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Abstract

Let G be a (V,E) graph of order n ≥ 2. For an integer k ≥ 1, the k-token graph
Fk(G) of G is the graph with vertex set of all k-subsets of V (G), where two vertices are
adjacent in Fk(G) whenever their symmetric difference is a pair of adjacent vertices
in G . The set of graph eigenvalues of the adjacency matrix is called the spectrum of
a simple graph G.The energy E(G), is defined to be the sum of the absolute values of
the eigenvalues of G. In this paper, we study about the spectrum and the energy of
2-token graph of complete graph on n vertices.We achieve a counter example for an
open problem proposed in the article [?] by the author as, ”Given a positive integer

n ≥ 3, and ε > 0, does there exist r-regular graph G of order n such that (E(G))
B2

> 1−ε
for some r < (n− 1)?” where E(G) ≤ r +

√
r(n− 1)(n− r) = B2 .
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1 Introduction

We refer to Gray Chartrand and Ping Zhang [?] for terminology. In [?], a token graph,
Fk(G), as a model in which k indistinguishable tokens moved from vertex to vertex along
the edges of a graph is studied. Token graphs were introduced by RuyFabila-Monroy et.al.
For a graphG and integer k ≥ 1,Fk(G) is defined as the graph with vertex set

(|V (G)|
k

)
where

two vertices A and B are adjacent in Fk(G) whenever their symmetric difference A4B is a
pair {a,b} such that a ∈ A, b ∈ B and ab ∈ E(G), an edge set of G. Thus vertices of Fk(G)
correspond to configurations of k indistinguishable tokens placed at distinct vertices of G,
where two configurations are adjacent whenever one configuration can be reached from
the other by moving one token along an edge from its current position to an unoccupied
vertex. Thus Fk(G) is named as k-token graph of G. The number of vertices in Fk(G) is
|V (Fk(G))| =

(
n
k

)
. The number of edges in Fk(G)is |E(Fk(G))| =

(
n−2
k−1
)
|E(G)|.

The energy, E(G) of a graph G is defined to be the sum of the absolute values of
its eigenvalues. Hence if A(G)is the adjacency matrix of G and λ1, λ2, . . . , λn are the
eigenvalues of A(G), then E(G) =

∑n
i=1 |λi| . The set {λ1, λ2, . . . , λn} is the set of spectrum

of G. We find an energy of 2-token graph of complete graph in section 2. In [?], for a graph

on n vertices and m edges, it is proved that E(G) ≤ 2m
n +

√
(n− 1)

(
2m−

(
2m
n

)2)
= B1

and if G is r-regular, E(G) ≤ r +
√
r(n− 1)(n− r) = B2. In [?], the author raised a

relevant question as, ”For any two positive integers n and r, n− 1 > r ≥ 2 and ε > 0, does
there exist a r-regular graph G with E(G)

B2
> 1− ε?”. A counter example for this question

is given in section 3.
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2 Energy of 2-token graph of complete graph Kn

With the definition of token graphs as given in [?], We modify the notations. We denote
the vertices of G as vi for i = 1, 2, .., n. F2(G) is the graph with vertex set V (F2(G)) =
{vxy : x, y ε Zn+1 − {0} and x 6= y}. Thus the vertices of F2(G) are denoted as vij ; i, j =
1, 2, .., n and i 6= j for every 2-element set {vi, vj}. Note that we set vij = vji. Two
vertices vij and vkj are adjacent in F2(G) whenever their symmetric difference vij∆vkj is
a pair {vi, vk} such that vivkεE(G), an edge set of G.The number of vertices in F2(G) is(
n
2

)
. The number of edges in F2(G) is (n − 2)|E(G)|. Figure 1 depicted is 2-token graph

of cycle C7.

Figure 1: 2-token graph of C7

The following theorem generates newborns to the family of regular graphs.

Theorem 2.1. A 2-token graph of a complete graph is 2(n− 2)- regular.
Proof.

In F2(G), any vertex adjacent to a vertex vij must have a name via or vaj , where
a ranges over 1 to n and a 6= i, j. vij is adjacent to via if vaεN(vj) and to vaj if
vaεN(vi). As every pair vi and vj are adjacent in G, deg(vij) is sum of deg(vi) and
deg(vj) minus 2. This minus 2 is due to the fact viεN(vj) and vjεN(vi). For all i and j,
deg(vij) = deg(vi) + deg(vj) − 2 = (n − 1) + (n − 1) − 2 = 2(n − 2). Hence F2(Kn) is
2(n− 2)- regular graph.

Definition 2.2 ([?]) A regular graph on n vertices that is neither complete nor empty is
called a strongly regular graph with parameters (n, r, a, c) if it is r-regular, every pair of
adjacent vertices has a common neighbors, and every pair of distinct nonadjacent vertices
has c common neighbors.

Definition 2.3([?]) A connected regular graph on n vertices is strongly regular if and
only if it has three distinct eigenvalues. The eigenvalues of a strongly regular graph with

parameters (n, r, a, c) are: r,
(a−c)+

√
(a−c)2+4(r−c)

2 and
(a−c)−

√
(a−c)2+4(r−c)

2 with multiplic-

ities 1, 1
2

[
(n− 1)− 2r+(n−1)(a−c)√

(a−c)2+4(r−c)

]
and 1

2

[
(n− 1) + 2r+(n−1)(a−c)√

(a−c)2+4(r−c)

]
respectively.

In the next argument, we find the energy of 2-token graph of complete graph on n ver-
tices.As F2(K2) ∼= k1, its energy is zero. And F2(K3) ∼= k3. The characteristic equation
of its adjacency matrix is λ3 − 3λ− 2 = 0.So λ = −1,−1, 2 and E(F2(K3)) = 4.
Theorem 2.4. Let G be a complete graph on n vertices and n > 3. Then the energy of
its 2-token graph is given by E(F2(Kn)) = 2n(n− 3).
P roof.

By theorem 2.1, F2(Kn) is 2(n− 2)- regular and connected graph.By definition 2.2, it
is strongly regular graph whose parameters are (nc2, 2(n − 2), (n − 2), 4). By definition
2.3, the eigenvalues are 2(n− 2), (n− 4),−2 with multiplicities 1, (n− 1), (nc2− n).Hence
E(G) = Σ3

i=1|λi| = 2n(n− 3).

3 A counter example to an open problem

In [?], Balakrishnan concluded with an open problem ”Given a positive integer n ≥ 3,

and ε > 0, does there exist r-regular graph G of order n such that E(G)
B2

> 1− ε for some
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r < (n − 1)?”. Even though an affirmative answer to this question, not for general n, is
given by two authors as mentioned in [?], surprisingly we get the existence of an example
to this problem as giving below.

Example 3.1. Let G ∼= F2(Kn) and n > 3. Using theorem 2.1, F2(Kn) is 2(n−2)-regular
graph on nc2 vertices. By theorem 2.4,
E(F2(Kn)) = 2n(n− 3).
B2 = 2(n− 2) +

√
2(n− 2)(nc2 − 1)(nc2 − 2(n− 2)).

E(G)
B2

= 2n(n−3)
2(n−2)+

√
2(n−2)(nc2−1)(nc2−2(n−2))

' 1 for n = 4, 5, 6, 7, 8.

For other values of n, it starts to decrease towards 0. Therefore, for a given positive
integer n > 3, and ε > 0, there exist 2(n − 2)-regular graph G ∼= F2(Kn) such that
E(G)
B2

> 1− ε.
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