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Abstract - This article discusses the calculation 

algorithm of cascade heat pump of vapor–compression 

type. The analysis results determine the main 

variables of thermal circuit, energy parameters, 

optimum operation modes of equipment and the most 

suitable Freon type for particular circuit. The 

calculations are comprised of thermodynamic part, 

calculation of energy efficiency of cascade heat pump 

circuit, as well as hydraulic resistance. On the basis of 

consecutive iterations of input variables, the optimum 

conversion coefficients of thermal energy are 

determined. The conversion coefficients of thermal 

energy, exergy efficiency, heat exchanger variables 

and exergy loss are used for conclusion about correct 

selection of input data. If calculations meet the 

requirements of specifications, then the previously 

obtained data are the final results of calculation. 

Key words: conversion coefficient, thermodynamic 

cycle flowchart, cascade heat pump, energy efficiency. 

 

1 Introduction 
 Numerous approaches are proposed to solve 

the problem of heat supply, conditioning and hot 

water supply for consumers with maximum energy 

efficiency [1-3]. One of the most challenging recent 

trends is heat pump technologies [4-8]. This article 

analyzes multifunctional heat supply unit on the basis 

of heat pump cycle. Such choice is based on the fact 

that exactly heat pump as a heat transformer conveys 

heat from source, thus cooling it, to receiver, thus 

heating it. Nowadays heat pump technologies cannot 

be considered non-conventional since they are applied 

everywhere. However, in the existing systems their 

energy potential is used incompletely, since modern 

heat pumps are used specifically either for heating, or 

for conditioning, or for hot water supply without 

consideration for combined process and numerous 

possibilities to increase efficiency of the assembly [8-10]. 

 

2 Calculations of Cascade Heat 

Pump Circuits  
Thermal analysis determines main variables 

of heat balance, energy variables of medium, optimum 

operation modes of equipment and the most suitable 

Freon type for particular circuit. The analysis is 

performed for each circuit of cascade heat pump, 

where using consecutive iterations of input data we 

obtain optimum values of conversion coefficient of 

thermal energy. 

The input data are as follows: 

- the circuit thermal load – Q [kW], which is 

assigned with consideration of consumption norm of 

thermal power for specific circuit of cascade heat 

pump; 

- the temperature of low potential heat carrier 

at evaporator inlet – tlp1 [°C]. The values are selected 

with consideration for the source of low potential 

thermal energy; 

- the temperature of low potential heat carrier 

at evaporator outlet – tlp2 [°C]. This parameter is 

preset by 5-7°C below the temperature of low potential 

heat carrier at evaporator inlet, its optimum value is 

determined by subsequent iterations; 

- the temperature of high potential heat 

carrier (hot water) at condenser outlet – thp1, [°C]. It is 

assigned with consideration for analyzed circuit (30-

50°C); 

- the temperature of high potential heat 

carrier (hot water) at condenser inlet – thp2, [°C] This 

parameter is preset by 5-7°C below the temperature of 

high potential heat carrier at condenser outlet, its 

optimum value is determined by subsequent 

iterations; 

- Freon temperature drop at condenser outlet – 

∆tcond [°C]. It is preset to 5-10°C, its optimum value is 

determined by scanning of input data; 

- Freon temperature drop at condenser outlet – 

∆tevap [°C]. It is preset to 5-10°C, its optimum value is 

determined by scanning of input. 

In addition, the analysis should include Freon 

type. Selection is based on maximum temperature of 

hot water and compressor type for cascade heat pump. 

After determination of data for specific circuit 

of cascade heat pump the thermodynamic cycle is 

plotted in p,h-diagram (Fig. 1) and the main points of 

process are determined. Point 1 is determined by the 

parameters of enthalpy hи1 [kJ/kg] and pressure p 

[MPa] of Freon in saturation state at evaporation 

point tevap [°C]. The Freon evaporation point is 

determined as the difference between the temperature 

of low potential heat carrier tн2 [°C] and the difference 

of temperatures in evaporator ∆tevap [°C]. 

2
= -и lp иt t t .  (1) 

Then the point 3 is marked on the diagram, it 

is determined by the parameters of enthalpy and 

pressure of Freon on saturation line condensation 

point tcond [°C], which in its turn is determined as the 

sum of high potential heat carrier at condenser outlet 

thp2 and the difference of temperatures in condenser.  
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2
=cond hp condt t t  .  (2) 

The point 2a is marked at cross section of the 

enthalpy curve passing the point 1 and the line of 

constant pressure passing the point 3. 

Then the point 2 is plotted, its position is 

determined by the condensation pressure and 

enthalpy of Freon after compression with 

consideration for loss. Since the Freon enthalpy after 

compression is unknown, it should be calculated as 

follows: 

= h



 2 1

2 1
а

а

h h
h ,  (3) 

where h1 and h2 are the enthalpy in the points 1 and 

2a; ηа is the adiabatic efficiency of compressor. 

The adiabatic efficiency of compressor is the 

product of the ratio of specific internal work of 

compression of ideal adiabatic cycle lcomp.AD [kJ/kg] to 

specific work of actual cycle lcomp.С. [kJ/kg] and 

coefficient k, which is determined with consideration 

for compressor design. Specific work of compressor of 

ideal adiabatic cycle is determined as the product of 

Freon thermal capacity Cp and ambient temperature 

t0 [K]. The work of compression of actual cycle is the 

product of Freon thermal capacity and condensation 

point tcond [K]. Therefore, the adiabatic efficiency is 

determined as the product of the coefficient k and the 

ratio of ambient temperature to condensation point. 
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The point 4 is marked in the diagram on the 

basis of enthalpy in the point 3 and pressure in the 

point 1. 

 

 
Figure 1. Cascade heat pump cycle 

 

3 Resulting Calculations of Main 

Variables of Cascade Heat Pump 

= h h
1 4evap

q . (9) 

= h h
2 3cond

q , (10) 

where qevap [kJ/kg] is the specific thermal load 

of evaporator; qcond [kJ/kg] is the specific thermal load 

of condenser. 

The work of compression is determined as the 

difference of enthalpies. 

= h h
2 1comp

l . (11) 

Thermal load of cascade of heat pump qHL 

[kJ/kg] is determined as the sum of specific heat load 
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of evaporator and work of cycle compression. The 

calculation is verified by thermal balance. Specific 

thermal load of cascade of heat pump equals to 

specific heat load in condenser. 


HL cond
q q .  (12) 

Another stage of thermal calculations is 

determination of specific electric energy for 

compressor operation W [kJ/kg] using the following 

expression: 

 


comp

em e

l
W ;  (13) 

where lcomp is the specific work of cycle 

compression; ηem is the electromechanic efficiency of 

compressor; ηe is the efficiency of electric motor. 

The following properties of energy efficiency of 

cascade heat pump are calculated: 

- the conversion coefficient of heat μ, which is 

determined as the ratio of specific heat load of 

condenser to consumed energy for compression in this 

cycle; 

  cond

comp

q

l
.  (14) 

- the conversion coefficient of electric energy 

μe, which is determined as the conversion coefficient of 

thermal energy μ with consideration for loss; 

     
e em e

.  (15) 

- the specific consumption of primary energy 

PE, which determines the ratio of fuel energy, 

consumed heat, to heat produced by the cascade of 

heat pump. 

    
 

1 1

em e pe pri

PE ,  (16) 

where ηpe is the efficiency of power plant (≈0.4); ηpri is 

the efficiency of power supply systems (≈0.95). 

If PE < 1, then the production of thermal 

energy by heat pump is more efficient than that by 

power plant. 

- the rate of pressure increase in compressor ε: 

  cond

evap

p

p
 (17) 

Exergy balances are applied for further 

thermodynamic estimation of efficiency of heat pump 

cycle. 

Exergy is the maximum work which should be 

performed upon reversible transition of 

thermodynamic system from the state with preset 

parameters to the state of equilibrium with ambient 

environment. Exergy analysis of the scheme is 

performed: 

- the average logarithmic temperature of cold 

heat carrier Tav.car [К] which is determined as follows: 
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where tlp1 and tlp2 are the temperatures of low 

potential heat carrier at inlet to and outlet from the 

evaporator;  

- the exergy temperature of low potential heat 

carrier τlp [К], which is determined as follows: 
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- the exergy transferred by low potential heat 

carrier in evaporator elp [kJ/kg], determined as the 

product of exergy temperature of low potential heat 

carrier and specific heat energy of evaporator qevap: 


lp lp evap
e q .  (20) 

- the average logarithmic temperature of high 

potential heat carrier Tav.car [К]: 
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- the exergy temperature of high potential heat 

carrier τhp [К], which is determined as follows: 
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hp
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T t

T
.  (22) 

- the exergy transferred by high potential heat 

carrier in condenser ehp, [kJ/kg], determined as the 

product of exergy temperature of high potential heat 

carrier and specific thermal energy in condenser qcond. 


hp hp evap
e q . (23) 

- the exergy of electric energy ee [kJ/kg], which 

is determined as follows: 

 
 

comp

e

em e

l
е W . (24) 

- the exergy efficiency ηe, which is determined 

as follows: 

  


hpout
e

in lp e

ee

e e e
.  (25) 

where eout and ein are the exergy at inlet to and 

outlet from the cascade of heat pump. 

Results of thermodynamic analysis are 

summarized in table, where columns are the circuit 

numbers and lines are comprised of the following 

parameters: 

- Freon evaporation temperature tи, [°C]; 

- Freon enthalpy after evaporator h1, [kJ/kg]; 

- Freon pressure in evaporator pи, [MPa]; 
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- Freon condensation temperature tcond, [°C]; 

- Freon enthalpy after condenser h3, [kJ/kg]; 

- Freon condensation pressure pcond, [MPa]; 

- Freon enthalpy after adiabatic compression h2а, 

[kJ/kg]; 

- adiabatic efficiency of compressor η2а; 

- Freon enthalpy after compressor h2, [kJ/kg]; 

- Freon enthalpy before evaporator h4, [kJ/kg]; 

- specific thermal load of evaporator qи, [kJ/kg]; 

- specific thermal load of condenser qcond, [kJ/kg]; 

- specific thermal load of heat pump qhp, [kJ/kg]; 

- compression work in compressor lcomp, [kJ/kg]; 

- specific energy consumed by electric motor W, 

[kJ/kg]; 

- verification of thermal balance, [%]; 

- compression coefficient ε; 

- heat conversion coefficient µ; 

- specific consumption of primary energy PE; 

- average temperature of low potential heat carrier 

Тav.lp, [К]; 

- thermodynamic temperature of low potential heat 

carrier τlp; 

- exergy released by low potential heat carrier elp, 

[kJ/kg]; 

- average temperature of high potential heat 

carrier in condenser Тav.car, [К]; 

- thermodynamic temperature of high potential 

heat carrier in condenser τhp; 

- exergy received by high potential heat carrier in 

condenser ehp, [kJ/kg]; 

- exergy of consumed electric energy ee, [kJ/kg]; 

- exergy efficiency ηe. 

 

 

4 Conclusion  
Similar calculations should be performed for 

evaporator of heat pump cascade. 

The above calculation is analyzed, and on the 

basis of obtained conversion coefficient of thermal 

energy, exergy efficiency, process variable of heat 

exchangers, exergy loss it is concluded that the input 

data have been selected correctly. If calculations meet 

the requirements of specifications, then the previously 

obtained data are the final results of calculation.  
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