International Journal of Pure and Applied Mathematics

Volume 115 No. 9 2017, 363-375

ISSN: 1311-8080 (printed version); ISSN: 1314-3395 (on-line version)
url: http://www.ijpam.eu

Special Issue

ijpam.eu

EVEN VERTEX MAGIC TOTAL LABELING
C.T. NAGARAJ
Research Scholar, Department of Mathematics
Research and Development centre
Bharathiar unversity, Coimbatore-641046, Tamilnadu, India.
e —matl : ct_nagaraj@Qyahoo.co.in
C.Y. PONNAPPAN
Department of Mathematics
Government Arts College, Paramakudi - 623707, Tamilnadu, India.
e —mail : pons_mdul969Qyahoo.com
G. PRABAKARAN
Department of Mathematics
Thiagarajar College, Madurai - 625009, Tamilnadu, India.

e —mail : temathsQyahoo.in

ABSTRACT. A vertex-magic total labeling is an assignment of the integers from
1,2,3,...,m + n to the vertices and edges of G so that at each vertex, the vertex
label and the labels on the edges incident at that vertex add to a fixed constant. In
this paper, we introduce a new concept even vertex total labeling of a graph. We
study some of the basic properties of such labelings, find some families of graphs
that admit an even vertex-magic total labelings and show that some other families
of graphs do not.
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1. INTRODUCTION

In this paper, we consider only finite simple undirected graphs. The graph G
has vertex set V = V(G) and edge set E = E(G) and we take m = |E| and
n = |V|. The set of vertices adjacent to a vertex u of G is denoted by N (u).

A labeling of a graph G is a mapping that carries a set of graph elements,
usually the vertices and edges into a set of numbers,usually integers.Many kinds of

labeling have been studied and an excellent survey of graph labeling can be found
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in [3].

Sedlacek [4] introduced the concept of magic labeling. Suppose that G is a
graph with m edges. We will say that G is magic if the edges of G can be labeled
by the numbers 1,2,3,,m so that the sum of labels of all the edges incident with

any vertex is the same.

MacDougall [2] introduced the concept of vertex magic total labeling. If G is
a finite simple undirected graph with n vertices and m edges,then a vertex magic
total labeling is a bijection f from V(G) U E(G) to the integers 1,2,,m + n with
the property that for every u in V/(G), f(u) + 3 ey, f(uv) = kfor some constant
k. They studied the basic properties of vertex magic graphs and showed some

families of graphs having a vertex magic total labeling.

MacDougall [2] also introduced the concept of super vertex magic total
labeling. They call a vertex magic total labeling is super if f(V(G)) = 1,2,3,,n.

In this labeling, the smallest labels are assigned to the vertices.

Swaminathan and Jeyanthi [6] introduced a concept with same name of super
vertex magic labeling. They call a vertex magic total labeling is super if
f(E(G)) =1,2,3,,m. Note that the smallest labels are assigned to the edges. But
Marimuthu and Balakrishan [7] called the above type of labeling as E-super vertex
magic total labeling. They proved the following: P, is super vertex magic if and
only if n is odd and n > 3; C,, is super vertex magic if and only if n is odd; the star
graph is super vertex magic if and only if it is Sp;and rC is super vertex magic if

and only if r and s are odd.

The following definition and results that will subsequently be very useful to

prove some theorems.
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Definition 1.1. A sun S,is a cycle (), with an edge terminating in a vertex of
degree 1 attached to each vertex.The sun S, consists of vertex setV (S,) = {v;/1 <
i <nUa;/1 <i<n}andedgesset E(S,) = {viviy1/1 < i <nUva;/1 <i<n} We
note that if t =n theni+1=1

Definition 1.2. An (n,t) kite consists of a cycle of length n with a t- edge path

(the tail) attached to one vertex.

Definition 1.3. A fan graph F), is obtained from a path P, by adding a new vertex
and joining it to all the vertices of the path by an edge,the new edges are called the
spokes of the fan.

Lemma 1.4. If G has a vertex magic total labeling then m > %”

2. DEFINITION AND MAIN RESULTS

Definition 2.1. A vertex magic total labeling f is called an even vertex magic total
labeling if
f:V —={2,4,6,8,....2n}

A graph G is called an even vertex magic if there exists an even verex magic total
labeling of G.

Example 2.2.

Figure 1: n=3, m=3, k=10
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Figure 2: n=5m=>5k=16

Theorem 2.3. Let G be a nontrivial graph .If G is an even vertex magic, then the

magic constant k is given by

k_m2+2mn+m

n

Proof. Let G be a nontrival graph .

Let f be an even vertex magic total labeling of a graph G with the magic number
k.

Then f(V) ={2,4,6,...,2n}.

k=fu)+ > fluw)VueV

vEN (u)
nk=nn+1)(m+n)(m+n+1)—2n(n+1) (1)

_m2—|—2mn+m

k=

n

g

Theorem 2.4. If a graph G has an even vertex magic total labeling with constant
k, then k > %.

Proof. This result directly follows from Lemma 1.4 and Theorem 2.3. U

Theorem 2.5. A cycle C,, is an even vertex magic iff n is odd.
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Proof. Let V(C,,) = {v1,v9,v3,...,v,} and E(C,) = {e; = vvip1/1 <1 <n—-1}U

{en = vyu1}.

Here n = m.Suppose C,, is an even vertex magic. Then by Theorem 2.3,

_m2+2mn+m

k=
n

po i an 2)
n

k=3n+1.

Suppose n is even. Then k = 3n + 1 is odd.
For any even vertex magic total labeling f, k = f(u) + Z%N(u) fuv)Vu € V.

In particular , for 2 <i<n —1,

i) + fuivicy) + f(vivigr) = k

which is a contradiction, since f(v;) is an even number and f(v;v;—1) and f(v;v;41)
are odd numbers.

Therefore n is odd.

Conversely,

Suppose n is an odd number.
Let V(C,) = {v1, va,v3, ..., v, } and

E(Cy) ={ei = vwip /1 < T <n—1}U{e, = vyu1}

Define f: VUE — {1,2,3,...,2n} as follows f(v;) =2i,1 <i <n and

2n —4 if  iis odd
fle) = { A (3)
n—1 if iiseven
It is easily seen that f is an even vertex magic labeling with the magic number
3n + 1.

0
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3. EVEN VERTEX MAGIC TOTAL LABELLING ON A DISCONNECTED GRAPH

In this section we give an even vertex magic total labeling for the
disconnected graph mC,, that is, the disjoint union of m cycles of length n, where

m and n are odd.

Theorem 3.1. rC is an even vertex magic iff r and s are odd.

Proof. Assume that rC is even vertex magic.
Number of vertices of rC, is rs.

Number of edges of rCy is rs.

Then by Theorem 2.3,

k= 3rs+ 1. (4)

For any even vertex magic total labeling f,k = f(u) + > ey, f(uv)Vu € V.
Since any vertex of rC; is adjacent to only two edges, f(u) + f(e1) + f(e2) = k,
where e; and ey are the edges adjacent to w.

Here f(u) is an even number and f(e;) and f(ez) are odd numbers.

Therefore k is even.

Therefore k = 3rs 4+ 1 is even iff r and s are odd.

Conversly,

Assume that rcg is even vertex magic.

By theorem, r and s both odd.

Let r and s be odd integers.

Assume that the graph rcg has the vertex set V= V; U Vo U V3U,...,UV,., where
V; = {VL VA V3 .., Ve } and the edge set E = FE; U Ey U B3 U ... U E, where
Ei={el,e2 3 e}, and el =vlo? ™ for 1<i<rl1<j<s—1,e =uvivl.

1771 T

Define f: VUE — {1,2,3,...,2rs} as follows:

) dr—4i+2, 1<i< Y
F(Ui): ) (r+1)
6r — 41 + 2,
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For j =3,5,6,...,s

(2 —Dr+2i+1, 1<i<

2
(27 —3)yr+2i+1, T <<y

2rs + 21 —r, 1< <

2
ors —3r+2i, T <i<r

j =246, .. 51
fleg)=rs+2i—1—-(G+1)r 1<i<r.

J=3,5,7,....8
fel) s —4i+1—(j—1)r, 1<i< Y
2rs —4di+1—(j—3)r, B <i<r

It is easily verified that f is even vertex magic labeling of rC with magic constant

k=3rs+ 1.

18 14 20 16 12
28 17 230 13 41 19 b 24 15 8 26 1 10

Figure 3: n=15,m=15k=46

g

Theorem 3.2. For n > 2, the fan graph F,, is an even vertex magic if and only if

n = 2.
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Proof. Suppose there exists an even vertex magic labeling of F, with magic

constant k. Then by theorem 2.3, k = 821_12 which is not an integer for all n
except 1,2,5.
Even vertex magic labeling for F3 is
al o
1
5 3
2

Figure 4: n=3,m=3,k=10

For Fi
es Wa ea Vs
25 (=31
Figure 5

Suppose there exists an even vertex magic labeling for Fj5, with magic constant
k = 33.
The fan graph F5 with 6 vertices and 9 edges, f(V) = {2,4,6,8,10,12} and f(E) =
{1,3,5,7,9,11, 13,14, 15}.
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Here in the edge labels, 14 is the only even number.

If f(e;) =14, where i € {1,2,3}, then k = f(vii1) + f(e;) + f(ein1) + f(eirs), is an
even number which is contradiction to k = 33.

If f(es) =14, then k = f(v4) + f(e3) + f(eq) + f(es), is an even number which is a
contradiction to k = 33.

If f(e;) = 14, where i € {5,6,7,8,9}, k = f(vs) + >o_s f(e:), is an even number
which is a contradiction to k = 33.

Therefore Fy is not an even vertex magic.

O
4. EVEN VERTEX MAGIC TOTAL LABELING OF SUN 95,
Theorem 4.1. For p > 3,5un S, has an even vertexr magic.
Proof. The Sun S, has 2p vertices and 2p edges.
Then by Theorem 2.3
k=6p+1. (5)

f:V —={2,4,6,...,4p} defined as follows

f(v;) = 21, 1=1,2,3,...,p

2p + 2, fori=1
flai) = ,
dp—2i+4 fori=2,3,....p
Define f: £ — {1,3,5,...,4p — 1} as follows

2p—2i+1, fori=1,2,...,p-1
fviviga) = _
1 fori=p

4p — 1, fori=1
2p+21—3  fori=23,....p
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It is easily seen that f is an even magic labeling with the magic number
k=6p+ 1.

5. GRAPHS WITH NO EVEN VERTEX MAGIC TOTAL LABELING

Theorem 5.1. All wheels W,,,n > 3 are not an even vertexr magic.

Proof. Suppose there exists an even vertexx magic labeling for W,, with magic
constant k. Then by Theorem 2.3, k = 8”;%6” which is not an integer for all n

except 1. U
Theorem 5.2. (n,t) kite is not even vertex magic.

Proof. Suppose that kite (n,t) is even vertex magic.
Let f be an even vertex magic labeling.

The number of vertices of kite (n,t) is n +¢

The number of edges of kite (n,t) isn+1¢

Then by Theorem 2.3 |

_m2+2mn—|—m

kL —
n
k:(n+t)2—|—2(n—|—t)2+(n+t) (6)
n—+t
k=3n+3t+1.

Let vg, vy, v9,...,v,_1,v9 be a vertex sequence of C,,, a vertex u; is adjacent to v

and a vertex uy is adjacent to u; and so on, a vertex u; is adjacent to u;_q.

Case (i): n is odd and ¢t is odd.
Therefore k = 3n + 3t + 1 is odd.
For any even vertex magic labeling f, k = f(u) + ZUGN(u) fluv)Vu € V.
Let v; be any vertex i = 1,2,3,....n — 1, f(v;) + f(vivi—1) + f(vivig1) = k.
Since f(v;) is even and f(v;v;—1) and f(v;v;11)areodd.
Therefore k is even , which is a contradiction to & is odd.

Case (ii): n is even and t is even.
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Therefore k = 3n + 3t + 1 is odd.

Similar to Case (i), again we get a contradiction.

Case (iii): n is odd and ¢ is even.

Therefore k = 3n 4 3t + 1 is even.

For any even vertex magic labeling f, k = f(u) + ZUGN(u) fluv)Vu € V.
Let u; be pendent vertex. Then f(u;) + f(u—_1us) = k.

Since f(u;) is even and f(u;—1u;) is odd, k is odd, which is a contradiction to k is
even.

Case (iv): n is even and t is odd.

Therefore k = 3n + 3t + 1 is even.

Similar to Case (iii), again we get a contradiction.

In all the cases, we get a contradiction.

Therefore, any kite (n,t) is not an even vertex magic.

0

Theorem 5.3. If p = 0(mod4), then the complete graph K, is not an even vertex

magic.

Proof. The complete graph K, has p vertices and p=D) odges.

2
Assume that p = 0(mod4) and p > 3.
Then by Theorem 2.3

p(p_1>2+(p_1>+p(p_1)

4 2
=D+ D+ "
)

k=

If p = 0(mod4) then k is not an integer, which is a contradiction.
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