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Abstract

Homogeneous Balance Method is easy to apply and always yield a special exact solu-
tions of nonlinear Partial Differential Equations . Wang showed the Homogeneous Bal-
ance Method is powerful for finding analytic solitary wave solutions of Partial Differential
Equations. The idea is the highest nonlinear term partially balanced with the highest
derivative term. In this paper, the solitary wave solution of nonlinear Partial Differential
Equations has been obtained by this method. The exact solutions of (2+1) dimensional
Partial Differential Equation is exponential functions besides the solitary wave solution.
Based on the backlund transformations, exact solutions are also obtained.
AMS Subject Classification:35G20
Key Words and Phrases:Nonlinear equation, Homogeneous balance method, solitary
wave solution.

1. INTRODUCTION

Homogeneous Balance method yields special exact solutions and solitons for nonlinear partial
differential equations (Biao Li, Yong Chen and Hongqing Zhang [1], Feng [3], Lei Yang.et.al [4],
Wang Mingling [5],[6],[7]). Recently Engui Fan [2] interpreted the transformation used in HBM
as an auto-Backlund transformation as it involved first order derivatives. To be precide , any
solution u of a pde L[u] = 0 is written in term of w and wx, and a finite set of pdes are derived
for w. In the present paper we relate u to w,wx and wxx and call the relation as a higher order
BT.

We consider the (2 + 1)-dimensional equation

(ut + αuux + βuxx + γuxxx)x + λuyy = 0. (1)

2. SOLITONS OF EQUATION (1)

In order that the highest nonlinear term αuuxx partially balance with the forth order derivative
term uxxxx, we suppose that the solution of (1) is of the form

u(x, t, y) = f ′′w2
x + f ′wxx + af ′wx + b, w = w(x, t, y), (2)
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where the functions f and w as well as the constants a and b are to be determined. If follows
from (2) that

uxt = f IVwtw
3
x + 3f ′′′w2

xwxt + 3 [f ′′′wtwxwxx + f ′′wxtwxx + f ′′wxwxxt]

+f ′′wtwxxx + f ′wxxxtaf
′′′w2

xwt + 2af ′′wxwxt + af ′′wtwxx + af ′wxxt, (3)

αu2
x = α

[
f ′′′2w6

x + 9f ′′2w2
xw

2
xx + f ′2w2

xxx + a2f ′2w2
xx + 6f ′′f ′′′w4

xwxx + 2f ′f ′′′2w3
xwxxx

+2af ′′f ′′′w5
x + 2af ′f ′′′w3

xwxx + 6f ′f ′′wxwxxwxxx + 6af ′′2w3
xwxx

+6af ′f ′′wxw
2
xx + 2af ′f ′′w2

xwxxx + 2af ′2wxxwxxx + 2a2f ′f ′′w2
xwxx

]
(4)

αuuxx = α
[
f ′′f IVw6

x + 6f ′′f ′′′w4
xwxx + 3f ′′2w2

xw
2
xx + 4f ′′2w3

xwxxx + f ′′f ′w2
xwxxxx

+af ′′f ′′′w5
x + 3af ′′2w3

xwxx + af ′′f ′w2
xwxxx + f IV f ′w4

xwxx + 6f ′f ′′′w2
xw

2
xx + 3f ′f ′′w3

xx

+4f ′f ′′wxwxxwxxx + f ′2wxxwxxxx + af ′f ′′′w3
xwxx + 3af ′f ′′wxw

2
xx + af ′2wxxwxxx

+af IV f ′w5
x + 6af ′f ′′′w3

xwxx + 3af ′f ′′wxw
2
xx + 4af ′f ′′w2

xwxxx + af ′2wxwxxxx

+a2f ′f ′′′w4
x + 3a2f ′f ′′w2

xwxx + a2f ′2wxwxxx + bf IVw4
x + 6bf ′′′w2

xwxx + 3bf ′′w2
xx

+4bf ′′wxwxxx + bf ′wxxxx + abf ′′′w3
x + 3abf ′′wxwxx

+abf ′wxxx] , (5)

βuxxx = β
[
fVw5

x + 10f IVw3
xwxx + 15f ′′′wxw

2
xx + 10f ′′′w2

xwxxx + 10f ′′wxxwxxx + 5f ′′wxwxxxx

+f ′wxxxxx + af IVw4
x + 6af ′′′w2

xwxx + 3af ′′w2
xx + 4af ′′wxwxxx + af ′wxxxx

]
(6)

γuxxxx =
[
fV Iw6

x + 15fVw4
xwxx + 45fV Iw2

xw
2
xx + 15w3

xx + 61f ′′′wxwxxwxxx + 10fV Iw3
xwxxx

+14f ′′′w2
xwxxxx + 10f ′′w2

xxx + 15f ′′wxxwxxxx + 5f ′′wxwxxxxx + f ′wxxxxxx + afVw5
x

+10af IVw3
xwxx + 15af ′′′wxw

2
xx + 10af ′′′w2

xwxxx + 10af ′′wxxwxxx + 5af ′′wxwxxxx

+af ′wxxxxx] , (7)

λuyy = λ
[
f IV e2yw

2
x + f ′′′wyyyw

2
x + 4f ′′′wywxwxy + 2f ′′w2

xy + 2f ′′wxyywx + f ′′′w2
ywxx

+f ′′wyywxx + 2f ′′wxxywy + f ′wxxyy + af ′′′w2
ywx + af ′′wyywx

+2af ′′wxywy + af ′wxyy] . (8)

First collecting the terms with w6
x in (4), (5) and (7), and setting its coefficient to zero, we

obtain an ordinary differential equation for f(w):

αf ′′′2 + αf ′′f IV + γf IV = 0, (9)

then the ODE (9) has two solutions

f = ±12γ

α
logw, (10)
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thereby

f ′′2 = −2γ

α
f IV , f ′2 − 12γ

α
f ′′, f ′′f ′′′ = −γ

α
fV ,

f ′f ′′′ =
4γ

α
f IV , f ′f ′′ = −6γ

α
f ′′′, f ′f IV = −3γ

α
. (11)

Next substituting(3)-(8) into the left hand side of (1) and using (11), we obtain

uxt + αu2
x + αuuxx

+βuxxx + γuxxxx + λuyy =

[
−5αA

4
w4

xwxx −
αaA

2
w5

x + βw5
x + 15γw4

xwxx + aγw5
x

]
fV

+

[
wtw

3
x −

23

6
Aαw2

xw
2
xx −

αA

2
a2w4

x −
4

3
αAw3

xwxxx −
9

2
αAaw3

xwxx

+bw4
x + 10βw3

xwxx + aw4
x + 45γw2

xw
2
xx + 20γw3

xwxxx + 10aγw3
xwxx

+λw2
yw

2
x

]
f IV +

[
3w2

xwxt + 3wxwtwxx + awtw
2
x − 5Aαwxwxxwxxx

−6aAαwxw
2
xx −

7

2
aAαw2

xwxxx −
3

2
αAw3

xx −
3

2
a2αAw2

xwxx

+6bαw2
xwxx + abαw3

x + 15βwxw
2
xx + 10βw2

xwxxx + 6aβw2
xwxx + 15γw3

xx

+61γwxwxxwxxx + 14γw2
xwxxxx + 15aγwxw

2
xx + 10aγw2

xwxxx

+λwyyw
2
x + 4λwxwywxy + λw2

ywxx + aλw2
ywx

]
f ′′′

+
[
3wxtwxx + 3wxwxxt + wtwxxx + 2awxwxt + awtwxx − αAw2

xxx

−a2αAw2
xx − 3aAαwxxwxxx − αAwxxwxxxx − αAwxwxxxx

−αa2Awxwxxx + 3bαw2
xx + 4bαwxwxxx + 3abαwxwxx + 10βwxxwxxx

+5βwxwxxxx + 3aβw2
xx + 4aβwxwxxx + 9γw2

xxx + 13γwxxwxxxx

+5γwxwxxxxx + 10aγwxxwxxx + 5aγwxwxxxx + 2λw2
xy + 2λwxwxyy

+λwyywxx + 2λwywxxy + aλwyywx + 2aλwywxy] f
′′

+ [wxxxt + awxxt + bαwxxxx + abαwxxx + aβwxxxxγwxxxxxx

+aγwxxxxx + λwxxyy + aλwxyy] f
′ (12)

Setting the coefficients of fV , f IV , f ′′′, f ′′ and f ′ in (12) to zero respectively, we obtain the
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following five equations for the determination of w(x, t):

−5αA

4
w4

xwxx −
αaA

2
w5

x + βw5
x + 15γw4

xwxx + aγw5
x = 0, (13)

wtw
3
x −

23

6
Aαw2

xw
2
xx −

αA

2
a2w4

x −
4

3
αAw3

xwxxx −
9

2
αAaw3

xwxx

+bw4
x + 10βw3

xwxx + aw4
x + 45γw2

xw
2
xx + 20γw3

xwxxx + 10aγw3
xwxx

+λw2
yw

2
x = 0, (14)

3w2
xwxt + 3wxwtwxx + awtw

2
x − 5Aαwxwxxwxxx

−6aAαwxw
2
xx −

7

2
aAαw2

xwxxx −
3

2
αAw3

xx −
3

2
a2αAw2

xwxx + 6αw2
xwxx

+aαw3
x + 15βwxw

2
xx + 10βw2

xwxxx + 6aβw2
xwxx + 15γw3

xx

+59γwxwxxwxxx + 14γw2
xwxxxx + 15aγwxw

2
xx + 10aγw2

xwxxx

+λwyyw
2
x + 4λwxwywxy + λw2

ywxx + aλw2
ywx = 0, (15)

3wxtwxx + 3wxwxxt + wtwxxx + 2awxwxt + awtwxx − αAw2
xxx

−a2αAw2
xx − 3aAαwxxwxxx − αAwxxwxxxx − αAwxwxxxx

−αa2Awxwxxx + 3bαw2
xx + 4bαwxwxxx + 3abαwxwxx + 9βwxxwxxx

+4βwxwxxxx + 3aβw2
xx + 4aβwxwxxx + 9γw2

xxx + 13γwxxwxxxx

+5γwxwxxxxx + 10aγwxxwxxx + 5aγwxwxxxx + 2λw2
xy + 2λwxwxyy

+λwyywxx + 2λwywxxy + aλwyywx + 2aλwywxy = 0, (16)

wxxxt + awxxt + bαwxxxx + abαwxxx + aβwxxxxγwxxxxxx

+aγwxxxxx + λwxxyy + aλwxyy = 0. (17)

The solution of equations (13)-(17) is of the form

w(x, t) = w0 + ek1x+k2t+k3y+k4 , (18)

where w0, k4 are arbitrary constants and k1, k2, k3 are constants to be determined by
the following equations

γk5
1 + βk4

1 + aγk4
1 + k3

1 (bα + aβ) + k2
1 (k2 + abα) + k1

(
ak2 + λk2

3

)
+ aλk2

3 = 0, (19)

7k3
1k2 + 3ak2

1k2 + k6
1 (31γ − 2αA) + k5

1 (15β + 15aγ − 4aαA)

+k4
1

(
7aβ + 7bα− 2αa2A

)
+ 3abαk3

1 + 7λk2
3k

2
1 + 3aλk1k

2
3 = 0, (20)

6k3
1k2 + k2

1

(
ak2 + 6λk2

3

)
+ k6

1 (−7αA+ 90γ) + k5
1

(
−19

2
αaA+ 25β + 25aγ

)

+k4
1

(
−5

2
αa2A+ 6α + 6aβ

)
+ aαk3

1 + aλk1k
2
3 = 0, (21)
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k3
1k2 + k6

1

(
−16

3
αAa2 + 65γ

)
+ k5

1

(
−9

2
αaA+ 10β + 10aγ

)

−1

2
αAa2k4

1 + λk2
1k

2
3 = 0, (22)

15γ − 5

4
αA = 0, (23)

and the constants a, b are determined by

a = − β

γ − αA
2

, (24)

b = − β

γ − αA
2

(
αβA

2(γ − αA
2
)
− 1

)
. (25)

Substituting (18) and (10) in (2), we obtain a exact solution of equation (1)

u(x, y, t) = −12γk2
1

α

e2(k1x+k2t+k3y+k4)

[w0 + ek1x+k2t+k3y+k4 ]2
+

12γk2
1

α

e(k1x+k2t+k3y+k4)

[w0 + ek1x+k2t+k3y+k4 ]

+
12aγk1

α

e(k1x+k2t+k3y+k4)

[w0 + ek1x+k2t+k3y+k4 ]
+ b. (26)

Consider the (2+1) dimensional equation

ut + upux + αu+ βuq − uxx + γuxxx + uyy = 0. (27)

3. EXPONENTIAL SOLUTIONS OF EQUATION (27)

Case 1: p = q = 1 Equation (27) reduces to

ut + uux + αu+ βu− uxx + γuxxx + uyy = 0. (28)

In order that the highest nonlinear term uux partially balance with the third order derivative
term uxxx, we suppose that the solution of (28) is of the form

u(x, t, y) = f ′′w2
x + f ′wxx + af ′wx + b, w = w(x, t, y), (29)

where the functions f and w as well as the constants a and b are to be determined. If follows
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from (29) that

ut = f ′′′wtw
2
x + 2f ′′wxtwx + f ′′wtwxx

+f ′wxxt + af ′′wtwx + af ′wxt, (30)

uux = f ′′f ′′′w5
x + 3f ′′2w3

xwxx + f ′f ′′w2
xwxxx + af ′′2w4

x + 5af ′f ′′w2
xwxx

+f ′f ′′′w3
xwxx + 3f ′f ′′wxw

2
xx + f ′2wxxwxxx + af ′2w2

xx

+af ′f ′′′w4
x + af ′2wxwxxx + a2f ′2wxwxx + a2f ′f ′′w3

x + bf ′′′w3
x

+3bf ′′wxwxx + bf ′wxxx + abf ′′w2
x + abf ′wxx, (31)

−uxx = −
[
f IVw4

x + 6f ′′′w2
xwxx + 3f ′′w2

xx + 4f ′′wxwxxx + f ′wxxxx

+af ′wxxx + af ′′′w3
x + 3af ′′wxwxx

]
, (32)

γuxxx = γ
[
fVw5

x + 10f IVw3
xwxx + 15f ′′′wxw

2
xx + 10f ′′′w2

xwxxx + 10f ′′wxxwxxx + 5f ′′wxwxxxx

+f ′wxxxxx + af IVw4
x + 6af ′′′w2

xwxx + 3af ′′w2
xx + 4af ′′wxwxxx + af ′wxxxx

]
(33)

uyy = f IV e2yw
2
x + f ′′′wyyyw

2
x + 4f ′′′wywxwxy + 2f ′′w2

xy + 2f ′′wxyywx + f ′′′w2
ywxx

+f ′′wyywxx + 2f ′′wxxywy + f ′wxxyy + af ′′′w2
ywx + af ′′wyywx

+2af ′′wxywy + af ′wxyy. (34)

First collecting the terms with w5
x in (31), and (33), and setting its coefficient to zero, we obtain

an ordinary differential equation for f(w):

f ′′f ′′′ + γfV = 0, (35)

then the ODE (35) has two solutions

f = ±12γ logw, (36)

thereby

f ′′2 = −2γ

α
f IV , f ′2 − 12γ

α
f ′′, f ′′f ′′′ = −γ

α
fV ,

f ′f ′′′ =
4γ

α
f IV , f ′f ′′ = −6γ

α
f ′′′. (37)
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Next substituting(30)-(34) into the left hand side of (28) and using (37), we obtain

ut + uux + αu+ βu

−uxx + γuxxx + uyy = [wxxt + awxt + bwxxx + abwxx + (α + β) (wxx + awx)

−wxxxx − awxxx + γ (wxxxxx + awxxxx) + wxxyy + awxyy] f
′

+
[
2wxwxt + wtwxx + awtwx − Awxxwxxx − aAw2

xx − aAwxwxxx

−a2Awxwxx + 3bwxwxx + abw2
x + (α + β)w2

x − 3w2
xx − 4wxwxxx

−3awxwxx + γ
(
10wxxwxxx + 5wxwxxxx + 3aw2

xx + 4awxwxxx

)

+2w2
xy + 2wxwxyy + wyywxx + 2wywxxy + awyywx

+2awywxy] f
′′ +

[
wtw

2
x −

A

2
w2

xwxxx −
5A

2
wxw

2
xx −

a2A

2
w3

x

−bw3
x − 6w2

xwxx − aw3
x + γ

(
10w2

xwxxx + 15wxw
2
xx + 6aw2

xwxx

)

+wyyw
2
x + 4wxwywxy + w2

ywxx + aw2
ywx

]
f ′′′ +

[
−5A

6
w3

xwxx

−(1 +
aA

2
)w4

x + γ
(
10w3

xwxx + aw4
x

)
+ w2

yw
2
x

]
f IV

+

[
− A

12
w5

x + γw5
x

]
fV + (α + β)b, (38)

Setting the coefficients of fV , f IV , f ′′′, f ′′ and f ′ in (38) to zero respectively, we obtain the
following five equations for the determination of w(x, t):

wxxt + awxt + bwxxx + abwxx + (α + β) (wxx + awx)− wxxxx − awxxx

+γ (wxxxxx + awxxxx) + wxxyy + awxyy = 0, (39)

2wxwxt + wtwxx + awtwx − Awxxwxxx − aAw2
xx − aAwxwxxx

−a2Awxwxx + 3bwxwxx + abw2
x + (α + β)w2

x − 3w2
xx − 4wxwxxx

−3awxwxx + γ
(
10wxxwxxx + 5wxwxxxx + 3aw2

xx + 4awxwxxx

)

+2w2
xy + 2wxwxyy + wyywxx + 2wywxxy + awyywx + 2awywxy = 0, (40)

wtw
2
x −

A

2
w2

xwxxx −
5A

2
wxw

2
xx −

a2A

2
w3

x − bw3
x − 6w2

xwxx − aw3
x + aw2

ywx

+γ
(
10w2

xwxxx + 15wxw
2
xx + 6aw2

xwxx

)
+ wyyw

2
x + 4wxwywxy + w2

ywxx = 0, (41)

−5A

6
w3

xwxx − (1 +
aA

2
)w4

x + γ
(
10w3

xwxx + aw4
x

)
+ w2

yw
2
x = 0, (42)

(α + β)b = 0. (43)
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The solution of equations (39)-(43) is of the form

w(x, t) = w0 + ek1x+k2t+k3y+k4 , (44)

where w0, k4 are arbitrary constants and k1, k2, k3 are constants to be determined
by the following equations

− 5

12
k5
1 − (

aA

2
+ 1)k4

1 + γ(10k5
1 + ak4

1) + k2
3k

2
1 = 0, (45)

−2Ak5
1 − (

5aA

2
+ 6)k4

1 −
a2A

2
k3
1 − ak3

1 + γ(10k5
1 + 15k3

1 + 6ak4
1) + 6k2

3k
2
1 + ak1k

2
3 = 0, (46)

3k2
1k2 + k1k2 − Ak5

1 − 2aAk4
1 − 7k4

1 − a2Ak3
1 + (α + β)k2

1 − 3ak3
1

+γ(15k5
1 + 7ak4

1) + 7k2
1k

2
3 + 3ak1k

2
3 = 0, (47)

k2
1k2 + ak1k2 + (α + β)(k2

1 + ak1)− k4
1 − ak3

1 + γ(k5
1 + ak4

1) + (1 + a)k2
1k

2
3 = 0, (48)

b = 0. (49)

Substituting (44) and (36) in (29), we obtain a exact solution of equation (27)

u(x, y, t) = 12γe(k1x+k2t+k3y+k4)

[
− k2

1

[w0 + ek1x+k2t+k3y+k4 ]2
+

k2
1

[w0 + ek1x+k2t+k3y+k4 ]

+
ak1

[w0 + ek1x+k2t+k3y+k4 ]

]
. (50)

4. RESULTS AND CONCLUTIONS

In this paper, we obtain the exact solution of (1) and (27) are

u(x, y, t) = −12γk2
1

α

e2(k1x+k2t+k3y+k4)

[w0 + ek1x+k2t+k3y+k4 ]2
+

12γk2
1

α

e(k1x+k2t+k3y+k4)

[w0 + ek1x+k2t+k3y+k4 ]

+
12aγk1

α

e(k1x+k2t+k3y+k4)

[w0 + ek1x+k2t+k3y+k4 ]
+ b (51)

u(x, y, t) = 12γe(k1x+k2t+k3y+k4)

[
− k2

1

[w0 + ek1x+k2t+k3y+k4 ]2
+

k2
1

[w0 + ek1x+k2t+k3y+k4 ]

+
ak1

[w0 + ek1x+k2t+k3y+k4 ]

]
. (52)

The exact solution of (1) and (27) are in terms of exponential functions.
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