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Abstract

In this paper the concept of v*-regular spaces and v“-normal spaces have been introduced
and the relationship among them are studied.
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1 Introduction

O.Najastad [9] introduced «- open sets in a topological space and studied some of its
properties. Kasahara [8] defined the concept of an operation on topological spaces and introduced
« - closed graphs of an operation. Ogata [10] called the operation « as vy operation and introduced
the notion of 7, which is the collection of all - open sets in a topological space (X,7). N.Kalaivani
and G.Sai sundara krishnan [7] introduced a-y-open sets by using the concept of v-open sets in a
topological space. They studied (-7, §)- continuous mappings and a-(7, 3)-continuous mappings.
They extended their studies on a-(v, )-open(closed) mappings and y-generalized a-open sets.

In this paper in section 3 we introduce the y*-regular space and study some of their properties.
In section 4 we introduce the concept v“-normal space and analyze some of their properties.

2 Preliminaries

In this section we recall some of the basic Definitions .
Definition 2.1 [9] Let( X,7) be a topological space and A be a subset of X. Then A is said to be
a-open set if A C int(cl(int(A))).

Definition 2.2 [10] Let(X,7) be a topological space, an operation v on 7 is a mapping from 7
on to the power set P(X) of X such that V' C V7 for each V € 7 ,where V7 denotes the value of ~y
at V.

Definition 2.3 [10] Let (X,7) be a topological space and A be a subset of X and « be an op-
eration on 7. Then A is said to be a - open set if for each x € A there exists an open set U such
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that x € U and UY C A. 7, denotes the set of all v- open sets in (X,7).

Definition 2.4 (i) [11] Let (X,7 ) be a topological space and v be an operation on 7 .Then
7, - interior of A is defined as union of all v- open sets contained in A and it is denoted 7, —int(A).
That is 7, — int(A) = |J{U : Uis ay — open set andU C A}

(ii) [10] Let (X,7 ) be a topological space and vy be an operation on 7. Then 7, -closure of A
is defined as intersection of all y- closed sets containing A and it is denoted by 7, — cl(A). That is
7y — cl(A) = N {F : Fis ay — closed set andA C F'}

Definition 2.5 [7] Let (X,7) be a topological space and « be an operation on 7. Then a sub-
set A of X is said to be a a-y-open set if and only if A C 7, —int(r, — cl(r, — int(A)))

Definition 2.6 [7] Let (X,7) be a topological space and - be an operation on 7. Then a sub-
set A of X is said to be a a-y-closed if and only if X — A is a-y-open.

Definition 2.7 [7] Let( X ,7) be a topological space and v be an operation on 7 and A be a
subset of X . Then 7,_,- interior of A is the union of all a-y-open sets contained in A and it is
denoted by 74—y — int(A). Ta—y-int (A) = U{U : U is a a« —y — open set and U C A}

Definition 2.8 [7] Let (X ,7) be a topological space and v be an operation on 7. Let A be a
subset of X . Then 7,_+-closure of A is the intersection of a-vy- closed sets containing A and it is
denoted by 74—~ cl(A). That is 74—+~ cl(A) = N{F : F is a o —y — closed set and A C F'}

3 ~y“-regular spaces

Definition 3.1 A topological space X is said to be a y*-regular space, if for any a-7y-closed set A
and x ¢ A, there exist y-open sets U |V such that x € Uy A CVand UNV = ¢.

Example 3.1 Let X = {a,b,c}, 7 = {6, X, {a},{b},{a,b},{a,c}}. Define an operation v on
7 such that A7 = cl(A) if b ¢ A for every A € 7 and AY = A if b € A for every A € 7.
Thent, = {¢, X, {b},{a,b} ,{a,c} } and 7y = {¢, X, {b} , {a, b} ,{a,c} }.

Here X is a y*-regular space but X is not a regular space.

Theorem 3.1 Every v*-regular space X is an a-y-regular space.But the converse need not be
true.
ProofProof follows from the Definition 3.1 and Theorem 2.1.[10]

Theorem 3.2 The following statements about a topological space ( X,7 ) are equivalent:
(1) X is a y“-regular space. (ii) For any a-y-open set U in X, there is a y-open set V containing x
such that x € 7, — cl(V) C U.

Proof (i) = (ii) Let U be an a-y-open set and x € U. Then X — U is an a-vy-closed set such
that x ¢ X — U. By the regularity of X,there exist y-open sets Vj, V5 such that x € Vi, X —U C
Vo and Vi NVo = ¢. Then X — V5 is a y-closed set contained in U. Then Vi C X — V5, C U. This
implies that 7., — cl(V1) € X — Vo C U. Consequently, x € V and 7, — cl(V) C U.
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(i) = (i) Let A be an a-y-closed set which does not contain x. By (ii) there exists an a-v-
open sets U and V such that x € V,x € 7, —¢cl(V) CU. Thus x€ V, AC U and U () V= ¢. Hence
X is a y*-regular space.

Theorem 3.2 A topological space X is a v*-regular space if for each x € X and an a-v- closed
set A such that x ¢ A | there exists y-open sets U,V in X such that x € U and A C V and
Ty —c(U) N1y —cl(V) = ¢.

Proof Let x € X and A be an a-v-closed set such that x ¢ A | by Theorem 3.1 there is a y-open set
W such that x e W, 7,—cl(W) € X —A. By Theorem 3.1 ,there is an y-open set U containing x such
that 7, —cl(U) CW. Let V=X — 7, —cl(W). Then 7, —cl(U) CW C 7, —cl(W) C X — A implies
that AC X —7, —cl(W)=V. Also 7y —cl(U)N7y—cl(V) = 7y —cl(U) N7y — cl(X — 7y — cl(W)) C
Wnry —c(X =7y —cd(W)) Cry—cd(WN(X —7y —cl(W))) =7y — cl(¢) = ¢.

Theorem 3.3 Let X be a topological space and v be an operation on 7. Then the following
properties are equivalent:

(1) X is a y*-regular space;

(73) For each a-v-closed set F and each point x € X — F there exists an U € 7, and a y-open set
V such that x € U, F C Vand UV = ¢;

(#3i) For each a-vy-closed set F of X, F = ({7, — cl(V) C VandVisany g -open set;

(tv) For each subset A of X and each a-vy-closed set F such that A (| F' = ¢, there exists an U € 7,
and a ~yg-open set V such that AU # ¢, F C Vand U [NV = ¢.

Proof (i) = (i) Proof follows from the Definition 3.1. and by Theorem 2.4.

(t1) = (19i) For any a-vy-closed set F, F C ({7, —cl(V) C VandVisan~y g -open set. Suppose
that x € X - F. By the assumption, there exists a y-open set U and a yg-open set V such that
x € U, F CVand UNV = ¢. By Theorem 2.1,2.5, x € X — 7, — cl(V) and hence x € X —
{NTa—y — cl(V)andVisano — vg — openset}. Therefore, F O ({7a—y — cl(V) : F C VandVisana — vg — openset}
and hence F =" {7a—y — cl(V) : F C Visana — vg — openset}.

(7i1) = (iv) Let F be any a-v-closed set of X and A be a nonempty subset of X such that A
N F = ¢. Take a point x € X — 7, —cl(V). Let U =X -7, — cl(V), then U € 7, AU # ¢ and
Uunv =é¢.

(iv) = (i) Let F be any a-y-closed set of X and x € X — F. Then {z} (| F = ¢ and there exists U
€ 7, and a yg-open set W such that x € U, F C W and U W = ¢. Put V = 7, — int(WW), then
by Definition 3.1, F C V, V € 7, and U (1 V = ¢. Therefore, X is a y*-regular space.

Theorem 3.4 If f : (X,7) — (Y,0) is (v, p)-irresolute,(y, B)-open mapping, (v, 5)-g-closed

surjection and X is a v®*-regular space, then Y is a S%regular space.

Proof Let y € Y and V be a S-open set of Y containing y. Let x be a point of X such that y= f(x).

Since X is an y“-regular space, there exists a y-open set U of X such that x € U C 7, — cl(U) C

f7Y(V). This implies that y € f(U) C f(r, —cl(U)) C V. Since f is (v, 8)-open and (v, 3)-g-closed

mapping, f(U) € og and f(7,-cl(U)) is a $-g-closed set in Y. Then Y — f(7,-cl(U)) is a 5-g-open set

containing Y — V. Therefore, N {og — cl(Y — f(7, = cl(U)) : Y =V CY — f(7y — cl(U))andY — f(1y — cl(U))isaf
=Y — V. Hence by Theorem 3.3, Y is an S%regular space.
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4 ~“normal space

Definition 4.1 A space X is said to be a y*-normal space, if for any disjoint a-7y-closed sets A ,B
of X, there exist y-open sets U ,V such that A C U, BC Vand UNV = ¢.

Example 4.1 Let X = {a,b,c}, 7 = {¢, X, {a},{b},{c},{a,b},{a,c}}. Define an operation
~v on 7 such that A7=cl(A) if b ¢ A for every A € 7 and A7=A if b in A for every A € 7 .
Thent, = {¢, X,{c},{a,b},{a,c} } and 17—y = {¢, X, {c},{a,b},{a,c} } . Here X is a y*-normal
space.

Remark 4.1 Every v-normal space X is a y*-normal space.But the converse need not be true.
Proof Proof follows from the Definition 4.1 and Theorem 2.1.

Theorem 4.1 For a topological space X the following statements are equivalent: (i) X is a y°-
normal space. (i7) For every pair of y-open sets U and V whose union is X , there exist v g-closed
sets A and B such that A C U and BC V and A |J B = X. (ii7) For every a-vy-closed set H and
every y-open set K containing H, there exists a v g-open set U such that H C U C 7,-cl(U)C K.
Proof (i) = (ii) Let U and V be a pair of vy-open sets in a y“-normal space X such that X = U
U V. Then X - U, X - V are disjoint a-vy-closed sets. Since X is a y*-normal space, there exists
disjoint ~-open sets Uy and V; such that X - U CUj and X -V C V. Let A=X-U;, B=X-
Vi. Then A and B are 7 g-closed sets such that AC U, B C V and AU B = X. (ii) = (iii) Let
H be an a-v-closed set and K be a ~v-open set containing H. Then X - H and K are vy-open sets
whose union is X. Then by (ii) there exists y-closed sets My and My such that M; C X — H and
My C K and M; U My = X. Then HC X-M; , KC X - My and ( X-M1)N (X — M) =¢ . Let U
= X- M; and V= X- Ms. Then U and V are disjoint y-open sets such that x € X. Then for every
v-open set V containing y such that y € V ,7, — cl(V') C U. Thus for each y € X, the set 7,-cl(V)
is a y-neighbourhood of X. (i7i) = (i) Proof follows from the 4.1.Definition.
Theorem 4.2 A topological space X is a y*-normal space if and only if for any a-y-closed set A and
v-open set U containing A, there exists a y-open set V containing A such that A CV C 7, —cl(V) C
U.
Proof Since U is an a-vy-open set containing A, X-U is an a-y-closed set and AN(X — U) = ¢
Since X is a y“-normal spcae, there exists y-open sets V and V; such that AC V, X-UC W,
and VNV = ¢ . Hence ACV C 7y —cl(V) C 7y —cl(X — V1) = X — Vi C U. Conversely, let
A, B be disjoint a-v-closed sets in X. Then A C X -B, where X -B is an a-y-open set in X. By
asumption there is a y-open set V such that 7, — cl(V') C X-B, which implies B C X — 7, — cl(V)
and V(X — 7, —cl(V)) = ¢ . Hence AC V, BC X — 7, —cl(V). This proves that X is a y*-normal
space.
Theorem 4.3 A v“-normal and a-vy-T; space is a y“-regular space.
Proof Suppose A is an a-y-closed set and x¢ A. Since X is an a-y-T space, by 2.5.Theorem [6],
each {z}is an a-vy-closed set in X. Since X is a y*-normal space, there exist y-open sets U, V such
that {z} C U, A CV,UnV = ¢ or x€¢ U, AC V and UNV = ¢ implies that X is a y*-regular
space.
Theorem 4.4 Let f: X — Y be a (v,5 )-closed , a-(,53)-continuous mapping from X onto Y. If
X is a y*-normal space, then Y is a f%normal space, where 3 is an open operation.
Proof Let A;,B; be disjoint o — [-closed subsets of Y. Then by a-(v,3)-continuity of f, A =
(A1), B =f"1(By) , are disjoint a-y-closed subsets of X. Since X is a y*-normal space, there
exist y-open sets U and V such that AC U, BC V and UNV = ¢. Since f is (v,8 )-closed mapping,
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f(x-U) and f(X-V) are [S-closed sets in Y. Then Uy =Y — f(X —U), Uy =Y — f(x — V) are
disjoint B-open sets in Y containing Ay ,B; respectively. This proves that Y is a S%-normal space.
Theorem 4.5 A topological space X is a y“-normal spce if and only if for each pair A , B of
disjoint a-v-closed sets in X, thete exists y-open sets U, V in X such that A C U, B C V and
Ty —cl(U) N1y — (V) = ¢.

Proof Let A be an a-y-closed set and B be an a-v-closed set not containing A. Then X - B is
an a-y-open set and AC X - B. Then by 4.2 Theorem, there exists a y-open set C such that AC
C C 7y-cl(C) € X-B. Since 7,-cl(C)C X - B, again by 4.2. Theorem, there exits a y-open set U
containing A such that 7.,-cl(C)C C. Consequently, ACU C 7, —cl(U) CC C 1, —cl(C) C X-B.
Then 7., — cl(C) C X - B implies that B C X7,-cl(C). Let V = X - 7,-cI(C). Then V is a y-open set
containing B and 7, —cl(U)N7y—cl(V) = 7y—cl(U)N(X —7,—cl(C)) C CN1y—cl(X —7y—cl(C)) C
T —cd(CNX —71,—c(C)) =1y —cl(¢) = ¢. Thus U, V are the required -open sets in X. The
converse part follows fron the 2.13, 4.1. Definitions.

Definition 4.6 A topological space X is said to be an ultra v“-normal space , if for any distinct
a-y-closed sets A and B of X, there exists y-clopen sets, U, V such that A C Uand BC Vand U
NV =o¢g.

Theorem 4.6 If f : X — Y is a contra a-y-continuous ,closed injective mapping and Y is an ultra
~v“-normal spacd, then X is an v*-normal space.

Proof Let F; and F; be disjoint closed subsets of X. Since f is a closed and injective mapping, f(F)
and f(Fy) are disjoint closed subsets of Y.Since Y is an ultra y*-normal space, f(F}) and f(F») are
separated by disjoint y-clopen sets Vi and Va respectively. Hence F; C f=1(V;) , f~1(V;) € Ta—r,
for i=1,2. and f~1(V1) N f~1(V2) = ¢ . Thus X is a y*-normal space.

Theorem 4.7Let f : X — Y be a (v, §)-irresolute , (v, 8)-g-closed surjection and X is a y*-normal
space, then Y is a S%normal space.

Proof Let Ay, B; be disjoint S-closed subsets of Y. Then A =f~1(A;) , B =f"1(B;) , are disjonit
~-closed subsets of X, since f is a (7, §)-irresolute mapping. Since X is a y“-normal space, there
exist y-open sets U and V such that A C U, BC V and UNV = ¢. Since f is a (v, ()-g- closed
mapping, f(X-U) and f(X-V) are S-closed sets in Y. ThenUy; =Y — f(X —U),Us =Y — f(X = V)
are disjoint S-open sets in Y containing Ay, Bj respectively. This proves that Y is a f%normal
space.

Theorem 4.8 Let f: X — Y be a (v, 8)-continuou mapping , (7, 8)-g-closed surjection and X is
a y*-normal space, then Y is f%-normal space.

Proof Let Aj, By be disjoint S-closed subsets of Y.Since f is a (v, )-continuou mapping, A =
f~1(A1),B =f"1(By), are disjoint y-closed subsets of X. Since X is a y*normal spce, there exist -
open sets U and V such that AC U, BC Vand UNV = ¢. Since f is a (v, 5)-closed mapping, f(X-U)
and f(X-V) are 8-closed sets also,a-f-closed setsin Y. Then Uy =Y - f(X -U),Us =Y — f(X—-V))
are disjoint S-open sets in Y containing A1, Bi respectively. This proves that Y is a f%normal space.
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