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Abstract

A vertex labeling of a graph G is a function f : V(G) —
{—1,1} with an induced edge labeling f* : E(G) — {—1,1}
defined by f*(uv) = f(u)f(v) is called a signed product
cordial labeling if |vf(—1) — vf(1)] < 1 and |ep(—1) —
er«(1)] < 1, where vp(—1) and vs(1) are the number of
vertices labeled with —1 and +1 respectively and eg«(—1)
and ey« (1) are the number of edges labeled with —1 and +1
respectively. This paper focuses on the existence of signed
product cordial labeling for removal of few edges from a
complete graph, the maximal planar graph, Go(P,,), n > 4,
Goe and G — e.
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1 Introduction

A vertex labeling of a graph G is a mapping f from the set of
vertices of GG to a set of elements, often integers. Each edge xy has a
label that depends on the vertices = and y and their labels f(x) and
f(y). Graph labeling methods began with Rosa [?] in 1967. In 2011,
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Babujee and Shobana [?] introduced the concept of signed product
cordial labeling. A vertex labeling of a graph G f : V(G) — {—1,1}
with an induced edge labeling f* : E(G) — {—1,1} defined by
ff(uwv) = f(u)f(v) is called a signed product cordial labeling if
lvp(=1) —vp(1)] < 1 and |ep(—1) — ep«(1)] < 1, where vy(—1)
is the number of vertices labeled with —1, vf(1) is the number
of vertices labeled with 1, ef+(—1) is the number of edges labeled
with —1 and ey«(1) is the number of edges labeled with 1. In this
paper we proved the existence of signed product cordial labeling for
removal of few edges from a complete graph, the maximal planar
graph, Go(P,), n > 4, Goe and G — e.

Definition 1. [?] A graph Go(P,) is obtained from a path P,
by introducing new edges between any two vertices if they are at
odd distance. Go(P,) has n vertices and (n? —1)/4 edges if nis odd
and n?/4 edges if n is even.

Definition 2. [?]If G1(p1,q1) and Ga(pa, g2) are two connected
graphs, G10G5 is obtained by superimposing any selected vertex of
G5 on any selected vertex of GG;. The resultant graph G = G10G,
consists of p; + po — 1 vertices and ¢; + ¢o edges.

Definition 3. [?] Let K,, = (V, E)) be the complete graph with
n vertices V(K,) = {1,2,...,n} and n(n — 1)/2 edges F(K,) =
{(4,j) : 1 <id,j<nandi<j}.

Definition 4. [?] The class of planar graphs with maximal
edges over n vertices derived from complete graph K, is defined as
Pl, = (V,E), where V. = {1,2,...,n} and E = E(K,)\{(k,1) :
k=3ton—2,1=k+2ton}. Thenumber of edges in Pl,, : n >5
is 3(n — 2).

2 Main Results

Theorem 5. The removal of few edges from a complete graph
K,,, n > 4 admits signed product cordial labeling.

Proof. Let K, be a complete graph with n vertices and nCy
edges. Let the vertex set be V' = {vy,v9,v3...v,} and the edge set
be E = {vv;/1 <i,j <n,j > i}. The following two cases for the
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edge set are to be considered after the removal of few edges from

the complete graph K,,.
Case (i) n =1 (mod 2)

Remove (n — 3)/2 edges from K, and define the edge set as
E={vv;/1 <i,j <n,j>i}—{vvy/1 <j<(n—3)/2}. Then
the number of edges of K, reduces to (n? — 2n + 3)/2.

Case (ii) n =0 (mod 2)

Remove (n — 2)/2 edges from K, and define the edge set as
E={vv;/1 <i,j <n,j>i}—{vvy/1 <j<(n—2)/2}. Then
the number of edges of K, reduces to (n? — 2n + 2)/2.

Define a vertex labeling f: V' — {1, -1} as

f(vi):{l i =1 (mod 2)

-1 i=0(mod 2);1<i<n

Then the induced edge labeling f*: E(G) — {1, —1} is as follows:

1 if f(v;) and f(v;) have same sign

[f(vv;) = ¢ =1 if f(v;) and f(v;) have oppositesigns;
1<4,j<n;j>1

In view of the above labeling pattern, the vertex and the edge

labeling conditions are as follows

Table 1: Vertex and Edge Conditions

n vr(1) vr(=1) vp(1) —vp(=1)]
n =0 (mod 2) n/2 n/2 0
n =1 (mod 2) (n+1)/2 (n—1)/2 1

n ep(1) er(=1) lef-(1) — eg=(=1)]
n =0 (mod 2) (n? —2n)/4 (n®> —2n+4)/4 1
n=1(mod?2) | (n?—2n+1)/4 | (n*—2n+5)/4 1

From the above table, we infer that the complete graph with
removal of few edges admits signed product cordial labeling. [l

Theorem 6. The maximal planar graph Pl,,, n > 4 is a signed

product cordial labeling except for n = 0 (mod 4).
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Proof. Let pl, be a maximal planar graph with n vertices and
(3n — 6) edges. The vertex set and edge set of a planar graph are
defined as V = {vy,v9,...,v,} and E = E; U Ey U E3 U Ey where

Elz{vivi+1:3§i§n—1} EQZ{U1Ui+211§i§n—2}
E3 = {U2vi+2 22 S 1 S n — 2} E4 = {Ulvg,’l}gl}g}

Define f: V — {1,—1} as a bijective function such that

flvg) = flo) =1 flv)=—1

1 i=0,3 (mod4)
-1 i=1,2 (mod 4);3<i<mn

The induced edge labeling f* : E(G) — {1, —1} is defined as follows

. 1, if f(v;) and f(v;1+1) have same sign
[ (wivip1) =

—1 if f(v;) and f(vi4+1) have oppositesigns;3 <i <mn —1

1, if f(v1) and f(vi+2) have same sign

) (
—1 if f(v1) and f(v;42) have oppositesigns; 1 <i <n —2
1, if f(v2) and f(vi+2) have same sign

)

—1 if f(v2) and f(vit+2) have oppositesigns;2 <i <n — 2

. 1, if f(v;) and f(vi+1) have same sign
fr(vvig1) =

—1 if f(v;) and f(v;4+1) have oppositesigns; 1 < i < 2

In view of the above labeling pattern, the vertex and the edge
labeling conditions are as follows

Table 2: Vertex and Edge Conditions of a Planar Graph

n vr(1) v (=) | Jor(1) — v (=1)]
n =2 (mod 4) n/2 n/2 0
n=1(mod2)| (n+1)/2 | (n—1)/2 1

n es-(1) er-(=1) | lep(1) = ep(=1)]
n=2(mod4)| (3n—6)/2 | (3n —6)/2 0
n=1(mod2)| 3n—-T7)/2] (3n—>5)/2 1

From the above table, we can conclude that the planar graph
Pl,,, n > 4 admits signed product cordial labeling. O
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Theorem 7. The graph Go(P,), n > 4 is a signed product
cordial graph.

Proof. Consider the graph Go(P,), n > 4. The vertex set of the
graph Go(P,) is defined as V' = {vy, va,...,v,} and the edge set is
defined as follows; when n is even,

E(G) = {vjve;/1 < j < n/2;iis odd and i < 25} U {vv9;-1/1 <
Jj <mn/2;iis even and i < 2j — 1} and when n is odd

E(G) = {UZ'UQj/l S] < (n—l)/2,21s oddand i < 2j}U{viv2j_1/1 <
J<(n+1)/2;iis even and i < 2j — 1}

Define the vertex labeling f : V — {1, —1} as follows:

Case (i) n =1 (mod 2)

1 =1 (mod 4)
—1 i=3(mod4);1<i<n-—1;i=1mod 2

f(vi) = f(vip1) = {

Case (ii) n = 0 (mod 2)
Subcase (i) n =0 (mod 4)

1 1=1
-1 i=3(mod4);1<i<n-—1;i=1mod 2

f(Uz') = f(Uz'+1) = {

Subcase (i) n = 2 (mod 4

~—

1 1=1
—1 i=3(mod4);1<i<n-—2;i=1mod 2

f(?)z‘) = f(’Uz'H) = {

flon) =—1 fvp-1) =1
The induced edge labeling f* : E(G) — {1, —1} is defined as follows

1, if f(v;) and f(vq;) have same sign
[ (vivgy) = ¢ =1 if f(v;) and f(vy;) have oppositesigns;
1 <j7<n/2neven,i< 2jiodd

1, if f(v;) and f(vg;—1) have same sign

[H(vivgj—1) = ¢ =1 if f(v;) and f(ve;—1) have oppositesigns;

1 <j<n/2neven, i< 2jieven
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1, if f(v;) and f(ve;) have same sign
[H(vivg;) = ¢ =1 if f(v;) and f(vq;) have oppositesigns;

1<j<(n—1)/2,n0dd,i < 2j,i odd

1, if f(v;) and f(vg;—1) have same sign

[ (vivgj_1) = ¢ =1 if f(v;) and f(v2j—1) have oppositesigns;
1<j<(n+1)/2,no0dd,i<2j—1,ieven

The vertex and edge labeling conditions of the graph Go(P,) are
as follows:

Table 3: Vertex and Edge Conditions of a Go(F,)

n M| o1 ] Jos) — oy
n=1(mod2) | (n+1)/2 | (n—1)/2 1
n =0 (mod 4) n/2 n/2 0
n =2 (mod 4) n/2 n/2 0

n e | (0 e —er (1]
n=1(mod?2) | (n*-1)/8 | (n*—-1)/8 0
n =0 (mod 4) n?/8 n?/8 0
n=2(mod4) | (n*—4)/8 | (n*+4)/8 1

Hence the resultant graph follows signed product cordial
labeling. [

Theorem 8. If a graph G is a signed product cordial graph
then Goe is also a signed product cordial graph except for few vertex
and edge labeling conditions.

Proof. et G be a signed product cordial graph with
{v1,v9,v3...v,} vertices and {ej,eq,e3...6,} edges. Consider
an edge e = {v,11Un2}. Then Goe is the graph obtained by
superimposing an edge e with any vertex v; of G. Denote this
graph by G’ with |V/| =n+ 1 and |E’| = m + 1. Define the vertex
labeling as f : V/(G') — {1,—1} with an induced edge labeling
f*: E'(G") — {1, -1} then the following four different cases are to
be considered.

Case (i) [u(1) — vp(=1)| = 0; [es- (1) — e-(~1)| =0
subcase (i) If v; and v,;1 have the same label 41, then the edge e
will receive the same label +1. Therefore |v}(1) —v(—1)| =1 and
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(1) — €l (=1)| = 1.

subcase (ii) If v; has the label +1and v, has the label -1, then
the edge e will receive the label -1. Therefore [v}(1) — v} (—=1)| =1
and [} (1) — €. (=1)| = 1.

subcase (iii) If v; has the label -land v, has the label +1, then
the edge e will receive the label -1. Therefore [v;(1) — v} (—1)| =1
and e/ (1) — €} (—1)| = 1.

subcase (iv) If v; and v,,1 have the same label -1, then the edge e
will receive the same label +1. Therefore |v%(1) —v(—1)| = 1 and
e’ (1) - er (1) = 1.

Case (i) [07(1) — vp(—1)] = 1; [e- (1) — e (—1)] = 1.

subcase (i) If v; has the label +1land v,,; has the label -1 with
|vf(1)| > |vp(—1)| and |es«(1)] >, |ef|*(—,1)|, then the edgc; e will
receive the label -1. Therefore |v(1) — v}(=1)[ = 0 and |e/.(1) —
(1) = 0.

subcase (ii) If v; has the label -1land v,,; has the label +1 with
|vf(‘—1)| > |vg(1)] and |es(1)] >/ |ef|*(—/1)|, then the edg? e will
receive the label -1. Therefore |[v}(1) — v}(=1)[ = 0 and |e/. (1) —
e (=1)] = 0.

subcase (iii) If v; has the label land wv,;; has the label 1 with
lvp(=1)| > |vp(1)| and |ep(—1)] > |es.(1)], then the edge e will
receive the label 1. Therefore |v}(1) —v(—1)] = 0 and [€}.(1) —
e (=1)] = 0.

subcase (iv) If v; has the label -land v,;; has the label -1 with
\vf(l)] > |vp(—=1)] and |es(—=1)| > |ess(1)|, then the edge e will
receive the label 1. Therefore [v}(1) —v(—1)] = 0 and [} (1) —
(1) = 0.

Case (iii) |vs(1) —vp(—1)| =1; |ep=(1) —ep(—1)| = 1.

subcase (i) If v; has the label +1land v,,; has the label 1 with
leqo(—=1)] > |es(1)], then the edge e will receive the label 1.
Therefore [v(1) — v}(—1)| = 1 and |e/. (1) — €% (=1)| = 0.
subcase (ii) If v; has the label -land v,,; has the label -1 with
lefs(—1)] > |es«(1)], then the edge e will receive the label 1.
Therefore [v}(1) — v(—1)] = 1 and |€}.(1) — €. (=1)| = 0.
subcase (iii) If v; has the label +1land v,,; has the label -1 with
leq(1)] > leso(—1)|, then the edge e will receive the label -1.
Therefore [v(1) — v}(—1)] = 1 and |e/.(1) — €. (—1)] = 0.
subcase (iv) If v; has the label -land v, 1 has the label +1 with
lef«(1)] > |ef«(—1)], then the edge e will receive the label -1.
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Therefore |v(1) — v}(—1)] = 0 and [/ (1) — €. (=1)[ = 0.
Case (iv) |vf(1) —vp(—1)] =1 and |ep+(1) —ep(—1)| =0
subcase (i) If v; has the label land v,,; has the label 1 with
lvp(=1)] > |vg(1)|, then the edge e will receive the label 1.
Therefore [v(1) — v}(=1)[ = 0 and [} (1) — €} (=1)[ = 1.
subcase (ii) If v; has the label -land v,,; has the label -1 with
lvp(1)] > |vg(—1)|, then the edge e will receive the label 1.
Therefore [v(1) — v}(=1)| = 0 and [e/. (1) — €} (=1)| = 1.
subcase (iii) If v; has the label land v,,; has the label -1 with
lvp(1)] > |vg(—1)|, then the edge e will receive the label -1.
Therefore v (1) — v}(=1)] = 0 and [} (1) — €} (=1)] = 1.
subcase (iv) If v; has the label -land v, ; has the label 1 with
lvp(—=1)] > Jvg(1)], then the edge e will receive the label -1.
Therefore [v}(1) — v}(=1)| = 0 and |e/.(1) — €. (—1)| = 1. Hence
from the above cases, we infer that the graph Goée admits signed
product cordial labeling. O]

Theorem 9. If a graph G is a signed product cordial graph
then G'—e is also a signed product cordial graph except for the cases
vy (1) =vp(=1)| = 1; |ese(1)—epu(—1)| = 1 and |vy (1) —vs(=1)| = 0;
ler.(1) = epa(=1)] = 1 with f*(e) = 1, les(=1)| > [e.(1)] and
fr(e) = =1, lep(1)] > les(=1)].

Proof. et G be a signed product cordial graph with
{v1,v9,v3...v,} vertices and {ej, ez, €3...¢€,} edges. Delete an
edge e from the graph G. Then G — e is the graph obtained by
deleting any edge e from G. Denote this graph by G’ with |[V'| =n
and | E'| = m—1. Define the vertex labeling as f : V/(G') — {1, —1}
with an induced edge labeling f* : E'(G') — {1,—1} then the
following four different cases are to be considered.

Case (i) [vp(1) —vp(=1)[ = 1 |es(1) —ep(=1)[ =1

If the edge e is labeled as 1 and |ef.(1)| > [ef.(—1)| then |€, (1) —
e’f*(—l?\ = 0. If the edge e is labeled as -1 and |ef(—1)| > |ef(1)]
then |ef',,:(1) — e (=1)[=0.

Case (ii) [vy(1) —vs(=1)] = 0; [ef(1) = epu(=1)| =
If the edge e is labeled as lor -1 we have | L(1) — } ( 1] =1.
Case (iii) [vf(1) —vr(=1)] = 1; |ep(1) — 6f*( D=0

If the edge e is labeled as 1 or - 1 , we have |e L(1) — e, (=) =1.
Case (iv) [vy(1) — v7(~1)| = 0; les.(1 )—ef*( =1
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If the edge e is assigned the label 1 and |es(1)] > |ef(—1)| then
we have; |es (1) — ep(—1)| = 0. If the edge e is assigned the label
-1 and |ef(1)] > [ef(=1)| then e/, (1) — €}.(=1)] = 0. From the
above cases we infer that the graph G —e is a signed product cordial
graph. [

3 Conclusion

In this paper, an existence of signed product cordial labeling has
been examined for some special graphs. To apply the signed
product cordial labeling in any of the real time applications is our
future work.
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