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Abstract

Homogeneous Balance Method is easy to apply and always yield a special exact solu-
tions of nonlinear Partial Differential Equations . Wang showed the Homogeneous Bal-
ance Method is powerful for finding analytic solitary wave solutions of Partial Differential
Equations. The idea is the highest nonlinear term partially balanced with the highest
derivative term. In this paper, the solitary wave solution of nonlinear Partial Differential
Equations has been obtained by this method. The exact solutions of (2+1) dimensional
Partial Differential Equation is exponential functions besides the solitary wave solution.
Based on the backlund transformations, exact solutions are also obtained.

AMS Subject Classification:35G20
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1. INTRODUCTION

Homogeneous Balance method yields special exact solutions and solitons for nonlinear partial
differential equations (Biao Li, Yong Chen and Hongqing Zhang [1], Feng [3], Lei Yang.et.al [4],
Wang Mingling [5],[6],[7]). Recently Engui Fan [2] interpreted the transformation used in HBM
as an auto-Backlund transformation as it involved first order derivatives. To be precide , any
solution u of a pde L[u] = 0 is written in term of w and w,, and a finite set of pdes are derived

for w. In the present paper we relate u to w, w, and w,, and call the relation as a higher order
BT.

We consider the (2 + 1)-dimensional equation

(wr + quuy + Bugy + Yges)s + Ay, = 0. (1)
2. SOLITONS OF EQUATION (1)

In order that the highest nonlinear term awuu,, partially balance with the forth order derivative
term ..., we suppose that the solution of (1) is of the form

(@, t,y) = f'wg + fwes + af'we + b, w=w(z,t,y), (2)
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where the functions f and w as well as the constants a and b are to be determined. If follows
from (2) that

Ugt = flthw3 + Bf/”wQU)xt + 3 [f///wtwmwxx + f//wzth:p + f//wmwxxt]
+f//wtw:r;a:x + f wmcxtaf”/w Wy + 2CLf Wy Wyt + af WiWyy + af Wyt (3)
aui = |:f/// U) + 9f// wx T + f wmxz + a2f wxx + 6f//fmw4wzz + 2f f/// wiwwwm

+2af”f”’w5 + 2af f///w3wm; 4 6f/f//wxwwxw$x$ + 66Lf” wiwxw
+6af f//wivwmx _I_ 2af f//w Wrga _I' 2af Wrg Wy + 2a2f,f”wgwxx (4)

AUy = « [f”flvw6—|-6f"f"'w4wm—|—3f” wx :m_'_4f// w wxxx+f//fw T
+af//f///w5+3af// w wm—i-af”fw wszrfow wmx+6ff”/ww ;m"_?)ff” 3

+aflvflw2 + 6af f/”wgwxa: + 3af f//wqu;q; + 4af f//w Wyge + (If WrWrrrx
+a f1 7wk 4 3a? f f ww,, + a2f WeWaze + bV W + 6bf" W Wy, + 3bf w2,
H4b W Wae + bf Waes + abf" w2 + 3abf w,w,,

+abf Wi (5)
Buges = B[fYw) +10f" wiwe, 4+ 15 f"wew?, + 10" 0000 + 10 f WeiWaze + 5 0 W 000
+ [ Woggas + af VW) + 6af"wiwg, + 3af"wl, + daf Wy + @ f Wigs] (6)

Vlggze = [fVT0S 4+ 15 wiwg, + 45 wiw?, + 15w, + 61 f" W Wypy + 10V 030,40,

+14f”/w Waree 1Of// ix;c + 15f//wzxw:pm:x + 5fllwmwzx:pxx + f/wxmxzx:p + afvwi
+10af"Y wiwe, + 15af" waw?, + 10af" W weee + 100 f " WerWere + 50 WaWeprn

SRy A — (7)
\u _ )\[ v 2w2 —i—f”’w w2 +4f”’w W +2f”w2 +2f”w w —|—f’”w2w
vy yyy y VY Yy zyy Yo Tx
—i—f”wwwm + 2f”wmywy + f Wegyy + af”’w wy +af” Wyy Wy

+2a f wyywy + af'wey,] - (8)

First collecting the terms with w® in (4), (5) and (7), and setting its coefficient to zero, we
obtain an ordinary differential equation for f(w):

Oéfm2 + af//f]V +’YfIV _ 07 (9)

then the ODE (9) has two solutions

12
f=+— 7 logw, (10)
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thereby
%y 12~ gl
f,,z _ _Eflv> f/2 . Tf”7 f//f/// _ _EfV’
4
f/f/// — _'VfIV, f/f// — _6_’Yf///’ f/fIV — _31_ (11)
o «Q @

Next substituting(3)-(8) into the left hand side of (1) and using (11), we obtain
Uyt + aui + QU gy

+BUgzz + VUgzzr + )\uyy —— W, Wy — _wi + 61112 + 15’71U;1'wg;x + avwi fv

baA |, aaA
4 2

23 A 4 . 9 .
+ (waw? — == Aaw?w?, — a—azwi — — QAW Wy — —aAawPw,,
6 2 3 2
—|—bw;’L + 106w§wm + awi + 45'yw2w2 + 207w2wxm + 10a7w§wm

—i—)\w;wﬂ fIV + [3wiw$t + 3w wiwWy, + awtwi — BAQWL Wap Wy
2 - ZaAozwiwwm — ~adw?, — §a2aAwiwm

2 2 2
+6baw Wy, + abaw? + 154w,w?2, + 108wy + 6aBWW,, + 15yw3,
+61YW Wep Wazy + 14’yw§wmm + 15a*ywmw§x + IOafywiwm
+ MWy W2+ AW, W,y + )\wzwm + a)\wzwx} "

—6aAcw,w

2

+ [3thwm + 3W Wapt + WilWary + 20WWet + QWAW,, — AW,

—a?aAw?, — 304 AW Were — CAWEeWanpe — AW W pes
—aa? AW Wy + Bbawiw + 4baw W epy + 3abaW W,y + 108W4eWaps
+5BWeWager + 3aPW, + 40BWeWage + VWD, + 137V WeaWaraa
FOVWWazgre + 100V WopWeze + DAYWWager + 2)\w§y + 2 MW Wayy

F AWy Wy + 200y Wiy + AWy W, + 20 Wy W,y ] [

+ [Wazat + Wzt + DOWszry + ADAWzy + AP WezreVWarrzze

Y Wagrar + Maayy + AWy, [ (12)

Setting the coefficients of fV, fIV, f”, f” and f’ in (12) to zero respectively, we obtain the
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following five equations for the determination of w(x,t):

5aA A
b = S5ul Bl Wyt byl = 0, (13)
A 4 9
wyw? — FAOéwfcwiz - %aQwﬁ — gozAwiwxm — EaAawiwm

+bw? + 10Bwiw,, + aw? + 45yww?, + 200wl w,e, + 10aywiw,,
A wiwl = 0, (14)

2 2
3Wi Wt + W WWey + aWW, — DACWLW 1y Wi

7 3 3
—6aAcw,w?, — EaAawiwxxx - EozAng - EaQOzAwgwm + 6w,y

+acw? + 15Bw,w?, + 10w W,ee + 6afwiw,, + 15yw?,
+D9VW W e Wazw + 14’yw§wmm + 15a7wxwix + 10a7wiwmx

+)\wyywi + AANW Wy Wy + /\wzwm + a)\wgwx =0, (15)

2

3Wpt Waz + 3WpWyat + WiWapy + 20WWet + QWAW,, — AW,

—azaAwix — 304 AW Wapy — CAWz Wagpe — CAWLWapra
—a? AWy Wapy + 3bozw92m + 4baw Wy + 3abOW Wy + IPW s Wirs
F4BWWarae + 3aPws, + 40 BWeWegy + IVW4y + 137V Wa0Wapae

FOVW Wezgrer + 100V W Warr + DAYW Wz + 2)\wiy + 2 MW Wy

F AWy Way 4 2AWy Wy + AAWyWo + 2a Wy W4y, = 0, (16)
Wyzat + AQWggt + bawmmx:p + abawxmx + aﬁwxaﬁxw’ywxmzxwx
F Y Wazzs + AWgayy + GAWy, = 0. (17)

The solution of equations (13)-(17) is of the form
w(x7 t) = wy + €k1x+k2t+k3y+k47 (18)

where wy, k4 are arbitrary constants and ki, ko, k3 are constants to be determined by
the following equations

VK + BEL + avky + k) (b + aB) + K (ko + aba) + ky (aks + AE3) + aXki = 0, (19)

Tkiky + 3akiky + kS (317 — 20 A) + kS (158 + 15a7y — 4aaA)
+ky (7aB + Tha — 2aa”A) + 3abak] + TAkIK] + 3aXk k3 = 0, (20)

19
6k ks + k7 (aka + 6AKS) + K (—TaA + 907) + k] (—?aaA + 2503 + 25a'y)

+k} —§aa2A+6a+6aﬂ +aak] +aXkiki = 0, (21
1 5 1 3
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16 9
K ko + KS <—§aAa2 + 657) + k7 (—iaaA + 108 + 10a7>

1
—iaAa2kf+)\kfk:§ = 0,

5
15’7-1@14 = 0,

and the constants a, b are determined by

3 afA
b= — 1.
y—4 (2(v——“§) )

Substituting (18) and (10) in (2), we obtain a exact solution of equation (1)

12,}/]{;% e2(k1ztkat+ksy+ka) 127]{;% e(k1z+kat+ksy+ka)

u<x> Y, t) = o [wo + ek1x+k2t+k3y+k4]2 o [wo + €k1:v+k2t+k:3y+k4]

12a~k elk1z+kat+ksy+ka)
=0 +b.

o [wo + ek1$+k2t+k3y+k4]
Consider the (241) dimensional equation

U 4+ uPuy + au 4 Bul — Upy + YUgas + Uyy = 0.
3. EXPONENTIAL SOLUTIONS OF EQUATION (27)

Case 1: p = g =1 Equation (27) reduces to

U + U, + QU +Bu — Ugy +’7ua:xac +Uyy = 0.

(24)

(25)

(26)

(27)

(28)

In order that the highest nonlinear term wu, partially balance with the third order derivative

term ..., we suppose that the solution of (28) is of the form

U(ZL’, t? y) = f”wi _I_ f/wxx + a‘f,wiv + b? w = w(x7 t’ y)?

(29)

where the functions f and w as well as the constants a and b are to be determined. If follows
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from (29) that

w = [Twwd + 2w, + f w00,
+ [ Waat + af " wiwy + af wey, (30)
uu, = [0+ 3" w? 3Waw + f W00 + af”zwi +5af f ww,,
+ /WS wag + 3f [ wew?, + ! ? WagWae + af w?,
taf' fwl + af watses + a2 f w0, + P f S + bW

430 f Wy Wy + bf Wege + abf’w? + abf w,,, (31)
~Upy = — [T W) + 6" Wi + 3 W, + A Welars + [ Waraa

+af Waze + af "W + 3af Wewas] | (32)
Vgww = 7 [ W)+ 1OfIVw3wm + 15" ww? 4+ 10 f" W Wepe + 10 WeeWare + 5 WeWarrs

+ [ Wozgzs + af VW) + 6af"wiwg, + 3af"wl, + daf weens + af Wegs] (33)

Uyy = fIV wl + f”/wyyyw + 4f" wywwyy, + 2f”w + 2 f Wy w0, + f”/w2wazx
+f”wyywm + 2 Waaywy + [ Waayy + af’”wzwx + af"wyyw,
+2a f " wyywy + af'wey,. (34)

First collecting the terms with w? in (31), and (33), and setting its coefficient to zero, we obtain
an ordinary differential equation for f(w):

f 1"+ =0, (35)
then the ODE (35) has two solutions
f=x12vlogw, (36)
thereby
2 2y 2 12y v
[y A - (A
a o !
4 6
f/f/// — EﬁyfIV’ f/f// — _E’Vf///‘ (37)

126



International Journal of Pure and Applied Mathematics Special Issue

Next substituting(30)-(34) into the left hand side of (28) and using (37), we obtain

ug + uuy, + au + fu

~Ugg + Vlgze + Uy = [Weat + AWt + Dz + abWey + (@ + B) (Wer + aw,)
~Warzr — OWazz + Y (Wazze + QWazps) + Wanyy + QWay]
+ [wath + WWae + OWWy — AWprWrgw — @Awfm — AW, Wyps
—a® AW, Wy + 3bWeWey + abw? + (a + B)w? — 3w, — 40 Wape
—3aW Wy + Y (1mewxm + BUWeWagae + 3aW2, + 4awxwmm)
—1—2w§y + 2WWayy + WyyWay + 2WyWegy + AWy W,
+2awywmy] "+ wtwi - éwiwm — %wgcwiz a22A i

—bwi — 6w§wm - awi + (1()203,,1035969C + 15wxw§x + 6awgwm)

5A
FWyy W2 + AW Wy Wy + wiwm + awiwx] "+ {—Fwiwm
aA, 4 3 4 2 2| IV
—(1+ 5 Jw,, + 7y (1wawm + awx) +wyw; | f
A 5| fv
+ | g T YWs 1Y+ (a+ B)b, (38)

Setting the coefficients of fV, fIV, " f” and f’ in (38) to zero respectively, we obtain the
following five equations for the determination of w(x,t):

Wrgt + AWqgt + wazz + abwwz + (Ck + 6) (wx:r + awx) — Wegge — AWgay

+7 (Wazzzr + QWazps) + Wegyy + a4y, = 0, (39)

2
Tx

—0® AW Way + 3DWeWee + abw? + (o + B)w? — 3w, — 4w, Wepe

—3Jaw, Wy, + 7y (10wmwmz + DWeWargar + 3awi$ + 4awxwmx)

Wy Wat + Wiy + QWW, — AWppWape — CAWS — A AW Wara

+2w§y + 2W Wayy + WyyWay + 2WyWeey + AWy W, + 20wy, = 0, (40)
A 5A 2A
wyw? — Ewiwmx — 7wxwfm — aTwi — bw? — 6wiw,, — aw? + awzwx
+7y (10wiwzm + 15w, w?, + 6aw§wm) + wyywi + 4w, wywsy, + wiwxiD = 0, (41)
5A

A
— 5 Walar (1+ %)wi + 7 (10ww,, + awy) + wiw = 0, (42)
(a4 /)b = 0. (43)
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The solution of equations (39)-(43) is of the form

w(z,t) = wy + €k1x+k2t+k3y+k4, (44)

where wy, k4 are arbitrary constants and ki, ko, k3 are constants to be determined
by the following equations

5 A
2k (UE )R (10K ok + R = 0,  (45)

12 2
5 DaA , @A 3 5 3 4 27.2 2
—2Ak] — (T +6)k; — Tkl — aky + y(10ky + 15ky + 6aky) + 6k3ky + ak ks = 0, (46)
3kiky + kiky — AKD — 2a Ak} — Tki — a*AK} + (a + B)k? — 3aks
+(15k7 + Taky) + Tkik3 + 3akk3 = 0, (47)
k2ky + akiky + (o + B)(K? + aky) — ki — ak? +y(K2 + ak) + (1 +a)k?ks = 0, (48)
b = 0. (49)

Substituting (44) and (36) in (29), we obtain a exact solution of equation (27)

k? k?
_ (krz+kot+kay+ksa) | _ 1 1
u(z, y,1) 127e { [wo + ek1x+k2t+k3y+k4]2 [wo + ekrz+kat+ksy+ka]
ah 50
[wO + €k1ﬂc+k2t+k3y+k’4] : ( )

4. RESULTS AND CONCLUTIONS

In this paper, we obtain the exact solution of (1) and (27) are

2 2(k1x+kot+ksy+k 2 ki1x+kot+ksy+k
u(x y t) _ _127]{;1 e2(k1 ot+ksy+ka) 127]{71 ek ot+k3y+ka)
T a  Jwy + €k1x+k2t+k3y+k4]2 a  [wy 4 efrzthatthsytha]
12&7]{;1 e(k1x+k2t+k3y+k4)

b 1

o [wo + 6k1z+k2t+k3y+k4] + (5 )
(kra+kat-+ksy+ka) ki k?
_ +kot+ksy+ka
u(z,y,t) = 12ve™?® — 5 +
[wo + ek11‘+k2t+k3y+k4] [wo -+ ek1x+k2t+k3y+k4]

aky } . (52)

[wo + ekl x+k2t+k3y+kz4]

The exact solution of (1) and (27) are in terms of exponential functions.

128



International Journal of Pure and Applied Mathematics

REFERENCES

Biao Li, Yong Chen and Hongqing Zhang, Auto-Backlund Transformation and Ezact
solutions for Generalized two dimensional Korteweg-de Vries-Burgers- type equations and
Burgers-type equations, Z.Naturforsch, 58a (2003),464-472.

Engui Fan, Auto-Backlund transformation and similarity reductions for general variable
coefficient KdV equations, Phys. Lett. A 294 (2002), 26-30.

Feng, Ezploratory approach to explicit solution of nonlinear evolution equations, Interna-
tional Journal of Theoretical Physics, 39 (2002), 207-222.

Lei Yang, Zhengang Zhu and Yinghai Wang, Ezact solutions of nonlinear equations, Phys.
Lett. A 260 (1999), 55-59.

Lei Yang, Liu Jianbin, Yang Kongqing Ezact solutions of nonlinear PDE, nonlinear trans-
formations and reduction nonlinear PDE to a quadrature, Phys. Lett. A .

Wang Mingling, Solitary wave solutions of variant Boussinesq equations, Phys. Lett. A
199 (1995), 169-172.

Wang Mingling, Fzact solutions for a compounded KdV-Burgers equation, Phys. Lett. A
213 (1996), 279-287.

Wang Mingling, Yubin Zhou and Zhibin Li, Application of a homogeneous balance method
to exact solutions of monlinear equations in mathematical physcis, Phys. Lett. A 216

(1996), 67-75.

129

Special Issue



130



