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Abstract

Let T be a regular semigroup. An inverse transversal
of T is an inverse subsemigroup T 0 that contains exactly
a unique inverse for every element a ∈ T . We denote the
unique element of V (a)∩ T 0 by a0, where V (a) denotes the
set of all inverses of a ∈ T . In 1982, Blyth and McFad-
den initiated the concept of inverse transversals. In the last
fourty years many papers have been devoted to the study
of describing regular semigroups with inverse transversals.
This notion has come from a paper by McAlister and Blyth
(1978) on orthodox semigroups. Many authors have in-
troduced various types of regular semigroups with inverse
transversals. In particular an inverse transversal T 0 of T is
(1) multiplicative if a0abb0 ∈ E(T 0), (2) weakly multiplica-
tive if (a0abb0)0 ∈ E(T 0), (3) a quasi ideal if T 0TT 0 ⊆ T 0.
Rong Hua Zhang and Shou Feng Wang have introduced
the concept of regular semigroups with generalized inverse
transversals. Chen Jianfei has introduced the concept of or-
thodox transversals as a generalization of inverse transver-
sals. Chen Jianfei and GuoYuqi discussed the general case
of orthodox transversals and obtained some properties of or-
thodox transversals. In many papers, Xiangjun Kong et.al
has discussed regular semigroups with various classes of or-
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thodox transversals. In this article we survey what we know
about these types of semigroups.
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dox transversal, regular ∗-transversal, split map, regular
idempotent.

1 Regular Semigroups with Inverse Transver-

sals

Many papers have been devoted to the theme of describing inverse
transversals of regular semigroups from 1978 to till date. Many au-
thors have investigated some important types of regular semigroups
with inverse transversals (see the papers and references of McAlis-
ter and McFadden (1983), Saito (1984-1989), Blyth (2000), Blyth
and Santos (2001, 2008, 2009), Tang (1997, 2010), Zhu (2006)). In
particular an inverse transversal T 0 of T is said to be
(1) multiplicative if a0abb0 ∈ E(T 0) by Blyth and McFadden(1982).
(2) a quasi ideal if T 0TT 0 ⊆ T 0 by McAlister and McFadden(1983).
(3) weakly multiplicative if (a0abb0)0 ∈ E(T 0) by Saito(1985).
We can characterize the above concepts in terms of the set product
of two sets I and Λ where I = {a ∈ T |a = aa0} and Λ = {a ∈
T |a = a0a}. Note that the above conditions are naturally related.

Theorem 1. Let T 0 be an inverse transversal of T . Then T 0

is multiplicative if and only if T 0 is weakly multiplicative and a
quasi-ideal.

Saito (1985 and 1989) obtained a general structure theorem for
regular semigroups with inverse transversals and structure theo-
rems on regular semigroups with a quasi-ideal inverse transver-
sal. Saito (1986) proved that the quasi-ideal inverse transversals
of a regular semigroup T are mutually isomorphic and product
of any two quasi-ideal inverse transversals of T is a quasi-ideal
inverse transversal of T . Also, if T has a multiplicative inverse
transversal, then any quasi-ideal inverse transversal of T is mul-
tiplicative inverse transversal. Rajan (1988), Blyth (2000), Blyth
and Santos (2001, 2008, 2009), Xilin Tang (1997, 2010), Fenglin
Zhu (2006), Junwei Shi and Zhanji (2012), and Pastijin and Al-
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bert (2015) have obtained various structure of regular semigroups
having other types of inverse transversals. All are based on the
coordinatisation a ≡ (aa0, a00, a0a) and algebraically we can as-
sert that in general T is isomorphic to the set W = {(i, a, l) ∈
I×T 0×Λ; i L a−1 R l} with usual multiplication (i, a, l)(j, b,m) =
(ialj(alj)0, a(lj)00b, (ljb)0ljbm). Based on the above definition, we
can prove that

Theorem 2. T is a completely simple semigroup if and only
if T 0 is a group.

Recently in 2017, Blyth and Almeida Santos extended the con-
cept of inverse transversal by taking regular semigroups with a spe-
cial subgroup. They obtained some important characterisations of
weakly prime special subgroups and quasi-ideal special subgroups.

2 Regular Semigroups with Orthodox

Transversal

In 1999, Chen Jianfei introduced the concept of orthodox transver-
sals which is a generalization of inverse transversals. Let T be a
semigroup and T 0 a subsemigroup of T . We call T 0 an orthodox
transversal of T if the following conditions are satisfied:
(1) (∀x ∈ S) V (x) ∩ T 0 6= φ.
(2) If x, y ∈ T and {x, y} ∩ T 0 6= φ, then (V (x)∩ T 0)(V (y)∩ T 0) ⊆
V (yx) ∩ T 0.
Note that T is regular by the condition (1) and T 0 is orthodox by
the condition (2). Hence the class of regular semigroups with ortho-
dox transversals includes both the class of orthodox semigroups and
the class of inverse transversals of a regular semigroup. Structure
theorem for regular semigroups with quasi-ideal orthodox transver-
sals was obtained by Chen Jianfei (1999). In 2001, Chen Jianfei
and GuoYuqi described the general case of orthodox transversals
and obtained some properties of orthodox transversals. The im-
portant results are on the sets I = {aa0 : a ∈ T, a0 ∈ V (a) ∩ T 0}
and Λ = {a0a : a ∈ T, a0 ∈ V (a) ∩ T 0}, two components of regular
semigroups with orthodox transversals. Suppose T 0 is an inverse
transversal of T then I and Λ are subbands of T . This result does
not hold if T 0 is an orthodox transversal of T . But we have:
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Theorem 3. Let T 0 be an orthodox transversal of T . Then
the semibands < I > and < Λ > generated by I and Λ are subbands
of the regular semigroup T .

Later, Chen and Guo have proved that I and Λ are subbands
of T if T 0 is a quasi-ideal orthodox transversal of T . From 2003
to 2014, Xiangjun Kong et.al has investigated many classes of or-
thodox transversals. In 2007, Xiangjun Kong described quasi-ideal
orthodox transversals of regular semigroups by a simpler format.
In 2009, Xiangjun Kong and Xianzhong Zhao constructed structure
theorem for quasi-ideal orthodox transversals of regular semigroups
by two orthodox semigroups. Similar to the inverse transversal, the
notion of a multiplicative orthodox transversal was introduced by
Pei Wang and Xiangjun Kong (2010). Blyth and McFadden have
proved that E(T ) = {a ∈ T : a0 ∈ E(T 0)} in a regular semigroup
T with a multiplicative inverse transversal T 0 is the idempotent-
generated regular subsemigroup of T . In case of orthodox transver-
sal, we have the following result:

Theorem 4. Let T 0 be a multiplicative orthodox transversal
of a regular semigroup T . Then E(T ) = {a ∈ T : VT 0(a) ⊆ E(T 0)}
where VT 0(a) is the intersection of V (a) and T 0.

In 2011, Xiangjun Kong introduced the concept of generalized
orthodox transversals and obtained some characterizations of gener-
alized orthodox transversals. In 2012, Indhira and Chandrasekaran
have investigated another generalization for quasi-ideal orthodox
transversal of a regular semigroup. Further they studied the class
of regular semigroups with T 0-orthodox transversals. In particu-
lar, if T 0 is an T 0-orthodox transversal of T , then the semibands
< I > and < Λ > generated by I and Λ respectively are rectan-
gular subbands of T and they constructed a structure theorem for
T 0-orthodox transversals of a regular semigroup.

3 Regular Semigroups with Generalized

Inverse Transversals

Let T be a regular semigroup and T 0 be an inverse subsemigroup of
T . Then we call T 0 a generalized inverse transversal of T if for ev-
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ery a in T , V (a)∩T 0 6= φ. Clearly, an inverse transversal T 0 of T is
a generalized inverse transversal, but the converse is not true, even
if T 0 is a quasi-ideal of T . Rong Hua Zhang and Shou Feng Wang
(2008) have introduced the concept of regular semigroups with gen-
eralized inverse transversals. It is easier to see that a multiplicative
generalized inverse transversal of T is an inverse transversal of T .
They have derived various characterizations of generalized inverse
transversal and constructed a structure theorem for generalized in-
verse transversals of regular semigroups.

4 Regular Semigroups with Regular ∗-
Transversals

Let T be a regular semigroup. We call T a regular ∗-semigroup if
there is a unary operation ∗ which satises the following conditions:
(1) for every a in T , aa∗a = a, (2) (a∗)∗) = a for all a ∈ T and
(3) (ab)∗ = b∗a∗ for all a, b ∈ T .
In 1978, Nordahl and Scheiblich introduced and studied the con-
cept of a regular ∗-semigroup. Again, in 1978 Reilly studied a
special regular ∗-semigroup. Imaoka (1980, 1983) investigated the
representation of the fundamental regular ∗-semigroups and stud-
ied the properties of ∗-congruence on a regular semigroup. In
1981, Yamada characterized the structure of fundamental regular
∗- semigroup.

Let T be a regular semigroup and T ∗ a subsemigroup of T . If
there exists a unary operation ∗ on T such that
(1) for all a in T , a∗ ∈ T ∗∩V (a), (2) (a∗)∗ = a for all a ∈ T ∗ and
(3) (a∗b)∗ = b∗a∗∗ and (ab∗)∗ = b∗∗a∗, for all a, b ∈ T .
where a∗∗ = (a∗)∗ for all a ∈ T , then we call T ∗ a regular ∗-
transversal of T . It is easy to see that T ∗ is a regular ∗-subsemigroup.
Further an inverse transversal of T is a regular ∗-transversal. If we
replace (3) by (ab)∗ = b∗a∗ for all a, b ∈ T , then T ∗ is called a
strongly regular ∗-transversal of T . Li (2002, 2003) studied the
class of regular semigroups with a strongly regular ∗-transversal.

Theorem 5. Let T ∗ be a strongly regular ∗-transversal of a
regular semigroup T . Then a ∈ E(T ) if and only if a∗ ∈ E(T ∗).
Therefore, T is an orthodox semigroup if and only if T ∗ is an or-
thodox semigroup.
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In 2015, Shoufeng Wang obtained the structure of fundamental
regular semigroups with quasi-ideal regular ∗-transversals.

5 Regular Semigroups with a Split Map

In 1992, Loganathan and Chandrasekaran introduced the concept
of a split map and obtained the various properties of regular semi-
groups with a split map. They proved that if S is a regular sub-
semigroup of a regular semigroup T , and a split map θ : T → S
exists, then T can be written in terms of the regular subsemigroup
S. Let T be a regular semigroup and let S be a regular subsemi-
group of T . A map θ : T → S is called a split map if it satisfies the
following conditions: (1) aθ = a for all a ∈ S, (2) VS(aθ) ⊆ V (a)
for all a ∈ T , (3) (ab)θ = aθ ◦ (a∗abb∗)θ ◦ (bθ) for all a, b ∈ T ,
a∗ ∈ VS(aθ), b∗ ∈ VS(bθ). Here, for any a ∈ T , VS(a) (resp. V (a))
denotes the set of all inverses of a in S (resp. in T ). Since for every
a ∈ T , let a0 be the unique inverse of a in S and a00 = (a0)0, we
can prove that θ0 : T → S by aθ0 = a00 for all a ∈ T is a split map.

Theorem 6. The split map θ0 : T → S from T to S preserves
Green’s relations.

Theorem 7. Suppose S is a quasi ideal inverse transversal of
a regular semigroup T , then T can be embedded as an ideal in a
locally inverse semigroup V which contains an idempotent h with
fh R f L hf for every f ∈ S.

6 Regular Semigroups with a Regular

Idempotent

McAlister and McFadden (1983) have proved that a regular semi-
group T contains a quasi ideal inverse transversal if and only if T
can be embedded as an ideal in a locally inverse semigroup S which
contains an idempotent u with fu R f L uf for each f = f 2 in T .
This u is a maximum idemopotent of T and it can be character-
ized as an idempotent with the property that f = fuf for which
f ∈< E(T ) >, the idempotent generated part of T . Any idempo-
tent satisfying this property is called medial normal idempotent.
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Blyth and McFadden (1981), proved a structure theorem for all
regular semigroups having a maximum idempotent with some nat-
ural order. An idempotent u of T is called medial idempotent if
x = xux for every x in < E(T ) >. Loganathan (1987) characterized
the structure of regular semigroup with a medial idempotent.

Indhira and Chandrasekaran (2011) introduced the concept of
regular idempotent. An idempotent u of T is called a regular
idempotent if fu R f L uf for each f ∈ E(T ). If u is a reg-
ular idempotent of T then T can be described in terms of T 0 =
uTu which is a regular subsemigroup of T . The class of reg-
ular semigroups with a regular idempotent includes the follow-
ing classes of regular semigroups: regular semigroups with (1) a
medial idempotent, (2) a midunit and (3) a weak middle unit.
Let u be a regular idempotent of a regular semigroup T . Set
I = {i ∈ E(T ) : uiu ∈ E(uTu) and i L uiu} and Λ = {λ ∈
E(T ) : uλu ∈ E(uTu) and λ R uλu}. It is easy to prove that
I = E(Tu), Λ = E(uT ) and E(uTu) ⊂ I ∩Λ. These two sets I and
Λ play an important role in the structure of regular semigroups
with a regular idempotent. The main theorem characterizes the
structure of regular semigroups with regular idempotent. This the-
orem generalizes the structure theorem of regular semigroups with
a medial idempotent.

Theorem 8. Let T be a regular semigroup. Then the following
are equivalent:
(i) u is a regular idempotent of T . (ii) V (f) ∩ uTu 6= φ for any
f ∈ E(T ). (iii) V (a) ∩ uTu 6= φ for any a ∈ T .

Now let us see the relation between an inverse transversal and
a regular idempotent of a regular semigroup.

Theorem 9. Suppose T is a locally inverse semigroup, then
an idempotent u of T is regular idempotent if and only if uTu is
an inverse transversal of T .

Since uTu is also a quasi-ideal of T , as a corollary we have,

Corollary 10. Let T be a regular semigroup. Then T contains
a quasi ideal inverse transversal if and only if T can be embedded
as an ideal in a locally inverse semigroup which contains a regular
idempotent.
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7 Other Classes of Regular Semigroups

An inverse transversal T 0 of a regular semigroup T is said to be
(i) E-inverse transversal if a0abb0 ∈ E(T ) for all a, b ∈ T , by Fenglin
Zhu and Weijiang Liu in 2001. (ii) strongly E-inverse transversal
if a0abb0 ∈ E(T ), aa0b0b ∈ E(T ) for all a, b ∈ T , by Yuxiao Gao and
Yingchun Wangin 2012. Gao and Wang have proved the following
theorems.

Theorem 11. Let T be a regular semigroup with an E-inverse
transversal T 0. Then
(i) e0 ∈ E(T 0) for any e ∈ E(T );
(ii) T 0 is a weakly multiplicative inverse transversal of T .

Theorem 12. Let T 0 be an inverse transversal of a regular
semigroup T . Then the following statements are equivalent:
(i) T is an orthodox semigroup;
(ii) T 0 is a strongly E-inverse transversal of T .

As a generalization, one can define E-orthodox transversal, strongly
E-orthodox transversal and discuss the natures of the regular semi-
group with E-orthodox transversals and strongly E-orthodox transver-
sals.
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