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OSCILLATION THEOREMS FOR GENERALIZED
SECOND KIND NONLINEAR DELAY DIFFERENCE
EQUATIONS

A.BENEVATHO JAISON AND SK.KHADAR BABU

ABSTRACT. By means of Riccati transformation technique, we
establish some new oscillation criteria for generalized second
kind nonlinear delay difference equations.

1. INTRODUCTION

Difference equations represent a fascinating mathematical area
on its own as well as a rich field of the applications in such diverse
disciplines as population dynamics, operations research, ecology,
economics, biology etc. For general background as difference
equations with many examples from diverse fields, one can refer
to [1]. The theory of difference equations is based on the operator
A defined as Au(k) = u(k+1) —u(k),k € N(0) = {0,1,2,--- }.
Eventhough many authors [1], [8] have suggested the definition of
A as

(1) Au(k) = u(k + £) — u(k), k € [0,00), £ € (0, 00),

and no significant progress took place on this line. In [4] they took
up the definition of A as given in (1) and the theory of difference
equations are developed in a different direction. For convenience,
they labelled the operator A defined by (1) as A, and by defining
its inverse A[l, many interesting results in number theory were
obtained. By extending theory of A, to complex function, some
new qualitative properties like rotatory, expanding, shrinking,
spiral and weblike were established for the solutions of difference
equations involving A,. The results obtained can be found
in [4-6].

Recently, the asymptotic behavior of second order difference
equations has been the subject of investigations by many authors,
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see e.g. [1-3,9-11].
In this paper, we will be concerned with a class of generalized
second kind nonlinear delay difference equations

Ab (p(k£2 + jZ)Aél (u<k£1 + jl))'y)

(2) +q(kls + jo)u((k — o)t + j1) = 0,

when

3 =

( ) ZO ( (kly + ja) ) >

holds, where j; = k — [’;—z} (i, i =1,2 and 1,4 € (0,00), and also
assume that the function f : [0,00) — [0, 00) satisfies

(4) zf(x) >0and f(x)/x >k >0 for x #0.

By a solution of (2) we mean a nontrivial function u(k¢; + j;) which
is defined for k& > —o, and satisfies equation (2) for k£ € [0, 00).
Clearly if

(5) u(kly + j1) = A(kly + j1) for k € [—0,0]

are given, then equation (2) has a unique solution satisfying the
initial condition (5). A solution u(k) of (2) is said to be oscillatory
if for every k; > 0 there exists an k > k; such that u(k)u(k+¢) <0,
otherwise it is nonoscillatory. Equation (2) is said to be oscillatory
if all its solutions are oscillatory.

In this paper, by using the Riccati transformation technique,
we present some new oscillation criteria for equation (2) when (3)

holds.

2. PRELIMINARIES
Definition 1. An equation is of the form
fk, Apu(k), Ay pyu(k), -+ Dgy g g, u(k)) =0
is called the generalized n"-kind difference equation.
Definition 2.
(6)  w(k) = [ulk + 01) + v(k + )] + u(k + b1 + ) = v(k)

is the generalized nonhomogeneous second kind difference equation
and by taking v(k) = 0 in (6), then the equation (6) is called
generalized homogenous second kind difference equation.
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Remark 3. (1) In (6), taking ¢; = €5 = ¢, then the equation (6)
is called generalized second order difference equation.
(2) In (6), substituting ¢; = ¢ = 1, then the equation (6) is
called second order difference equation.

Definition 4. [4] For A € N(1), the generalized polynomial
factorial is defined by

(7) kN = k(k — 0)(k —20) -+ (k — (A — 1)),
3. MAIN RESULTS

Theorem 5. Assume that (3) and (4) hold. Furthermore,
assume that there exists a positive real valued function p(kls + js)
such that for every positive constant M,

k
lim sup Z [np(rly + j1)q(rly + j1)

(8) E
(= 0)ls + j2)) Tp(kls + £+ j2) (Ag, p(rly + 1))
AM) 5 p((k + 1)l + Go)p(rly + ju)

for some ko > 0. Then every solution of equation (2) oscillates.

Proof. Suppose the contrary that w(k¢; + j;) is a nonoscillatory
solution of (2). Without loss of generality, we may assume that
u(kly+71) is an eventually positive solution of (2) such that u(k¢; +
J1) > 0and u((k—o)l1+71) > 0 for all k > ko > 0. We shall consider
only this case, since the substitution v(kl; + j1) = —u(kl; + 51)
transforms equation (2) into an equation of the same form. In view
of (2) we have for k > kg,

Ay, (p(kls + jo) (Agu(kly + j1))7)
9) = —q(kly + jo) f(u((k — o)l + j1)) <0,

and so p(klz + j2)(Agu(kly + j1))” is an eventually nonincreasing
function. First we show that p(kly + jo)(Agpu(kly + j1))7 is
eventually positive. Indeed, since ¢(kls + j») has a positive
subsequence, the nondecreasing sequence
p(kly + jo)(Agpu(kly + j1))Y is either eventually positive or
eventually negative. Suppose there exists real number
klgl + jl >0 such that p(k’lég + jg)(Aglu<l€1€1 + jl))’y =c<O0.
Then, from 9) we have
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p(kly + o) (A u(kly + 51)) < p(kily + J2) (A u(kily + 51)) = ¢
for k > kq, so that

1 1/~
bt iz (ot Y
p(kly + j2)

which implies that, as k — oo,

1

kel Rl
u(l{,’£1 +]1) < U(lﬁgl +]1> +c7 Z (p([{;1£2 —|—j2 —+ ’lfl)) B

=

which contradicts the fact that w(k¢;+71) > 0 for all large k. Hence
p(kly + 7o) (Agu(kly + 71))" is eventually positive. Therefore, we
see that there is some kg such that

u(kﬁl —|—j1) > 0, Agu(kﬁl —|—j1) > 0,
(10) AgQ (p(k’fg +j2)(Aglu(k€1 +]1))7) S O, k Z ]fo.

Define the function z(kf; + j1) by the Riccati transformation

p(kls + Jo) (Ag u(kly + j1))"
U(kgl — 0'62 + ]1) '

(11)  2(kly + j1) = p(kly + j1)

We have z(kly + jo) > 0 and

Aglz(kﬁl + ]1)

p(kly + 1)
(kgl — O'€2 —|—]1>

= p(kly + kb + 52) (Agu((k + 1)+ 51)) A |~

(12)
n p(kly + j1)Ag (p(kly + j2) (A u(kly + 51))7)
u(kly — ol + j1) '

Now, from (2), (4) and (12), we find

Aglz(kzﬂl -+ j1> S — np(k:€1 -+ jl)q(kél + ]1)
Aglp(k‘fl + ]1)
p((k+ 1)t + ji1)
p(kly + j1)p(kls + €1 + ja)
Lu((k+ 1)l — ol + j)u(kly — ols + j1)
(13) (Aglu(k£1 — Uﬁg +]1))(Aglu((k5 + 1)61 Jr]l))’y] .

2((k 4 1) + 51)
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But, from (10), we have for some k > ky = ko + ot
p((k — o)la + jo) (Agu(kly — oly + j1))"
> p((k+ 1)y + jo) (A u(kly + o+ 1)),
(14) and u((k + 1)1 — oly + 71) > u(kly — ols + 1),
and thus (13) and (14) imply that
A&Z(k?fl +]1) S —np(kél +j1)q(k£1 ‘|‘j1)
2((k+ 1)l + 1) A p(kly + j1)
p((k+1)01 + 51)
(p((’f + 1)ls + j2)
p((k — o)ty + j2)
(Agu((k+ 1)l + 1)) (Aqu(kls + & +j1))]
(u((k+ 1)ty — oly + j1))?
hence, from (11) and (15), we obtain
Aglz(kﬁl + ]1) S —np(k€1 + jl)q(k€1 + j1)

2((k+ D0+ j)A,p(kl +51) (p((k + 1)l + ja) )i
p((k+ 1) + j1) p((k — o)l + ja)

) (ks + 0)p(kls + €1 + 7o)

(15)

(16)

p(kfﬁl —|—]1) 22(<k’ + 1)51 + j1) :|
(p((k + 1)y + j1))p(kla + 01 + j2) (Agulkly + Lo+ 1)) 71|
Now, due to the fact that p(kly + jo)(Agu(kly + j1))7 is a positive
and nonincreasing function, there exists an ky > ky sufficiently large
such that p(kly + j2)(Agu(kly + j1))Y < 1/M for some positive
constant M and k > ko, and hence by (10) we have p((k + 1)fs +
Jo) (Agu(kly 4+ by + 71))Y < 1/M, so that
L N
(Agﬂﬁ(k’gl + €2 + ]1))7_1 -
Substitute (17) into (16), we obtain
Aglz(kﬁl + j1) S —n,o(k& -+ j1)q(k’€1 + ]1)
Z((k + 1)61 + jl)Aglp(/fgl + ]1)
p((k+ 1)1 + 51)
(M)™5 p((k + 1)l + jo)p(kts + j1)2*((k + D + 1)

plkly + 6+ 1) (p((k — 0)ls + 52))7 (p((k + 1)1 + j1))2

(17) (Mp((k + 1)ty + o)) 5.

_|_

(18)
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A z(kly + 1) < —np(kly + j1)g(kly + j1)
J Pkt + 6+ 3 pl(k = o)l +2))7 (D p(kly + 1))
4(M) 7 p((k + 1)la + ja)p(kly + j1)
VDS D+ 1) + Ga)p(kty + 0)2((k+ 1) + 1)
p((k + 1)+ G\ p(kts + 0 + 1) (p((k — 0)s + 32))

Bl + 6+ )R = )6y + o) A, plits + m}

2 (M) pl(k -+ )02+ da)plkts + 1)
< — [np(kty + j1)q(kl, + j1)
Pkl + b+ o) (p((k — o) s + 72))7 (A, p(kty + 51))?
AT p((k+ )t + o) plkt + i)
Summing (19) from k, to k, we obtain
— z(koly 4+ J1) < z((k+ 1)l + j1) — z(koly + 71)

< — Z [np(rty + j1)q(rly + jr)

r=ko

Pl + b+ o) (p((r = 0)s + 52)) 7 (Auup(rts + ﬁ))?]

(19)

(20)

y—1

4(M) 5 p((r + 1)l + ja) p(rty + ji)
which yields
k

> [np(rty + ju)q(rey + jr)

r=ky
(21)
_plrla 0+ 32)(p((r = o)l + 52))7 (e p(rty + 1))
AM)T p((r 4+ Dl + jo)o(rty + 1)
for all large k, and this is contrary to (8). The proof is complete. [

< Cq,

From Theorem 5, we can obtain different conditions for
oscillation of all solutions of (2) by different choices of p(k). When
v = 1, equation (2) reduces to the nonlinear delay difference
equation and then Theorem 5 reduces to the following Corollary.
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Corollary 6. Assume that (3) and (4) hold and there exists a
positive sequence q(kly + jo) such that

k
lim sup Z np(réy + j1)q(rty + j1)

k—o00 r—ko

(22) ol + 0+ o) (p(r = )l + o) (Bep(rls + 1) ] _
Ap((r + )bz + j2)p(rly + j1)

Then every solution of equation (2) oscillates.

Example 7. Consider the second kind discrete Euler equation

(23) A@Aauma+ﬁ>+azﬁ§g;wma+ﬁ>=o,kZL

where p > §. Then, p(kl; + j1) =1, n =1 and v = 1. If we take
p(kly + j1) = kly + j1, then we have
k .
. (A (st + 1))
¢ 14 -
— [(S v+ glsh + i) A(st + jr)
b 8€1 + ]1 €2 b 4,u — 52
Dl [ R D e T
—1 861 + ]1 4(8€1 + ]1) —1 4(S€1 + ]1)

as k — oco. By Coro]lary 6, every solution of (23) oscillates. It is
known that when 1 < 1, (23) has a nonoscillatory solution. Hence,
Theorem 5 and Corol]ary 6 are sharp.

Example 8. Consider the second kind nonlinear delay
difference equation

(k4 1)l + 72 .
A, (Wml (k€1+j1))

(24) +@@%E;ww—n@+hkaﬂ%—na+ﬁ»=a

where k > 1,11 > 1, f(z)/a >n=1,0 =1 and v = 1. If we take
p(kly + j1) = kly + j1, then we have

5 T p(sly + 1) st + 1 (Ag (st + 1))
> |

et sl + j1)2 (S + 1)61 +J1 4<3£1 + ]1)

k

Ve R e

s=1 s=1
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as k — oo. Thus Theorem 5 asserts that every solution of (24) is
oscillatory when p > }L.

Theorem 9. Assume that (3) and (4) hold. Let p(k{; + j1) be
a positive function. Furthermore, we assume that there exists a
double function {H(m,kl; + ji1) : m > k > 0} such that (i)
H(m,m) = 0 for m > 0, (ii) H(m,kl; + j1) > 0 for
m > kly + 51 > 0 (ZZ’L) Ag([l)H(m, kt, + j1)
= H(m,((k + 1)61 + ]1)) — H(m,k& + jl) S 0 for
m >kt + 51 > 0. If

m—1

S (nH(m, ks + j2)o(kts + )a((k + 1) + o)

1
lim su

2=

— {(p((k + 1)tz + j2))* (p((k — o)y + j2))

(h(m, kly + jo) — A‘zp(k€2+j2)\/m) 2

p((k+1)l2+72)

(25) < 0

A(M)T p(kly + o)

where h(m, kly + jo) = _Ai(/éifnin;;f;ﬁ’ m > k > 0, for every

positive number M, then every solution of equation (2) oscillates.

Proof. We proceed as in the proof of Theorem 5. We may assume
that (2) has a nonoscillatory solution u(kf + j) such that u(kly +
J2) > 0 and u((k — 0)ls + jo) > 0. From the proof of Theorem 5
we see that (10) holds for k& > kj. Defining again z(k¢; + j1) by
the Riccati transformation (11), we have z(k¢; 4+ j;) > 0 and there
is some M > 0 such that (18) holds for k& > k. For the sake of
convenience, let us set

@

—1)
M~ p(/{:ﬁg + £1 +j2)p(k€1 +]1)
1 T
p((k + 1)l + j2)p7 ((k — o)l + j2)
then, from (18) we have for k > ko,
2(kly + j1) Ay p(kly + j1)
p((k+ 1)l + j1)
p(kly + j1)
P2((k + 1)61 + j1)

p(kly + j1) =

np(kly + j1)q(kty + j1) <

— Ay z(kb + 1) — 2((k+1)6 + ).

32



International Journal of Pure and Applied Mathematics Special Issue

GENERALIZED SECOND KIND

Therefore, for k > ko,

m—1

> " nH(m, kb + ji)p(kt + j)q(kG + i)

S — H(m, k/’gl —|—j1)Ag12(k‘£1 +]1)

Ay, p(kly + j1)
(k+ 1)t + 1)

+ Y H(m, kt, +j1)p 2((k+1)b + 1)

p(kly + j1)
P2 ((k + 1)l + j1)

— > H(m, kt; + j1) 2((k+1)0 + j1),

which yields, after summing by parts,

m—1
Z nH(m, kly + j1)p(kly + j1)q(kly + 31) < H(m, kaoly + j1)z(koly + j1)
k—k

m—1
+ > 2((k+ D+ 1) Doy H(m, kly + i)
k=ko

= H(m, kl; + j1) D¢, p(kly + j1)2((k + 1)61 + 51)
+) .
= p((k+1)01 + j1)

p(kly + j1)
P2 ((k + 1)l + j1)

,koly + j1)2’(k2£1 + jl)

(m, kly + j1) 2((k+ 1)1+ 51)

H
h(m, kly + ji)/H(m, kb + j1)2((k + )61 + ji)

-1
3
k=ko
=H(m
m—1
3
k=k

Aglp(k‘€1 +j1)
(B + 1)t + 1)

m—1

£ Hlm, ke +51) 2((k+ 1)+ )
k=k2
m—1

— " H(m, kb + jy)
k=k2

p(kly + j1)
P2((k + 1)l + j1)

2((k+1)0 + j1)
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= H(m, koly + j1)2z(kaly + j1)

— k+ )6 +j1)

2((k +1)0 + j1)

+

' . . Ay, p(key+51)H(m, k21+J1>
p((k+1>el+yl)(h(m,uml) H(m kb +50) ~—— e+
2/ H(m.kt1+j1)p(kbr+j1)

. . Ag (k41+11)\/H(mM1+J1
| e~m—1 (P((k+1)51+31))2(h(mukfﬁ‘]l)— 1 p((kt1)01+i1)
4 £stk=kz p(kl1+1)
Then,

Zl:_ki [nH (m, kly + j1)p(kly + j1)g((k + 1)¢ + j1)

p((k+1)l1+51)

. . 2
(p((k + 1)01 + 51))> (h(m, Kty + j) — 2atiy H(’."”“l“l))

dp(kty + j1)

< H(m, koly + j1)z(kaly + j1) < H(m,0)z(katy + j1),
which implies that
o [ H (m, Kty + G1)p(key + j1)g(ke + 1)

. . 2
(p((k + 1)01 + 51))> (h(m, Kty + j) — 2oty H(’."”“l“”)

p((k+1)l1+51)

dp(kty + j1)

< nH(m,0) ZZQ o1 p(kly + j1)q(kly + j1) + H(m, 0)z(kily + j1).
Hence
limsup,,, m Sy InH (m, kb + 1) p(kts + j1)q(kly + )

. o Ag p(key i) /Em R\
(p((k+1)€14751))? (h(m,khﬂl)* G DaED ) <
4p(ke1+71) ’

which is contrary to (25). The proof is complete. O
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