
PRIVATE NEIGHBOURHOOD AND
ENRESDOWED GRAPHS

Dr.P.SUMATHI1 and R.ESTHER FELICIA2

1Head,Associate Professor, Department of Mathematics,
C.Kandaswami Naidu College for Men,Chennai -600 102,

Tamilnadu, India.
sumathipaul@yahoo.com

2Research Scholar,Department of Mathematics,
C.Kandaswami Naidu College for Men,Chennai -600 102,

Tamilnadu, India.
2Assistant Professor,Department of Mathematics,

Shri Krishnaswamy College For Women,Anna Nagar,
Chennai,Tamilnadu, India.

feliciakarthikeyan@yahoo.co.in

August 9, 2017

Abstract

Let G =(V,E) be a simple, finite, non −trivial and
undirected graph.The Restrained dominating set of a graph
is a dominating set in which every vertex in V − D is
adjacent to some vertex in V− D [10]. k − γr enresdowed
graph is one in which every restrained dominating set of,
cardinality k contains a minimum restrained dominating set.
In this paper, Some bounds were calculated for k − γr

enresdowed graph related with its private neighbourhood.
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1 Introduction

The definition of domination, restrained domination and private
neighbourhood are as in [10]. The ordinary restrained dominating
set is denoted as rd set and the minimum rd set is denoted as γr

set. A rd set of G with cardinality k which contains a γr set of
G is called k - γr enresdowed graph.The n - friendship graph is a
graph which is obtained by attaching friendship graph f1, si, si ≥ 2
to every vertex of a path with n vertices.

Let k be a positive integer. A simple graph G =(V,E) is called
a k - γr enresdowed graph if every rd set of G of cardinality k
contains a γr set of G.

Let Pn be a path of n vertices namely, u1, u2, . . . , ui . . . , un. To
the vertex ui, 1 ≤ i ≤ n attach a friendship graph f1, si, si ≥ 2.
The graph obtained is called n - friendship graph and it is denoted
by fs1,s2,...,si...,sn .The vertices u1, u2, . . . , ui . . . , un are called nodes of
the n - friendship graph.

Corollary 1. The n − friendship graph has a unique γr set.

2 Enresdowedness of graphs and private

neighbours

Theorem 2. G be a n − friendship graph with nodes
u1, u2, . . . , ui . . . , un then every node has atleast four private
neighbours in V − D.

Proof. Let D ={u1, u2, . . . , ui . . . , un} be the set of nodes. Let
v1, w1, v2, w2, . . . , vs, ws be the vertices adjacent to some ui,
1 ≤ i ≤ n and the vertices vj, wj are adjacent for 1≤ j ≤ s.

Suppose ui, 1 ≤ i ≤ n has no private neighbours then the
neighbours of ui say vj or wj, 1 ≤ j ≤ s is adjacent to some
ur, 1 ≤ r ≤ n, r ̸= i which is a contradiction.

Suppose ui, 1 ≤ i ≤ n has exactly one private neighbour then ui

is adjacent to a pendant vertex or ui is attached to vertex vj,
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1 ≤ j ≤ s say and wj, 1 ≤ j ≤ s is adjacent to some other
ur 1 ≤ r ≤ n, i ̸= r which is a contradiction.

Suppose ui, 1≤ i ≤ n has two private neighbours then either ui

is attached to a vertices vj and wj , 1 ≤ j ≤ s and where the vertices
vj+1 and wj+1, 1 ≤ j ≤ s are adjacent to some other ur, 1 ≤ r ≤ n,
i ̸= r which is a contradiction or ui is attached to the vertices vj

and vj+1, 1 ≤ j ≤ s, where vj and vj+1 are non−adjacent vertices
then the vertices wj and wj+1, 1≤ j ≤ s are adjacent to some other
ur, 1 ≤ r ≤ n, r ̸= i which is a contradiction. Suppose if ui is
attached to a vertices vj and wj+1, 1 ≤ j ≤ s, where vj and wj+1 are
non− adjacent vertices then the vertices wj and vj+1, 1 ≤ j ≤ s are
adjacent to some other ur, 1≤ r ≤ n, i ̸= r which is a
contradiction or if ui is attached to a vertices wj and vj+1, 1 ≤ j ≤ s,
where wj and vj+1 are non − adjacent vertices then the vertices vj

and wj+1, 1 ≤ j ≤ s are adjacent to some other ur, 1 ≤ r ≤ n, r ̸= i,
which is a contradiction.Similarly if ui is attached to a vertices wj

and wj+1, 1 ≤ j ≤ s where wj and wj+1 are non −adjacent vertices
then the vertices vj and vj+1, 1 ≤ j ≤ s are adjacent to some other
ur, 1 ≤ r ≤ n, i̸= r which is a contradiction.

Suppose if ui is attached to a vertices vj+1 and wj+1, 1 ≤ j ≤ s
where vj+1 and wj+1 are adjacent vertices then the vertices vj and
wj, 1 ≤ j ≤ s are adjacent to some other ur, 1 ≤ r ≤ n, r ̸= i which
is a contradiction.

Suppose ui has three private neighbours then either ui is
attached to a vertices vj ,wj and vj+1, 1 ≤ j ≤ s, and where the
vertex wj+1, 1≤ j ≤ s are adjacent to some other ur, 1 ≤ r ≤ n, i ̸= r
which is a contradiction or ui is attached to a vertices vj, wj and
wj+1, 1≤ j ≤ s, and where the vertex vj+1, 1 ≤ j ≤ s are adjacent to
some other ur, 1 ≤ r ≤ n, r̸= i, which is a contradiction. Similarly
if ui is attached to a vertices,wj, vj+1 and wj+1, 1 ≤ j ≤ s, and where
the vertex vj,1≤ j ≤ s are adjacent to some other ur, 1 ≤ r ≤ n,
i ̸= r which is a contradiction or ui is attached to a vertices,vj, vj+1

and wj+1, 1 ≤ j ≤ s and where the vertex wj, 1 ≤ j ≤ s are adjacent
to some other ur, 1 ≤ r ≤ n r ̸= i which is a contradiction. Hence
the theorem.
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Theorem 3. Let G be a n − friendship graph with a set
of nodes {u1, u2, . . . , us . . . , un}. Let η =min

1≤s≤n
{|pn(us, D)|}.Then

there exist an t, 1≤ t ≤ n such that pn(ut, D) = η, (D - {ut}) ∪
(pn(ut, D) -

∪l
j=1 {vj}), where vj belongs to pn(ut, D)for 1≤ j ≤ l,

l ≥ 2,is a rd set of G of cardinality k + η/2 − 1 or (D − {ut}) ∪
(pn(ut, D) -

∪l
j=1 {wj}) where wj belongs to pn(ut, D)for 1≤ j ≤ l,

l ≥ 2, is a rd set of G of cardinality k + η/2 − 1.

Proof. Let D ={u1, u2, . . . , us . . . , un} be a unique γr set of a
n − friendship graph G. Let the ⟨pn(us, D)⟩ 1 ≤ s ≤ k is a union
of K′

2s. Given η =min
1≤s≤n

{|pn(us, D)|}, then there exist an t,
1≤ t ≤ k such that pn(ut, D) = η. Let the vertex set of pn(ut, D) be
{v1, w1, v2, w2, . . . , vj, wj, . . . , vl, wl} , l ≥ 2 which is adjacent to some
us, 1 ≤ s ≤ n and the vertices vj, wj are adjacent for 1≤ j ≤ l .
Consider the sets D1, D2 and D3 in such a way,
D1 = {u1, u2, . . . , ut−1, ut+1 . . . , un} of cardinality k −1,
D2 =

∪l
j=1 {vj} of cardinality l and D3 =

∪l
j=1 {wj} ,

of cardinality l. For l ≥ 2,where vj, wj belongs to pn(ut, D). Hence
D1= D −{ut} .

Here pn(ut, D) = {v1, w1, v2, w2, . . . , , vj, wj, . . . , vl, wl}
pn(ut, D) = {v1, v2, . . . , vl} ∪ {w1, w2, . . . , wl}
pn(ut, D) =

(∪l
j=1 {vj}

)
∪

(∪l
j=1 {wj}

)

pn(ut, D) = D2 ∪ D3.

Therefore pn(ut, D) -
(∪l

j=1 {vj}
)

= pn(ut, D) - D2 and

pn(ut, D) −
(∪l

j=1 {wj}
)

= pn(ut, D) - D3.

Let D4 = D1 ∪ D2 and D5 = D1 ∪ D3.

Part (i) Consider a set (D − {ut}) ∪ (pn(ut, D) -
∪l

j=1 {vj})
l ≥ 2. This set is nothing but D4. In this set D4, the vertices
{u1, u2, . . . , ut−1, ut+1 . . . , un} dominates its corresponding private
neighbours vj or wj and the vertices vj, wj are adjacent for 1≤ j ≤ l
and the set {v1, v2, . . . ., vl} dominates {w1, w2, . . . ., wl} and ut for
1≤ t ≤ n , l ≥ 2. Then each vertex wj 1≤ j ≤ l is adjacent to ut in
V −D and ut is adjacent to the vertices ut−1 and ut+1 in D1.Thus
D4 is a rd set and the cardinality of the set D4 is the sum of the
cardinality k - 1 of the set D1 and the cardinality η/2 of the set
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{v1, v2, . . . ., vl}.Thus the cardinality of the set D4 is k +η/2 − 1.

Part (ii) Consider a set (D − {ut}) ∪ (pn(ut, D) -
∪l

j=1 {wj})
l ≥ 2. This set is nothing but D5. In this set D5, the vertices
{u1, u2, . . . , ut−1, ut+1 . . . , un}dominates its corresponding private
neighbours vj or wj and the vertices vj,wj are adjacent for 1≤ j ≤ l
and the set {w1, w2, . . . ., wl} dominates {v1, v2, . . . ., vl} and ut for
1≤ t ≤ n, l ≥ 2. Then each vertex vj, 1≤ j ≤ l is adjacent to ut

in V − D and ut is adjacent to the vertices ut−1 and ut+1 in D1.
Thus D5 is a rd set and the cardinality of the set D5 is the sum of
the cardinality k - 1 of the set D1 and the cardinality η/2 of the set
{w1, w2, . . . ., wl}.Thus the cardinality of the set D5 is k + η/2 − 1.

Thus (D − {ut}) ∪ (pn(ut, D) -
∪l

j=1 {vj}), or (D − {ut}) ∪
(pn(ut, D) -

∪l
j=1 {wj}), where vj or wj belongs to pn(ut, D) for

1≤ j ≤ l, l ≥ 2, is a rd set of G of cardinality k + η/2 − 1.

Theorem 4. Let G be a n − friendship graph fs1,s2,...,si...,sn with
unique γr set D = {ui}n

i=1 , n ≥ 2 and ⟨pn(ui, D)⟩ 1 ≤ i ≤ n be a
union of lK′

2s , l ≥ 2 with si vertices where si ̸= sj, for i̸= j,
1 ≤ i, j ≤ n , si, sj ≥ 4 and atleast one si = 4.Then G is
γr - γr enresdowed but not m - γr enresdowed for any m,

γr +1 ≤ m ≤ ∑n
i=1
i̸=m

si/2 + ( γr −1).

Proof. Let G be a n − friendship graph fs1,s2,...,si...,sn with unique
γr set, D = {u1, u2, . . . , ui . . . , un} n ≥ 2. Let ⟨pn(ui, D)⟩ ,1≤ i ≤ n is
a union of lK′

2s ,l ≥ 2 with si vertices,where si ̸= sj, for i ̸= j,
1 ≤ i, j ≤ n, si,sj≥ 4. Let v1, w1, v2, w2, . . . , vr, wr, . . . , vsi

, wsi
,

si ≥ 4 be the set of vertices adjacent to some ui, 1≤ i ≤ m and the
vertices vr,wr, 1≤ r ≤ s are adjacent.

For the vertex u1, let ⟨pn(u1, D)⟩ be a union of lK2s, l ≥ 2 with
the vertex set

{
v1, w1, v2, w2, , . . . , vs1,ws1,

}
, s1 ≥ 4. In general for

any vertex ui, the ⟨pn(ui, D)⟩ 1≤ i ≤ n be the union of l K2s with
the vertex set {vsi−1+1,wsi−1+1,vsi−1+2,wsi−1+2,..., vsi

, wsi
},si≥ 4.The

vertex set of G is {u1, u2, . . . , ui, . . . , un, v1, w1, v2, w2, . . . , vs1 ,ws1 ,
. . . ........., vsi−1+1,wsi−1+1,vsi−1+2,wsi−1+2,. . . .........,vsi

, wsi
,. . . .........,

vsn−1+1,wsn−1+1,vsn−1+2,wsn−1+2,...,vsn ,wsn}where each si vertices are
dominated by ui, 1 ≤ i ≤ n. Since D = {u1, u2, . . . , ui, . . . , un} is the
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γr set of G. Clearly G is γr - γr enresdowed.

Consider any sets with cardinality m, where m > γr+1,
the ⟨pn(ui, D)⟩ for 1≤ i ≤ n contains lK′

2s, l ≥ 2 then there exist
two cases l = 2i and l = 2i+1, i ≥ 1.

Case (i) Suppose l = 2i, i ≥ 1.
Then take ⟨lK2⟩ = Q(K2). Let the vertex set of Q(K2) be{

vs2i−1+1, ws2i−1+1,vs2i−1+2,ws2i−1+2,. . . ,vs2i ,ws2i
,},s2i ≥ 4.

For the ⟨pn(ui, D)⟩ of the type Q(K2),consider either a set

D2i = {u1, u2, . . . , u2i−1, u2i+1 . . . , un−1} ∪
{

vs2i−1+1, vs2i−1+2,..., vs2i}
or D2i = {u1, u2, . . . , u2i−1, u2i+1 . . . , un−1}∪

{
ws2i−1+1, ws2i−1+2,..., ws2i}.

Therefore D2i is of cardinality (s
2i/2 +n−1).

Case(ii) Suppose l = 2i+1 ,i ≥ 1.Then take ⟨lK2⟩ = R(K2).
Let the vertex set of R(K2) be{

vs(2i+1)−1
+1, ws(2i+1)−1

+1,vs(2i+1)−1
+2,ws(2i+1)−1

+2,. . . ,vs
(2i+1)

, ws(2i+1)
}

s2i+1 ≥ 4 otherwise,
R(K2) =

{
vs2i+1, ws2i+1,vs2i+2,ws2i+2,. . . ,vs

(2i+1)
, ws(2i+1)

}
For the ⟨ pn(ui, D)⟩ of the type R(k2).consider either a set
D2i+1 = {u1, u2, . . . , u2i, u2i+2 . . . , un−1}∪

{
vs2i+1, vs2i+2,..., vs(2i+1)

} or

D2i+1 = {u1, u2, . . . , u2i, u2i+2 . . . , un−1} ∪
{
ws2i+1, ws2i+2,..., ws(2i+1)

}.
Therefore D2i+1 is of cardinality (s

2i+1/2+n−1).

Let Dn = {u1, u2, . . . , un−1} ∪
{

vsn−1+1, vsn−1+2,..., vsn}.

Dn is of cardinality (sn/2 + n − 1). Let D2 = (
∪

i≥1

2i̸=n
D2i) ∪ Dn and

D3 = (
∪

i≥1

2i+1̸=n
D2i+1)∪Dn,Take D4 = (

∪
i≥1

2i ̸=n
D2i)∪ (

∪
i≥1

2i+1̸=n
D2i+1)∪

Dn. D4 is a rd set of cardinality
∑n

i=1
i̸=m

si/2 + ( γ r-1) , which does not

contain the un. Hence D4 is a rd set not containing D. Hence G is not
m - γr enresdowed for any m, γr +1 ≤ m ≤ ∑n

i=1
i̸=m

si/2 + ( γ r−1).
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