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Abstract

In the field of science and engineering technology, linear systems have contributed
more applications. But In fact, the linear systems occur in uncertain environment.
In such situations, the parameter of the system can be represented by fuzzy nature
with the help of fuzzy numbers. In this paper, we have to studied fuzzy linear
systems with the aid of Hexagonal Fuzzy Numbers. A new procedure namely
matrix inversion method is proposed for solving fuzzy linear system (FLS) of
equations. Finally, the method is illustrated by solving relevant numerical
examples.
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1 Introduction

Linear system of equations are most important topic in applied mathematics, likewise to
solve a large proportion of the problems. Linear equations play a major role in different
areas such as matrices, statistics, operational research, engineering and social science.
Usually , in many applications some of the problems are represented by imprecise
number instead of crisp number, and hence it is important to develop the mathematical
area and proceed to numerical representation would appropriately handle a general
fuzzy linear systems and solve them. The concepts of fuzzy numbers and its arithmetic
operations were developed first time by Zadeh [12] and Dubois and Prade [6]. When the
inverse of a square and non-singular matrix whose entries are real numbers in concerned
in one of the computing methods in the form of linear equation system composing of the
product of n×n matrices where the former denotes the coefficients and latter represents
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the unknowns.

In [7] Friedman.et.al established a general model for solving a nn fuzzy linear system,
whose coefficient matrix is crisp and right hand side column is an arbitrary fuzzy
number vectors. To find the solution of the original nn fuzzy linear system (FLS) is
replaced with 2n×2n crisp linear system. Some of the numerical methods can be seen in
[5]. They proposed to justify the solution of 2n×2n crisp linear systems. In [4] Buckely
and Qu extended several methods to the linear system of interval equations. In [3]
Allhvirabloo proposed fuzzy linear systems can be found by solving this interval systems
to determine the exact solution of FLS, in which all parameter are triangular fuzzy
number.

In [2] Abbasbandy and Jofarin proposed an approximation of the unique solution in
fuzzy system of linear equation, applied by the steepest descent method.
Abbasbandy.et.al [1] proposed LU decomposition method for solving fuzzy system of
linear equation. Muruganandam and Abdul Razak [9] studied matrix inversion method
for solving fully fuzzy linear systems with triangular fuzzy numbers, Basaran [8]
proposed calculating fuzzy inverse matrix using fuzzy linear equation system. Dinagar
and Latha [10] proposed invertible on Type-2 Triangular fuzzy matrices. Dinagar and
Harinarayanan [11] proposed arithmetic operations on Hexagonal fuzzy number using
α-cut method.

This paper is organized as follows, Firstly in section 2, we give some basic supported
preliminaries and representation of Triangular and Trapezoidal fuzzy numbers. In section
3, we recall our proposed definitions of Hexagonal Fuzzy Number and its operations. In
section 4, we have reviewed the definition of Hexagonal Fuzzy Matrix (HFM) and its
operations are presented with the aid of Hexagonal Fuzzy Matrices(HFMs). In section
5, we define a fuzzy linear system and solve the system of equations by matrix inversion
method. In section 6, Numerical examples are illustrated by computing the solution of
FLS proposed. Finally in section 7, conclusion is presented.

2 Perliminaries

In this section, some basic related definitions are studied and recalled the representations
of Fuzzy Numbers.

Definition 1. (Fuzzy Set)
A Fuzzy set is charaterized by a membership function mapping the elements of a

domin, space or universe of discourse to the unit interval [0, 1].
A fuzzy set A in a universe of discourse X is defined as the following set of pairs

A = {(x, µA (x) ;x ∈ X)}

Here µA : X → [0, 1] is mapping called the degree of membership function of the fuzzy
set A and µA (x) is called the membership value of x ∈ X in the fuzzy set A. These
membership grades are often represented by real ranging from [0,1].
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Definition 2. (Convex Fuzzy Set)
A fuzzy set A = {(x, µA (x)} ⊆ X is called convex set in all Aα are convex set (i,e)

for every element x1 ∈ Aα and x2 ∈ Aα for every α ∈ [0, 1]. λx1 + (1− λ)x2 ∈ Aα for all
λ ∈ [0, 1]. Otherwise the fuzzy set is called non-convex fuzzy set.

Definition 3. (Fuzzy Number)
A fuzzy set Ã, defined on the set of real numbersR is said to be fuzzy number if its

membership function has the following characteristics

1. Ã is normal.

2. Ã is convex set.

3. The support of Ã is closed and bounded then Ã is called fuzzy number.

Definition 4. (Triangular Fuzzy Number)
A fuzzy number represented with three points as follows Ã = (a, b, c) is called

triangular fuzzy number. This representation is interpreted as the following membership
function and pictorialy represented in fig 1

µÃh
(x) =





0, x ≤ a

x− a
b− a , a < x ≤ b

1, x = b

c− x
c− b , b < x ≤ c

0, x ≥ c

Figure 1: Triangular Fuzzy Number

Definition 5. (Trapezoidal Fuzzy Number)
A fuzzy number represented with four points as follows Ã = (a, b, c, d) is called

trapezoidal fuzzy number. This representation is interpreted as the following
membership function and pictorialy represented in fig 2

µÃh
(x) =





0, x ≤ a

x− a
b− a , a < x ≤ b

1, b ≤ x ≤ c

c− x
d− c , c < x ≤ d

0, x ≥ d
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Figure 2: Trapizoidal Fuzzy Number

However, real-life problems are sometimes concerned with more than four parameters.
To resolve those problems, we propose the another fuzzy number namely Hexagonal Fuzzy
Number (HFN). We discuss the hexagonal fuzzy number in the next section.

3 Hexagonal Fuzzy Number

In general, the human life span can be classified by different stages. One such interesting
classification is given as follows:
Young (around 10 years), Early Adulthood (around 25 years), Middle Adulthood (around
35 years), Later Adulthood (around 50 years) and Old (around 60 years).
Suppose a problem like the following is occurred that would be solved with the aid of
fuzzy theory. The problem of the study of humanbeings whose economic and energy
status are maximum, with their human life span, is purely fuzzy in nature. It can be
clearly noted that the humanbeing to middle Adulthood be more suit for the above said
problem. This situation is clearly in nature and it can be represented by a fuzzy number
called Hexagonal Fuzzy Number.

Definition 6. (Hexagonal Fuzzy Number)
A fuzzy number with six points as follows Ãh = (a1, a2, a3, a4, a5, a6) is called Hexagonal
fuzzy number, where (a1 ≤ a2 ≤ a3 ≤ a4 ≤ a5 ≤ a6). It is denoted by Ãh, which are real
number satisfying a2 − a1 ≤ a3 − a2 and a5 − a4 ≥ a6 − a5 and its membership function
µÃh

(x) is given by

µÃh
(x) =





0 ;x < a1

1
2

(
x−a1
a2−a1

)
;a1 ≤ x ≤ a2

1
2

+ 1
2

(
x−a2
a3−a2

)
;a2 ≤ x ≤ a3

1 ;a3 ≤ x ≤ a4

1− 1
2

(
x−a4
a5−a4

)
;a4 ≤ x ≤ a5

1
2

(
a6−x
a6−a5

)
;a5 ≤ x ≤ a6

0 ;x ≥ a6.
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Figure 3: Hexagonal Fuzzy Number Ãh

3.1 Arithmetic Operations On Hexagonal Fuzzy
Numbers(HFNs)

The arithmetic operations between hexagonal fuzzy numbers (HFNs) are proposed
given below.

Let us consider Ãh = (a1, a2, a3, a4, a5, a6) and B̃h = (b1, b2, b3, b4, b5, b6) be two
hexagonal fuzzy numbers then,
(i)Addition :

Ãh (+) B̃h = (a1 + b1, a2 + b2, a3 + b3, a4 + b4, a5 + b5, a6 + b6) .
(ii)Subtraction :

Ãh (−) B̃h = (a1 − b6, a2 − b5, a3 − b4, a4 − b3, a5 − b2, a6 − b1) .
(iii)Multiplication :

Ãh (×) B̃h =
(
a1
6
σb,

a2
6
σb,

a3
6
σb,

a4
6
σb,

a5
6
σb,

a6
6
σb
)
.

Where σb = (b1 + b2 + b3 + b4 + b5 + b6) .
(iv)Division :

Ãh (÷) B̃h =
(

6a1
σb
, 6a2
σb
, 6a3
σb
, 6a4
σb
, 6a5
σb
, 6a6
σb

)
.

Where σb = (b1 + b2 + b3 + b4 + b5 + b6) .
(v)ScalarMultiplication :

If k 6= 0 is scalar kÃh is defined as

kÃh =

{
(ka1, ka2, ka3, ka4, ka5, ka6) ifk ≥ 0
(ka6, ka5, ka4, ka3, ka2, ka1) ifk < 0

Definition 7. (Ranking Function)
We define a ranking function Ř : F (R)→ R which maps each fuzzy numbers to real

line F(R) represented the set of all hexagonal fuzzy numbers. If R be any linear ranking
functions.

Ř
(
Ãh

)
=

(
a1 + a2 + a3 + a4 + a5 + a6

6

)
.

Also we define the order on F(R) by

Ř
(
Ãh

)
≥ Ř

(
B̃h

)
if and only if Ãh ≥̂

R

B̃h

Ř
(
Ãh

)
≤ Ř

(
B̃h

)
if and only if Ãh ≤̂

R

B̃h

Ř
(
Ãh

)
= Ř

(
B̃h

)
if and only if Ãh =

^
R

B̃h
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Definition 8. (Zero Hexagonal Fuzzy Number)

If Ãh = (0, 0, 0, 0, 0, 0) then Ãh is said to be zero hexagonal fuzzy number. It is denoted

by 0.

Definition 9. (Zero-Equivalent Hexagonal Fuzzy Number)

A hexagonal fuzzy number Ãh is said to be zero-equivalent hexagonal fuzzy number if

Ř(Ãh)=0. It is denoted by 0̃.

Definition 10. (Unit Hexagonal Fuzzy Number)

If Ãh = (1, 1, 1, 1, 1, 1) then Ãh is said to be unit hexagonal fuzzy number. It is denoted

by 1.

Definition 11. (Unit-Equivalent Hexagonal Fuzzy Number)

A hexagonal fuzzy number Ãh is said to be unit-equivalent hexagonal fuzzy number if

Ř(Ãh)=1. It is denoted by 1̃.

Definition 12. (Inverse Hexagonal Fuzzy Number)

If ãh is hexagonal fuzzy number and ãh 6= 0 then we define ã−1
h = 1̃

ã
.

4 Hexagonal Fuzzy Matrices(HFMs)

In this section, we proposed new definition of Hexagonal Fuzzy Matrix and corresponding
its matrix operations.

Definition 13. (Hexagonal Fuzzy Matrix)
A fuzzy matrix Â = (ahij)m×n of order m × n is called a Hexagonal fuzzy matrix if the
elements of the matrix are Hexagonal fuzzy numbers, i.e., of the form
(aij1, aij2, aij3, aij4, aij5, aij6).

4.1 Operations on Hexagonal Fuzzy Matrices(HFMs)

Through classical matrix algebra, we achieve some algebraic operations of HFM. Let
Â = (ãhij)m×n and B̂ = (b̃hij)m×n be two HFMs of same order. Then we have the
following

1. Â+ B̂ =
(
ãhij + b̃hij

)

2. Â− B̂ =
(
ãhij − b̃hij

)

3. For Â = (ãhij)m×n and B̂ = (b̃hij)n×k then ÂB̂ = (c̃hij)m×k where (c̃hij)m×k=∑n
p=1 ãhipb̃hpj, i=1,2,. . . ,m and j=1,2. . . ,k

4. ÂTorÂ
′
= (ãhji)

5. kÂ = (kãhij),where k is scalar.
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Definition 14. (Zero Hexagonal Fuzzy Matrix)
A Hexagonal Fuzzy Matrix(HFM) is said to be a zero HFM if all its entries are 0 and it
is denoted by Ô.

Definition 15. (Zero Hexagonal Fuzzy Matrix)
The square HFM is said to be a unit HFM if the diagonal elements are 1 and the rest of
elements are 0. It is denoted by Î

5 Matrix Inversion Method For Fuzzy Linear System

(FLS) Using Hexagonal Fuzzy Number

In this section, we define the concept of fuzzy linear system is justify in matrix inversion
method with the aid of hexagonal fuzzy numbers and the relevant definitions are recalled
in nature.
Consider the system of n fuzzy linear non- homogeneous HFN equations in n unknown
HFN vectors xh1, xh2, . . . , xhn.
where ãhij, xhi, bhi hexagonal fuzzy numbers.

The above linear system is represented in the form is given by

Âxh = bh (5.1)

Where Â = (ãhij), 1 ≤ i, j ≤ n is ntimesn hexagonal fuzzy matrix and ãhij ∈ F (R) and
(xhi, bhi) ∈ F (R), for all i=1,2,. . . ,n and j=1,2,. . . ,n. This system is called fuzzy linear
system.
If the coefficient Hexagonal fuzzy matrix Â is non singular, then Â−1 we get

Â−1(Âxh) = Â−1bh

(Â−1Â)xh = Â−1bh

xh = Â−1bh

The solution of FLS will be represented by

xh = Â−1bh

Definition 16. (Determinant of HFM)
The determinant of n× n HFM Â = (ãhij) is denoted by | Â | or det(Â) and is defined as
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follows

| Â | =
∑

q∈sn
sgn q

n∏

i=1

ãhiq(i)

=
∑

q∈sn
sgn q ãh1q(1).ãh2q(2) . . . ãhnq(n)

where ãhiq(i) = (aiq(i)1, aiq(i)2, aiq(i)3, aiq(i)4, aiq(i)5, aiq(i)6) are hexagonal fuzzy number
(HFN) and sn denotes the symmetric group of all permutations of the indices

{1, 2, . . . , n} and sgn q=1 or -1 according as the permutaion q=

(
1 2 . . . n
q(1) q(2) . . . q(n)

)

is even or odd respectively.

Definition 17. (Adjoint of HFM)
Let Â = (ãhij) be a square HFM of order n. Find the cofactor Ãhij of every element ãhij
in Â and replace every ãhij by its cofactor Ãhij in Â and let it be B̂. ie., B̂ = (Ãhij).

Then the transpose of B̂ is called the adjoint or adjugate of Â and is denoted by adj Â.
I.e., B̂T = Ãhji = adjÂ.

Definition 18. (Singular HFM)
Let Â = (ãhij) be a square HFM of order n, then it is said to be singular HFM if | Â |= 0̃.

Definition 19. (Non-Singular HFM)
Let Â = (ãhij) be a square HFM of order n, then it is said to be non-singular HFM if

| Â |6= 0̃.

Definition 20. (Inverse of HFM)
A non-singular HFM Â = (ãhij) of order n is said to be invertible if there exist a HFM B̂

of order n such that ÂB̂ = Î = B̂Â.
Then B̂ is called the inverse of Â and is denoted by Â−1. Thus ÂÂ−1 = Î = Â−1Â. Also
Â−1 = 1

Ř(|Â|)adjÂ.

6 Numerical Example

In this section two simple examples are given in order to illustrate the proposed method.

Example 21. Consider the following fuzzy linear system and solve by matrix inver-
sion method.

(−2, 0, 1, 2, 5, 6)xh1 ⊕ (−2,−1, 0, 1, 2, 6)xh2 = (−1, 0, 9, 10, 11, 13)

(−4, 0, 3, 4, 7, 8)xh1 ⊕ (−2, 0, 2, 3, 4, 5)xh2 = (0, 10, 11, 12, 13, 20).

Solution:
The given linear system may be written as

(
(−2, 0, 1, 2, 5, 6) (−2,−1, 0, 1, 2, 6)
(−4, 0, 3, 4, 7, 8) (−2, 0, 2, 3, 4, 5)

)(
xh1

xh2

)
=

(
(−1, 0, 9, 10, 11, 13)
(0, 10, 11, 12, 13, 20)

)
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xh = Â−1bh

Now,| Â |= (−10,−7,−2, 1, 10, 16).
Then,Ř(| Â |) = 1 6= 0̃.
Since Â is non-singular, then Â−1 is exists,
Â−1 = 1

Ř(|Â|)adjÂ.

adjÂ =

(
(−2, 0, 2, 3, 4, 5) (−6,−2,−1, 0, 1, 2)

(−8,−7,−4,−3, 0, 4) (−2, 0, 1, 2, 5, 6)

)
.

Â−1 =

(
(−2, 0, 2, 3, 4, 5) (−6,−2,−1, 0, 1, 2)

(−8,−7,−4,−3, 0, 4) (−2, 0, 1, 2, 5, 6)

)
.

The solution is, xh = Â−1bh
(
xh1

xh2

)
=

(
(−80,−22, 3, 21, 39, 57)

(−78,−49,−17, 1, 55, 94)

)

The solution is, xh1 = (−80,−22, 3, 21, 39, 57),
xh2 = (−78,−49,−17, 1, 55, 94).

Example 22. Consider the following fuzzy linear system and solve by matrix inver-
sion method.

(−1, 1, 3, 5, 7, 9)xh1 ⊕ (−1, 0, 1, 2, 4, 6)xh2 ⊕ (−2− 1, 0, 1, 2, 6)xh3 = (0, 2, 4, 6, 8, 10)

(−1, 0, 1, 3, 6, 9)xh1 ⊕ (−1, 0, 1, 2, 4, 6)xh2 ⊕ (−2− 1, 0, 1, 2, 6)xh3 = (−1, 0, 1, 3, 6, 9)

(−2− 1, 0, 1, 2, 6)xh1 ⊕ (−2− 1, 0, 1, 2, 6)xh2 ⊕ (−2− 1, 0, 1, 2, 6)xh3 = (−1, 1, 3, 5, 7, 9).

Solution:
The given linear system may be written as



(−1, 1, 3, 5, 7, 9) (−1, 0, 1, 2, 4, 6) (−2− 1, 0, 1, 2, 6)
(−1, 0, 1, 3, 6, 9) (−1, 0, 1, 2, 4, 6) (−2− 1, 0, 1, 2, 6)

(−2− 1, 0, 1, 2, 6) (−2− 1, 0, 1, 2, 6) (−2− 1, 0, 1, 2, 6).





xh1

xh2

xh3


 =




(0, 2, 4, 6, 8, 10)
(−1, 0, 1, 3, 6, 9)
(−1, 1, 3, 5, 7, 9)




xh = Â−1bh

Now,| Â |= (−15,−8,−1, 4, 9, 17).
Then,Ř(| Â |) = 1 6= 0̃.
Since Â is non-singular, then Â−1 is exists,
Â−1 = 1

Ř(|Â|)adjÂ.

adjÂ =




(−7,−2, 0, 2, 5, 8) (−8,−5,−2, 0, 2, 7) (−7,−4,−1, 1, 4, 7)
(−6,−4,−2,−1, 0, 1) (−7,−1, 2, 5, 8, 11) (−10,−7,−4, 0, 5, 10)
(−13,−4,−1, 3, 8, 13) (−13,−9,−5,−1, 3, 13) (−20,−10, 0, 8, 14, 20)


.

Â−1 =




(−7,−2, 0, 2, 5, 8) (−8,−5,−2, 0, 2, 7) (−7,−4,−1, 1, 4, 7)
(−6,−4,−2,−1, 0, 1) (−7,−1, 2, 5, 8, 11) (−10,−7,−4, 0, 5, 10)
(−13,−4,−1, 3, 8, 13) (−13,−9,−5,−1, 3, 13) (−20,−10, 0, 8, 14, 20)


.

The solution is, xh = Â−1bh


xh1

xh2

xh3


 =




(−87,−41,−10, 14, 47, 89)
(−91,−51,−20, 10, 44, 78)

(−184,−87,−20, 44, 56, 184)



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The solution is,
xh1 = (−87,−41,−10, 14, 47, 89),
xh2 = (−91,−51,−20, 10, 44, 78),
xh3 = (−184,−87,−20, 44, 56, 184).

7 Conclusion

In this article, we investigated the fuzzy linear system of equations with fuzzy coefficients
involving in fuzzy variables. The matrix inversion method is applied to solve the system
of equations. This method is illustrated with numerical examples. The notion of fuzzy
linear system can be applying in Cramers rule and LU Decomposition method by this
proposed method in future.

References

[1] S.Abbasbandy , R.Ezzati, A.Jofarian, LU decomposition method for solving fuzzy
systems of linear equations,Applied Mathematics and Computations, 172,(2006),633-
643.

[2] S.Abbasbandy, A.Jofarian,Steepest descent method for system of fuzzy linear equa-
tions, Applied Mathematics and Computations, 175, (2006),823-833.

[3] T.Allhvirabloo, Numerical methods for fuzzy system of linear equations, Applied
Mathematics and Computation, 155,(2004), 493-502 .

[4] J.J.Buckley, Y.Qu,Solving Systems of linear fuzzy equations, Fuzzy sets and systems,
43,(1991), 33-43 .

[5] M.Dehghan, B.Hashemi, Iterative Solution of fuzzy linear systems, Applied Mathe-
matics and Computation, 175,(2006),645-674.

[6] D.Dubois, H.Prade,Operations on fuzzy numbers, J. Systems Sci., 9 ,(1978), 613-626.

[7] M.Friedman, M.Ming, A.Kandel, Fuzzy Linear Systems, Fuzzy sets and systems,
96,(1998),201-209.

[8] Murat Alper Basaran,Calculating fuzzy inverse matrix using fuzzy linear equation
system, Applied soft computing, 12,(2012),1810-1813.

[9] S.Muruganandam and K.Abdual Razak,Matrix Inversion Method for Solving Fully
Fuzzy Linear Systems with Triangular Fuzzy Numbers, International Journal of Com-
puter Applications,65(4),(2013),9-11.

[10] D.Stephen Dinagar and K.Latha, A note on invertible Type-2 Triangular fuzzy ma-
trices, Advances in fuzzy mathematics, 9(1),(2014),87-93.

[11] D.Stephen Dinagar and U.Hari Narayanan, A note on arithmetic operations of hexag-
onal fuzzy numbers using - method, International journal of Applications of fuzzy sets
and Artificial Intelligence , 6,(2016),145-162.

International Journal of Pure and Applied Mathematics Special Issue

156



[12] L.A.Zadeh, The concept of a linguistic variable and its application to approximate
reasoning, Inform. Sci., 8 (1975) 199-249.

International Journal of Pure and Applied Mathematics Special Issue

157



158


