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Abstract

Let G =(V,E) be a simple, finite, non —trivial and
undirected graph.The Restrained dominating set of a graph
is a dominating set in which every vertex in V — D is
adjacent to some vertex in V— D [10]. k — ~, enresdowed
graph is one in which every restrained dominating set of,
cardinality k£ contains a minimum restrained dominating set.
In this paper, Some bounds were calculated for k£ — ~,
enresdowed graph related with its private neighbourhood.

AMS Subject Classification: 05C69
Key Words and Phrases:Restrained Domination,
Private neighbour, enresdowed graphs.

271



International Journal of Pure and Applied Mathematics Special Issue

1 Introduction

The definition of domination, restrained domination and private
neighbourhood are as in [10]. The ordinary restrained dominating
set is denoted as rd set and the minimum rd set is denoted as 7,
set. A rd set of G with cardinality k& which contains a -, set of
G is called k - v, enresdowed graph.The n - friendship graph is a
graph which is obtained by attaching friendship graph f;,s;, s; > 2
to every vertex of a path with n vertices.

Let k be a positive integer. A simple graph G =(V,E) is called
a k - 7, enresdowed graph if every rd set of G of cardinality k
contains a 7, set of G.

Let P, be a path of n vertices namely, uy,us,...,u;...,u,. To
the vertex u;, 1 < i < n attach a friendship graph fi,s;, s > 2.
The graph obtained is called n - friendship graph and it is denoted
by fg, s5....s....5.- Lhe vertices up, ug, ..., ui...,u, are called nodes of
the n - friendship graph.

Corollary 1. The n — friendship graph has a unique 7, set.

2 Enresdowedness of graphs and private
neighbours

Theorem 2. G be a n — friendship graph with nodes
Uy, Us,...,U...,u, then every node has atleast four private
neighbours in V — D.

Proof. Let D ={uj,ug,...,u;...,u,} be the set of nodes. Let
Vi, W1, Vo, Wa, ..., Vs, Ws be the vertices adjacent to some uj,
1 <1i < n and the vertices vj, w;j are adjacent for 1<j <s.

Suppose u;,1 < i < n has no private neighbours then the
neighbours of u; say vj or wj,1 < j < s is adjacent to some

u,,1 <r <n, r#1iwhich is a contradiction.

Suppose u;, 1 <i < n has exactly one private neighbour then u;
is adjacent to a pendant vertex or u; is attached to vertex v,
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1
Uy

j < ssay and wj,1 < j < s is adjacent to some other
<r <n, i1 which is a contradiction.

=N

Suppose u;, 1< i < n has two private neighbours then either u;
is attached to a vertices vj and w;j ,1 < j < s and where the vertices
viy1 and wiyq, 1 < j < s are adjacent to some other u,,1 <1 <n,
i# r which is a contradiction or u; is attached to the vertices v;
and vj;1,1 < j <'s, where vj and vj;; are non—adjacent vertices
then the vertices wj and wjyq, 1< j <'s are adjacent to some other
u,, 1 <r <n,r #1iwhich is a contradiction. Suppose if u; is
attached to a vertices v; and wj;1,1 <j <s, where v; and wj;; are
non— adjacent vertices then the vertices w; and vj;1,1 <j <s are
adjacent to some other u,, 1<t < n,i# r which is a
contradiction or if u; is attached to a vertices w; and vi;1,1 < j <,
where w; and vj;; are non — adjacent vertices then the vertices v;
and wj;1,1 <j <s are adjacent to some other u,,1 <r <n,r # i,
which is a contradiction.Similarly if u; is attached to a vertices wj
and wiyq, 1 <j <s where wj and wjy; are non —adjacent vertices
then the vertices vj and vj;q,1 < j <'s are adjacent to some other
u,, 1 <1 < n, i# r which is a contradiction.

Suppose if u; is attached to a vertices vj;; and wiy1,1 <j <s
where vj;; and wjy; are adjacent vertices then the vertices v; and
wj, 1 <j <s are adjacent to some other u,,1 <r <mn, r # i which
is a contradiction.

Suppose u; has three private neighbours then either u; is
attached to a vertices v; ,wj and vj;q, 1 < j <'s, and where the
vertex wi;1, 1< j <'s are adjacent to some other u,,1 <r <mn,i#r
which is a contradiction or u; is attached to a vertices vj, w; and
wit1, 1< j <'s, and where the vertex vj;;, 1 <j < s are adjacent to
some other u,, 1 <r <n, r# i, which is a contradiction. Similarly
if u; is attached to a vertices,wj, vi1; and wiyq,1 < j <'s, and where
the vertex v;,1< j <'s are adjacent to some other u,,1 <r <n,

i # r which is a contradiction or u; is attached to a vertices,vj, Vi1
and wj; 1,1 <j <s and where the vertex wj, 1 <j <'s are adjacent
to some other u,,1 < r < nr # i which is a contradiction. Hence

the theorem.
O]
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Theorem 3. Let G be a n — friendship graph with a set
of nodes {uy, g, ..., us...,un}. Let n =min,___ {|pn(us,D)|}. Then
there exist an t, 1< t < n such that pn(uy, D) = n,(D - {u}) U
(pn(ug, D) - U;Zl {v;}), where v; belongs to pn(uy,D)for 1< j <1,
[ > 2,is a rd set of G of cardinality k + n/2 —1 or (D — {u:}) U
(pn(uy, D) - U§:1 {w;}) where w; belongs to pn(uy,D)for 1< j <1,
[ > 2, is a rd set of G of cardinality k 4+ n/2 — 1.

Proof. Let D ={uj,uy,...,us...,u,} be a unique 7, set of a
n — friendship graph G. Let the (pn(us,D))1 < s < k is a union
of Kys. Given 7 =min,__ {|pn(us,D)[}, then there exist an t,
1<t < k such that pn(ug, D) = 7. Let the vertex set of pn(ug, D) be
{v1, w1, va, Wo, ..., Vi, Wy, ..., v, Wi}, [ > 2 which is adjacent to some
ug, 1 <'s <n and the vertices vj, w; are adjacent for 1< j <1 .
Consider the sets Dy, Dy and D3 in such a way,
Dy ={uy,ug, ..., u4_q,U44q...,u,} of cardinality k —1,
D, = U§:1 {v;} of cardinality / and D3 = Ué:l {w;},
of cardinality [. For [ > 2,where v;j, w; belongs to pn(u;, D). Hence
D1: D —{ut}.

Here pn(ug, D) = {vi, w1, vo, wo, ..., , Vi, Wj, ..., Vi, Wi}
pn(ug, D) = {vy,va,...,vi} U {w1,wq,...,w;}
! !
pn(u, D) = (Ui {vi}) U (U {wi)
pn(ug, D) = Dy U D3.
Therefore pn(ug, D) - (szl {Vj}) = pn(uy, D) - Dy and
pr(ue, D) = (Uf_, {w;}) = pu(u, D) - Ds.
Let D4 = Dl U D2 and D5 = Dl U Dg.

Part (i) Consider a set (D — {u}) U (pn(ug, D) - U;:l {vi})
[ > 2. This set is nothing but Dy4. In this set Dy, the vertices

{u,ug, ..., 041,01 ...,u,} dominates its corresponding private
neighbours vj or w; and the vertices v;, w; are adjacent for 1< j <1
and the set {vq,va,....,v;} dominates {wy,ws,....,w;} and u; for

1<t <n,l > 2. Then each vertex w; 1< j <[ is adjacent to u in
V —D and u; is adjacent to the vertices u;_; and uiyq in D;.Thus
D, is a rd set and the cardinality of the set D, is the sum of the
cardinality k - 1 of the set D; and the cardinality 1/2 of the set
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{v1,va,....,v;}.Thus the cardinality of the set Dy is k +n/2 — 1.

Part (ii) Consider a set (D — {u;}) U (pn(ug, D) - U§:1 {w;})
[ > 2. This set is nothing but Dj. In this set D5, the vertices

{u,ug, ..., u_1,U441 ..., U, dominates its corresponding private
neighbours v; or w; and the vertices vj,w; are adjacent for 1< j <1
and the set {wy, ws,....,w;} dominates {vq,vs,....,v;} and u; for

1<t < n,l > 2. Then each vertex v;, 1< j < [ is adjacent to ug
in V — D and u; is adjacent to the vertices uy_; and ugy; in Dy.
Thus D5 is a rd set and the cardinality of the set D5 is the sum of
the cardinality k - 1 of the set Dy and the cardinality 1/2 of the set
{w1, wa,....,w; }.Thus the cardinality of the set D5 is k + n/2 — 1.

Thus (D — {u}) U (pn(u, D) - Uiz, {vi}): or (D — {u}) U
(pn(uy, D) - U§:1 {w;}), where v; or w; belongs to pn(u;, D) for
1<j <11 > 2 is ard set of G of cardinality k + n/2 — 1. [

Theorem 4. Let G be an — friendship graph fg, s, . .. s, With

unique vy, set D = {w;};_,,n > 2 and (pn(w;,D))1 <i<n bea
union of IKYs , | > 2 with s; vertices where s; # s;, for i# j,
1<1i,j <n,sj,s5 >4 and atleast one s; = 4. Then G is

v - 7, enresdowed but not m - -, enresdowed for any m,
Y +1 <m < Z?;l si/24+ (v —1).

Proof. Let G be an — friendship graph {5, s, . .. s, With unique
vrset, D={uy,ug, ..., ..., u,}n > 2. Let (pn(u;, D)) ;1< 1 < nis
a union of [Kjs ,l > 2 with s; vertices,where s; # s;, for 1 # j,
1<1,j <n, s8> 4. Let vi,wi,vo, Wo, ..., Ve, Wi, oo Ve, W,

s; > 4be the set of vertices adjacent to some u;, 1< i < m and the
vertices v,,w,, 1< 1 <'s are adjacent.

For the vertex uy, let (pn(u;, D)) be a union of [Kss, > 2 with
the vertex set {Vl,Wl,VQ,WQ, e ,VSLWSL} ,$1 > 4. In general for
any vertex u;, the (pn(u;, D)) 1<i<n be the union of I Kys with
the vertex set {v, 1w, 1V, 4aw. 4o Vv, W, }s> 4. The

vertex set of G is {uy, ug, ..., W, ..., Uy, V1, Wi, Vo, Wo, ..., Vg, , Wy, ,
ceey Vsi—l+1’Wsi—1+1’Vsi—l+2’wsi—l+2’. .. """""VSNWSN' Ceereesieany

Vsn_l+17W5n_1+1,Vsn_1+27WSn_1+2,.“,Vsn,Wsn}Where each s; vertices are

dominated by u;, 1 <i<n.Since D = {uy,ug,...,u,...,u,} is the
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v, set of G. Clearly G is ~, - 7, enresdowed.

Consider any sets with cardinality m, where m > ~,41,
the (pn(u;, D)) for 1< i < n contains [Kjs, | > 2 then there exist
two cases [ = 2i and [ = 2i+1,1 > 1.

Case (i) Suppose [ = 2i,1 > 1.
Then take (IKs) = Q(Kyz). Let the vertex set of Q(Ks) be

V52i71+17W52171 +17V52171 +27W52i71 +2,- - ’Vsziywszi ’}7821 2 4
For the (pn(u;, D)) of the type Q(K3),consider either a set
Doi = {us, g, ..o, Ugimg, Waigt -y a1 J U Ve 41, Voo 42, Vay |
or Do = {uy, g, ..., Ugi_1, Ugig1 . . ., Un—1 }U {WSQHH, W 420, Wy, }-

Therefore Dy; is of cardinality (s,,/2 4n-1)-

Case(ii) Suppose [ = 2i+1 ,i > 1.Thentake (/Ks) = R(Ks).
Let the vertex set of R(Kz) be
{VS(2i+1)71+1’WS(2i+1)71+1’V5<21+1)71+2’WS(21+1)71+27' o ’VS(2i+1) ’ WS(2i+1)}
Soir1 > 4 otherwise,
R(KQ) - {VSQiJrl’WS21+1»V521+27WS21+2»' o ’VS(2i+1) ’ W5(2i+1)}
For the ( pn(u;, D)) of the type R(ks).consider either a set
Daip1 = {uy, g, - .o, Ugj, Ugigo - ooy U1 U {V52i+1, V52i+2,...,Vs(2i+1)} or

D2i+1 = {111, Ug, ..., U2, U2i4+2 - .. ,un_l} U {Ws2i+1’ W52i+2r-~:ws(2i+1)}'
Therefore Doy is of cardinality (s,,,, /24n—1)-

Let Dn = {ul, ug, ... ,un,l} U {Vsn_lJrl7 Vsn_1+27m,Vsn}.

D, is of cardinality (s,/2 4+ n — 1). Let Dy = (|J i>: Dy;) UD,, and
2i#n
D3 = (J =1 Daip1)UDy, Take Dy = (|J i1 Do) U(J 151 Daip1)U
2i+1#n 2i#n 2i4+1#n
D,. Dy is ard set of cardinality > -, s;/2 + ( 7,-1) , which does not
i#m

contain the u,. Hence D, is a rd set not containing D. Hence G is not
m - 7, enresdowed for any m, v, +1 <m < > iy /2 + (v,.—1).
i#m

]
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