, δ(q) = 0.5, δ(r) = 0.5 ;
ω(p) = 0.7, ω(q) = 0.4, ω(r) = 0.8 .

Then τ, η : IX → I defined as

τ(γ) =





1, if γ = 0 or 1,
1
2
, if γ = ω,

0, or else,

η(γ) =





1, if γ = 0 or 1,
1
2
, if γ = γ, δ,

0, or else,

be a sts on X. g : (X, τ) → (Y, η). is an identity mapping. Take r = 1
2
. For any

1
2
-fo set ω in (X, η), g(ω) = ω is 1

2
- fe∗o set in (Y, η). Hence g is fe∗o mapping.

However g is not fβo mapping, as g(ω) = ω is not 1
2
- fβo set in (Y, η).

Example 3.5 Having γ and δ be fuzzy subsets of X = {p, q, r} defined as
follows

γ(p) = 0.4, γ(q) = 0.5, γ(r) = 0.2 ;
δ(p) = 0.5, δ(q) = 0.4, δ(r) = 0.7 .

Then τ, η : IX → I defined as

τ(γ) =





1, if γ = 0 or 1,
1
2
, if γ = δ,

0, or else,

η(γ) =





1, if γ = 0 or 1,
1
2
, if γ = γ,

0, or else,

be an sts on X. g : (X, τ) → (Y, η) is an identity mapping. Take r = 1
2
. For any

1
2
-fo set δ in (X, η), g(δ) = δ is 1

2
- fe∗o set in (Y, η). Hence g is fe∗o mapping.

However g is not feo mapping, as g(δ) = δ is not 1
2
- feo set in (Y, η).

Theorem 3.1. Let (X, τ1) and (Y, τ2) be sts’s and f : X → Y be a mapping.
Then

(i) g is fe∗o mapping.

(ii) g(Iτ1(γ, r)) ≤ e∗Iτ2(g(γ), r) for each γ ∈ IX and r ∈ I0 .

(iii) Iτ1(g
−1(δ), r) ≤ g−1(e∗Iτ2(δ, r)) for each δ ∈ IY and r ∈ I0 .

Proof. (i)⇒ (ii) : For all γ ∈ IX , r ∈ I0 with τ1(Iτ1(γ, r)) ≥ r. Since g is
fe∗o mapping, we see that g(Iτ1(γ, r)) is r - fe∗o set in Y. From Theorem ??(i),
g(Iτ1(γ, r)) = e∗Iτ2(g(Iτ1(γ, r)), r) ≤ e∗Iτ2(g(γ), r) .

(ii)⇒ (iii) : Let δ ∈ IY , r ∈ I0 . By (ii),

g(Iτ1(g
−1(δ), r)) ≤ e∗Iτ2(gg

−1(δ), r) ≤ e∗Iτ2(δ, r).
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⇒ Iτ1(g
−1(δ), r)) ≤ g−1(e∗Iτ2(δ, r)) .

(iii)⇒ (i) : Every γ ∈ IX , r ∈ I0 with τ1(γ) ≥ r. Let γ = g−1(δ). By
(iii), we have Iτ1(γ, r) ≤ g−1(e∗Iτ2(g(γ), r)). Since Iτ1(γ, r) = γ, we get
g(γ) ≤ e∗Iτ2(g(γ), r) ≤ g(γ) . Thus g(γ) = e∗Iτ2(g(γ), r) . By Theorem ??(i),
g(γ) is r - fe∗o set in Y. Thus g is fe∗o mapping.

Theorem 3.2. Let g : (X, τ1) → (Y, τ2) be a fe∗o (resp. fδso , fδ po) mapping.
If δ ∈ IY and γ ∈ IX , τ1(1 − γ) ≥ r, r ∈ I0 such that g−1(δ) ≤ γ , then ∃ an
r - fe∗c (resp. r - fδsc, r - fδpc ) set ν of Y such that δ ≤ ν, g−1(ν) ≤ γ .

Proof. Let ν = 1−g(1−γ) . we know that g−1(δ) ≤ γ having g(1−γ) ≤ 1−δ . since
g is fe∗o mapping, then ν is r - fe∗c set in Y such that g−1(ν) = 1−g−1(g(1−γ)) ≤
1− (1− γ) = γ .

Theorem 3.3. If g : (X, τ1) → (Y, τ2) be a fe∗o mapping. Then for each
δ ∈ IY , r ∈ I0 ,

g−1(Iτ2(Cτ2 ( δ - Iτ2(δ, r), r), r)) ≤ Cτ1(g
−1(δ), r).

Proof. Since τ1(1 − Cτ1(g
−1(δ), r)) ≥ r and g−1(δ) ≤ Cτ1(g

−1(δ), r) for each
δ ∈ IY , r ∈ I0 , it follows from Theorem ??, ∃ an r - fe∗c set γ of Y, δ ≤ γ such
that f−1(γ) ≤ Cτ1(g

−1(δ), r). So

g−1(γ) ≥ g−1(Iτ2(Cτ2 ( δ - Iτ2(γ, r), r), r))
≥ g−1(Iτ2(Cτ2 ( δ - Iτ2(δ, r), r), r))

⇒ g−1(Iτ2(Cτ2 ( δ - Iτ2(δ, r), r), r)) ≤ g−1(γ) ≤ Cτ1(g
−1(δ), r).

Hence g−1(Iτ2(Cτ2 ( δ - Iτ2(δ, r), r), r)) ≤ Cτ1(g
−1(δ), r).

Theorem 3.4. If g : (X, τ1) → (Y, τ2) be a bijective mapping such that

g−1(Iτ2(Cτ2 ( δ - Iτ2(δ, r), r), r)) ≤ Cτ1(g
−1(δ), r).

for every δ ∈ IY , r ∈ I0 , then g is fe∗o map.

Proof. Let γ ∈ IX , r ∈ I0 having τ1(γ) ≥ r. Then, from the given condition,

g−1(Iτ2(Cτ2 ( δ - Iτ2(g(1− γ), r), r), r)) ≤ Cτ1(g
−1(f(1− γ)), r)

= Cτ1(1− γ, r)
= 1− γ

and so Iτ2(Cτ2 ( δ - Iτ2(δ, r), r), r) ≤ g(1 − γ) which shows that g(1 − γ) is an
r - fe∗c set of Y. Since g is bijective, g(γ) is an r - fe∗o set of Y. Therefore g is
fe∗o map.
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Conclusion In this paper, fe∗ -cts, fe∗o and fe∗c mappings are introduced in
sts in the sense of Ŝ ostak’s. We investigated some of their properties. Moreover,
we have investigated the relationships between f-cts, fδs -cts, fδp -cts, fe -cts, fβ -cts
and fe∗ -cts. Also we have shown some theorems using fe∗o and fe∗c mappings and
established the relationships between fo map, fδso map, fδpo map, feo map, fβo
map and fe∗o map.
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Š ostak fuzzy topology, Indian J. Pure Appl. Math., 34(2) (2003), 311-333.

[14] Y. C. Kim and J. W. Park, Some properties of r-generalized fuzzy closed sets,
Far East J. of Math. Science, 7(3) (2002), 253-268.

[15] Y. C. Kim and J. W. Park, r-fuzzy δ -closure and r-fuzzy θ -closure sets, J.
Korea Fuzzy Logic and Intelligent systems, 10(6) (2000), 557-563.

[16] S. J. Lee and E. P. Lee, Fuzzy r-semiopen sets and fuzzy r-continuous maps,
Proc. of Korea Fuzzy Logic and Intelligent Systems, 7 (1997), 29-37.

[17] Jin Han Park and Bu Young Lee, Fuzzy semi-preopen sets and fuzzy semi-
precontinuous mappings, Fuzzy Sets and Systems, 67 (1994), 395-364.

[18] M. N. Mukherjee and S. P. Sinha, On some weaker forms of fuzzy continuous
and fuzzy open mappings on fuzzy topological spaces, Fuzzy Sets and Systems,
32 (1989), 103-114.

[19] Z. Petricevic, Separation properties and mappings, Indian J. Pure Appl. Math.,
22 (1991), 971-982.

[20] A. A. Ramadan, Smooth topological spaces, Fuzzy Sets and Systems, 48 (1992),
371-375.

[21] S. K. Samanta and K. C. Chattopadhyay, Fuzzy topology, Fuzzy closure
operator, Fuzzy compactness and fuzzy connectedness, Fuzzy Sets and Systems
54 (1993), 207-212.

[22] V. Seenivasan and K. Kamala, Fuzzy e -continuity and fuzzy e -open sets,
Annals of Fuzzy Mathematics and Informatics 8(1) (2014), 141–148.
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