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Abstract

A vertex labeling of a graph G is a function f : V (G) →
{−1, 1} with an induced edge labeling f∗ : E(G) → {−1, 1}
defined by f∗(uv) = f(u)f(v) is called a signed product
cordial labeling if |vf (−1) − vf (1)| ≤ 1 and |ef∗(−1) −
ef∗(1)| ≤ 1, where vf (−1) and vf (1) are the number of
vertices labeled with −1 and +1 respectively and ef∗(−1)
and ef∗(1) are the number of edges labeled with −1 and +1
respectively. This paper focuses on the existence of signed
product cordial labeling for removal of few edges from a
complete graph, the maximal planar graph, Go(Pn), n > 4,
Gôe and G− e.

AMS Subject Classification: 05C78.
Key Words and Phrases: Graphs, cordial, bijective

function.

1 Introduction

A vertex labeling of a graph G is a mapping f from the set of
vertices of G to a set of elements, often integers. Each edge xy has a
label that depends on the vertices x and y and their labels f(x) and
f(y). Graph labeling methods began with Rosa [?] in 1967. In 2011,
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Babujee and Shobana [?] introduced the concept of signed product
cordial labeling. A vertex labeling of a graphG f : V (G) → {−1, 1}
with an induced edge labeling f ∗ : E(G) → {−1, 1} defined by
f ∗(uv) = f(u)f(v) is called a signed product cordial labeling if
|vf (−1) − vf (1)| ≤ 1 and |ef∗(−1) − ef∗(1)| ≤ 1, where vf (−1)
is the number of vertices labeled with −1, vf (1) is the number
of vertices labeled with 1, ef∗(−1) is the number of edges labeled
with −1 and ef∗(1) is the number of edges labeled with 1. In this
paper we proved the existence of signed product cordial labeling for
removal of few edges from a complete graph, the maximal planar
graph, Go(Pn), n > 4, Gôe and G− e.

Definition 1. [?] A graph Go(Pn) is obtained from a path Pn

by introducing new edges between any two vertices if they are at
odd distance. Go(Pn) has n vertices and (n2−1)/4 edges if nis odd
and n2/4 edges if n is even.

Definition 2. [?] IfG1(p1, q1) andG2(p2, q2) are two connected
graphs, G1ôG2 is obtained by superimposing any selected vertex of
G2 on any selected vertex of G1. The resultant graph G = G1ôG2

consists of p1 + p2 − 1 vertices and q1 + q2 edges.

Definition 3. [?] Let Kn = (V,E) be the complete graph with
n vertices V (Kn) = {1, 2, . . . , n} and n(n − 1)/2 edges E(Kn) =
{(i, j) : 1 ≤ i, j ≤ n and i < j}.

Definition 4. [?] The class of planar graphs with maximal
edges over n vertices derived from complete graph Kn is defined as
Pln = (V,E), where V = {1, 2, . . . , n} and E = E(Kn)\{(k, l) :
k = 3 to n−2, l = k+2 to n}. The number of edges in Pln : n ≥ 5
is 3(n− 2).

2 Main Results

Theorem 5. The removal of few edges from a complete graph
Kn, n ≥ 4 admits signed product cordial labeling.

Proof. Let Kn be a complete graph with n vertices and nC2

edges. Let the vertex set be V = {v1, v2, v3 . . . vn} and the edge set
be E = {vivj/1 ≤ i, j ≤ n, j > i}. The following two cases for the
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edge set are to be considered after the removal of few edges from
the complete graph Kn.
Case (i) n ≡ 1 (mod 2)

Remove (n − 3)/2 edges from Kn and define the edge set as
E = {vivj/1 ≤ i, j ≤ n, j > i} − {v1v2j/1 ≤ j ≤ (n− 3)/2}. Then
the number of edges of Kn reduces to (n2 − 2n+ 3)/2.
Case (ii) n ≡ 0 (mod 2)

Remove (n − 2)/2 edges from Kn and define the edge set as
E = {vivj/1 ≤ i, j ≤ n, j > i} − {v1v2j/1 ≤ j ≤ (n− 2)/2}. Then
the number of edges of Kn reduces to (n2 − 2n+ 2)/2.

Define a vertex labeling f : V → {1,−1} as

f(vi) =

{
1 i ≡ 1 (mod 2)

−1 i ≡ 0 (mod 2); 1 ≤ i ≤ n

Then the induced edge labeling f ∗ : E(G) → {1,−1} is as follows:

f ∗(vivj) =





1 if f(vi) and f(vj) have same sign

−1 if f(vi) and f(vj) have oppositesigns;

1 ≤ i, j ≤ n; j > i

In view of the above labeling pattern, the vertex and the edge
labeling conditions are as follows

Table 1: Vertex and Edge Conditions

n vf (1) vf (−1) |vf (1)− vf (−1)|
n ≡ 0 (mod 2) n/2 n/2 0
n ≡ 1 (mod 2) (n+ 1)/2 (n− 1)/2 1

n ef∗(1) ef∗(−1) |ef∗(1)− ef∗(−1)|
n ≡ 0 (mod 2) (n2 − 2n)/4 (n2 − 2n+ 4)/4 1
n ≡ 1 (mod 2) (n2 − 2n+ 1)/4 (n2 − 2n+ 5)/4 1

From the above table, we infer that the complete graph with
removal of few edges admits signed product cordial labeling.

Theorem 6. The maximal planar graph Pln, n > 4 is a signed
product cordial labeling except for n ≡ 0 (mod 4).
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Proof. Let pln be a maximal planar graph with n vertices and
(3n − 6) edges. The vertex set and edge set of a planar graph are
defined as V = {v1, v2, . . . , vn} and E = E1 ∪ E2 ∪ E3 ∪ E4 where

E1 = {vivi+1 : 3 ≤ i ≤ n− 1} E2 = {v1vi+2 : 1 ≤ i ≤ n− 2}
E3 = {v2vi+2 : 2 ≤ i ≤ n− 2} E4 = {v1v2, v2v3}

Define f : V → {1,−1} as a bijective function such that

f(vi) =

{
1 i ≡ 0, 3 (mod 4)

−1 i ≡ 1, 2 (mod 4); 3 ≤ i ≤ n
f(v1) = 1 f(v2) = −1

The induced edge labeling f ∗ : E(G) → {1,−1} is defined as follows

f∗(vivi+1) =

{
1, if f(vi) and f(vi+1) have same sign

−1 if f(vi) and f(vi+1) have oppositesigns; 3 ≤ i ≤ n− 1

f∗(v1vi+2) =

{
1, if f(v1) and f(vi+2) have same sign

−1 if f(v1) and f(vi+2) have oppositesigns; 1 ≤ i ≤ n− 2

f∗(v2vi+2) =

{
1, if f(v2) and f(vi+2) have same sign

−1 if f(v2) and f(vi+2) have oppositesigns; 2 ≤ i ≤ n− 2

f∗(vivi+1) =

{
1, if f(vi) and f(vi+1) have same sign

−1 if f(vi) and f(vi+1) have oppositesigns; 1 ≤ i ≤ 2

In view of the above labeling pattern, the vertex and the edge
labeling conditions are as follows

Table 2: Vertex and Edge Conditions of a Planar Graph
n vf (1) vf (−1) |vf (1)− vf (−1)|

n ≡ 2 (mod 4) n/2 n/2 0
n ≡ 1 (mod 2) (n+ 1)/2 (n− 1)/2 1

n ef∗(1) ef∗(−1) |ef∗(1)− ef∗(−1)|
n ≡ 2 (mod 4) (3n− 6)/2 (3n− 6)/2 0
n ≡ 1 (mod 2) (3n− 7)/2 (3n− 5)/2 1

From the above table, we can conclude that the planar graph
Pln, n > 4 admits signed product cordial labeling.
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Theorem 7. The graph Go(Pn), n > 4 is a signed product
cordial graph.

Proof. Consider the graph Go(Pn), n > 4. The vertex set of the
graph Go(Pn) is defined as V = {v1, v2, . . . , vn} and the edge set is
defined as follows; when n is even,
E(G) = {viv2j/1 ≤ j ≤ n/2; i is odd and i < 2j} ∪ {viv2j−1/1 ≤
j ≤ n/2; i is even and i < 2j − 1} and when n is odd
E(G) = {viv2j/1 ≤ j ≤ (n−1)/2; i is odd and i < 2j}∪{viv2j−1/1 ≤
j ≤ (n+ 1)/2; i is even and i < 2j − 1}
Define the vertex labeling f : V → {1,−1} as follows:
Case (i) n ≡ 1 (mod 2)

f(vi) = f(vi+1) =

{
1 i ≡ 1 (mod 4)

−1 i ≡ 3 (mod 4); 1 ≤ i ≤ n− 1; i ≡ 1 mod 2

Case (ii) n ≡ 0 (mod 2)
Subcase (i) n ≡ 0 (mod 4)

f(vi) = f(vi+1) =

{
1 i ≡ 1 (mod 4)

−1 i ≡ 3 (mod 4); 1 ≤ i ≤ n− 1; i ≡ 1 mod 2

Subcase (ii) n ≡ 2 (mod 4)

f(vi) = f(vi+1) =

{
1 i ≡ 1 (mod 4)

−1 i ≡ 3 (mod 4); 1 ≤ i ≤ n− 2; i ≡ 1 mod 2

f(vn) = −1 f(vn−1) = 1

The induced edge labeling f ∗ : E(G) → {1,−1} is defined as follows

f ∗(viv2j) =





1, if f(vi) and f(v2j) have same sign

−1 if f(vi) and f(v2j) have oppositesigns;

1 ≤ j ≤ n/2, n even, i < 2j, i odd

f ∗(viv2j−1) =





1, if f(vi) and f(v2j−1) have same sign

−1 if f(vi) and f(v2j−1) have oppositesigns;

1 ≤ j ≤ n/2, n even, i < 2j, i even
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f ∗(viv2j) =





1, if f(vi) and f(v2j) have same sign

−1 if f(vi) and f(v2j) have oppositesigns;

1 ≤ j ≤ (n− 1)/2, n odd, i < 2j, i odd

f ∗(viv2j−1) =





1, if f(vi) and f(v2j−1) have same sign

−1 if f(vi) and f(v2j−1) have oppositesigns;

1 ≤ j ≤ (n+ 1)/2, n odd, i < 2j − 1, i even

The vertex and edge labeling conditions of the graph Go(Pn) are
as follows:

Table 3: Vertex and Edge Conditions of a Go(Pn)
n vf (1) vf (−1) |vf (1)− vf (−1)|

n ≡ 1 (mod 2) (n+ 1)/2 (n− 1)/2 1
n ≡ 0 (mod 4) n/2 n/2 0
n ≡ 2 (mod 4) n/2 n/2 0

n ef∗(1) ef∗(−1) |ef∗(1)− ef∗(−1)|
n ≡ 1 (mod 2) (n2 − 1)/8 (n2 − 1)/8 0
n ≡ 0 (mod 4) n2/8 n2/8 0
n ≡ 2 (mod 4) (n2 − 4)/8 (n2 + 4)/8 1

Hence the resultant graph follows signed product cordial
labeling.

Theorem 8. If a graph G is a signed product cordial graph
thenGôe is also a signed product cordial graph except for few vertex
and edge labeling conditions.

Proof. Let G be a signed product cordial graph with
{v1, v2, v3 . . . vn} vertices and {e1, e2, e3 . . . em} edges. Consider
an edge e = {vn+1vn+2}. Then Gôe is the graph obtained by
superimposing an edge e with any vertex vi of G. Denote this
graph by G′ with |V ′| = n+ 1 and |E ′| = m+ 1. Define the vertex
labeling as f : V ′(G′) → {1,−1} with an induced edge labeling
f ∗ : E ′(G′) → {1,−1} then the following four different cases are to
be considered.
Case (i) |vf (1)− vf (−1)| = 0; |ef∗(1)− ef∗(−1)| = 0
subcase (i) If vi and vn+1 have the same label +1, then the edge e
will receive the same label +1. Therefore |v′f (1)− v′f (−1)| = 1 and
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|e′f∗(1)− e′f∗(−1)| = 1.
subcase (ii) If vi has the label +1and vn+1 has the label -1, then
the edge e will receive the label -1. Therefore |v′f (1)− v′f (−1)| = 1
and |e′f∗(1)− e′f∗(−1)| = 1.
subcase (iii) If vi has the label -1and vn+1 has the label +1, then
the edge e will receive the label -1. Therefore |v′f (1)− v′f (−1)| = 1
and |e′f∗(1)− e′f∗(−1)| = 1.
subcase (iv) If vi and vn+1 have the same label -1, then the edge e
will receive the same label +1. Therefore |v′f (1)− v′f (−1)| = 1 and
|e′f∗(1)− e′f∗(−1)| = 1.
Case (ii) |vf (1)− vf (−1)| = 1; |ef∗(1)− ef∗(−1)| = 1.
subcase (i) If vi has the label +1and vn+1 has the label -1 with
|vf (1)| > |vf (−1)| and |ef∗(1)| > |ef |∗(−1)|, then the edge e will
receive the label -1. Therefore |v′f (1) − v′f (−1)| = 0 and |e′f∗(1) −
e′f∗(−1)| = 0.
subcase (ii) If vi has the label -1and vn+1 has the label +1 with
|vf (−1)| > |vf (1)| and |ef∗(1)| > |ef |∗(−1)|, then the edge e will
receive the label -1. Therefore |v′f (1) − v′f (−1)| = 0 and |e′f∗(1) −
e′f∗(−1)| = 0.
subcase (iii) If vi has the label 1and vn+1 has the label 1 with
|vf (−1)| > |vf (1)| and |ef∗(−1)| > |ef∗(1)|, then the edge e will
receive the label 1. Therefore |v′f (1) − v′f (−1)| = 0 and |e′f∗(1) −
e′f∗(−1)| = 0.
subcase (iv) If vi has the label -1and vn+1 has the label -1 with
|vf (1)| > |vf (−1)| and |ef∗(−1)| > |ef∗(1)|, then the edge e will
receive the label 1. Therefore |v′f (1) − v′f (−1)| = 0 and |e′f∗(1) −
e′f∗(−1)| = 0.
Case (iii) |vf (1)− vf (−1)| = 1; |ef∗(1)− ef∗(−1)| = 1.
subcase (i) If vi has the label +1and vn+1 has the label 1 with
|ef∗(−1)| > |ef∗(1)|, then the edge e will receive the label 1.
Therefore |v′f (1)− v′f (−1)| = 1 and |e′f∗(1)− e′f∗(−1)| = 0.
subcase (ii) If vi has the label -1and vn+1 has the label -1 with
|ef∗(−1)| > |ef∗(1)|, then the edge e will receive the label 1.
Therefore |v′f (1)− v′f (−1)| = 1 and |e′f∗(1)− e′f∗(−1)| = 0.
subcase (iii) If vi has the label +1and vn+1 has the label -1 with
|ef∗(1)| > |ef∗(−1)|, then the edge e will receive the label -1.
Therefore |v′f (1)− v′f (−1)| = 1 and |e′f∗(1)− e′f∗(−1)| = 0.
subcase (iv) If vi has the label -1and vn+1 has the label +1 with
|ef∗(1)| > |ef∗(−1)|, then the edge e will receive the label -1.
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Therefore |v′f (1)− v′f (−1)| = 0 and |e′f∗(1)− e′f∗(−1)| = 0.
Case (iv) |vf (1)− vf (−1)| = 1 and |ef∗(1)− ef∗(−1)| = 0
subcase (i) If vi has the label 1and vn+1 has the label 1 with
|vf (−1)| > |vf (1)|, then the edge e will receive the label 1.
Therefore |v′f (1)− v′f (−1)| = 0 and |e′f∗(1)− e′f∗(−1)| = 1.
subcase (ii) If vi has the label -1and vn+1 has the label -1 with
|vf (1)| > |vf (−1)|, then the edge e will receive the label 1.
Therefore |v′f (1)− v′f (−1)| = 0 and |e′f∗(1)− e′f∗(−1)| = 1.
subcase (iii) If vi has the label 1and vn+1 has the label -1 with
|vf (1)| > |vf (−1)|, then the edge e will receive the label -1.
Therefore |v′f (1)− v′f (−1)| = 0 and |e′f∗(1)− e′f∗(−1)| = 1.
subcase (iv) If vi has the label -1and vn+1 has the label 1 with
|vf (−1)| > |vf (1)|, then the edge e will receive the label -1.
Therefore |v′f (1) − v′f (−1)| = 0 and |e′f∗(1) − e′f∗(−1)| = 1. Hence
from the above cases, we infer that the graph Gôe admits signed
product cordial labeling.

Theorem 9. If a graph G is a signed product cordial graph
then G−e is also a signed product cordial graph except for the cases
|vf (1)−vf (−1)| = 1; |ef∗(1)−ef∗(−1)| = 1 and |vf (1)−vf (−1)| = 0;
|ef∗(1) − ef∗(−1)| = 1 with f ∗(e) = 1, |ef∗(−1)| > |ef∗(1)| and
f ∗(e) = −1, |ef∗(1)| > |ef∗(−1)|.

Proof. Let G be a signed product cordial graph with
{v1, v2, v3 . . . vn} vertices and {e1, e2, e3 . . . em} edges. Delete an
edge e from the graph G. Then G − e is the graph obtained by
deleting any edge e from G. Denote this graph by G′ with |V ′| = n
and |E ′| = m−1. Define the vertex labeling as f : V ′(G′) → {1,−1}
with an induced edge labeling f ∗ : E ′(G′) → {1,−1} then the
following four different cases are to be considered.
Case (i) |vf (1)− vf (−1)| = 1; |ef∗(1)− ef∗(−1)| = 1
If the edge e is labeled as 1 and |ef∗(1)| > |ef∗(−1)| then |e′f∗(1)−
e′f∗(−1)| = 0. If the edge e is labeled as -1 and |ef (−1)| > |ef (1)|
then |e′f∗(1)− e′f∗(−1)| = 0.
Case (ii) |vf (1)− vf (−1)| = 0; |ef∗(1)− ef∗(−1)| = 0
If the edge e is labeled as 1or -1 we have |e′f∗(1)− e′f∗(−1)| = 1.
Case (iii) |vf (1)− vf (−1)| = 1; |ef∗(1)− ef∗(−1)| = 0
If the edge e is labeled as 1 or -1 , we have |e′f∗(1)− e′f∗(−1)| = 1.
Case (iv) |vf (1)− vf (−1)| = 0; |ef∗(1)− ef∗(−1)| = 1
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If the edge e is assigned the label 1 and |ef (1)| > |ef (−1)| then
we have; |ef∗(1)− ef∗(−1)| = 0. If the edge e is assigned the label
-1 and |ef (1)| > |ef (−1)| then |e′f∗(1) − e′f∗(−1)| = 0. From the
above cases we infer that the graph G−e is a signed product cordial
graph.

3 Conclusion

In this paper, an existence of signed product cordial labeling has
been examined for some special graphs. To apply the signed
product cordial labeling in any of the real time applications is our
future work.
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