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ON SOME COEFFICIENT BOUNDS OF JANOWSKI M-SPIRALLIKE
MULTIVALENT FUNCTIONS

C. RAMACHANDRAN AND T. SOUPRAMANIEN

ABSTRACT. In the present paper, we obtain sharp bounds for the Fekete-Szegd coefficient

of Janowski A-spirallike functions with the k" root transform of multivalent functions.

1. INTRODUCTION

Let A, denote the class of all analytic functions f(z) of the form

f(z) =2+ Z a,z",p €N (1)

n=p+1

defined on the open unit disk

U={z: 2€C : |z| <1}, (2)

and note that A; := A. For f(z) given by (1) and ¢(z) given by

their convolution (or Hadamard product), denoted by (f * g), is defined as

(f*xg)(z) =2+ Z anbp2". (4)

n=p+1

With a view to recalling the principle of subordination between analytic functions, let the

functions f and g be analytic in U. Then we say that the function f subordinate g
there exists a Schwarz function w(z), analytic in U with

if

w0) =0, |wz)<1 (zel), (5)

such that

f(z) = g(w(z))  (z€0). (6)

We denote this subordination by

f=g o [flz)<g(z), (2€). (7)
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In particular, if the function g is univalent in U, the above subordination is equivalent to

f(0) =g(0),  f(U) Cg(U). (8)

For —1 < B < A <1, let P(A, B) [5] denote the class of functions which are of the form
1+ Az

= ) 9

91(2) 1+ Bz (9)

Let P(A, B, p,«) denote the class of functions

$(z) =p+ Y B,2"
n=1
which are analytic in U and

¢(2) = (p —@)d1(2) + o, ¢i(2) € P(A B). (10)
Using (9) and (10), one can show that ¢(z) € P(A, B, p,«) if and only if

_ ptz
¢(z) = T B2 zeU (11)

where v = (p — a)A + aB.

Let Sy (A, B,b) denote the family of functions f(z) € A, such that f(z) € S)(A, B,b) if
and only if

eiA zf’(z)
Pt bcos A ( f(z)

for some real A, [A| < Z, b # 0 complex number. The class S) (A, B,b) is called Janowski
A-spirallike multivalent functions with complex order introduced and studied by Dileep

— p) < ¢(2), for  ¢(z) € P(A, B,p,«). (12)

and Latha [2].There are various subclass of spiral-like function related to the study of Geo-
metric Function Theory, one of these class of spiral-like function in multivalent function
which generalized and studied by Ramachandran et al. [8](also see [9],[11] and [10]).By
specializing A, B, b, A and « in the function class SZ;\(A, B,b), we obtain several well-

known as well as new subclasses of analytic functions listed below:

(1) If we take A =0 and b = 1, then

2f'(2) }
<¢(z). z€eU
o <
The class S(A, B, p, «) has been introduced and studied by M.K.Aouf in [1].
(2) If we take A =0, b =1, @ = 0 and p = 1 then the class S)(A, B,b) reduces to the
class

SS(A,B,l) = S(A, B,p,a) = {f cfe A,

S9(A, B, 1) = S*(A, B) = {f L feA, ZJ{C((Z? < é(2). ze IU}

The class S*(A, B) has been introduced and studied by Janowski in [5].
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(3) If we take A=1, B=—1 XA =0 and b = 1, then the class S;(A, B, b) reduces to
the class

2f'(2) }
———= <¢(2). z€U
) O
The class S, (p) has been introduced and studied by Golzina in [4].
(4) If we take A = 0, b =1 and « = 0 then the class S; (A, B,b) reduces to the class
2f'(2) }
<¢(z). z€elU
i <
The class S,(A, B) has been introduced and studied by Ganesan in [3].

(5) If we take A =0, B =0, « =0 and p = 1 then the class SQ(A, B, b) reduces to
the class

&@:{ﬁfe&,

Sp(A, B) = {f f e A,

S(A,b) = {f cfeA, ZJ{&S) < ¢(z). z€ IU}

The class S(A, b) has been introduced and studied by Silverman in [12].
(6) If we take p = 1, then the class S)(A, B,b) reduces to the class

SA(A,B,b):{f:feA, TG (Zf/(z) —1) -<qb(z).zEU}
P becos A \ f(2)

The class S*(A, B, b) has been introduced and studied by Polatoglu et al. in [7].

2. SOME PRELIMINARIES

In the present sequel, we estimate a sharp bound in connection with first three coefficients

in Theorem 3 for the more generalized class S;‘(A, B, b) under the k™ root transformation.

Let © be the class of analytic functions of the form
w(z) = w1z + wy2® + w32 + -+ (13)

in the open unit disk U satisfying |w(z)| < 1.

To prove our main result, we need the following.

Lemma 1. [6] If w € 2, then for any complex number t,
lwa — twi| < max{1;|t[}. (14)

The result is sharp for the functions w(z) = z or w(z) = 2%

Definition 2. For f(z) € A, of the form

f(z) =2+ Z a,z",

n=p+1
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the k' root transformation is defined by

F() = [F5)]F =2+ 3 by 274 (15)

n=1

3. COEFFICIENT BOUNDS

By making use of the Lemma 1, we prove the following bound for the class SIQ\(A, B,b).

Theorem 3. Let p(z) =p+ Biz+ Baz? + B32® + -+, and if f(z) given by (1) belongs
to S;‘(A, B.,b), then for any complex number pu,
b

pBie~*bcos A )
" max
2k ’

B
pBlA(,uv ka )‘7 b) .
By

’bﬁ?k - :“b;?wk:‘ <

where

2 k—1 ,
A(p, ky A, b) = {(%) be ™ cos A — 1]

This result is sharp.

Proof. If f(z) € S)(A, B,b), then there is a schwarz function w(z) € Q of the form (13)
such that

ez’A zf’(z)
— = 17
+bcos)\ ( f(2) p) p(w(z)) (17)
Since
2f'(z
}f(i)) =P + Ap412 + (2ap+2 — CLZ_,'_I)ZQ + (3ap+3 — 3ap+1ap+2 + a2+1)23 —+ ...
we have from (17),
apr1 = (pBrwy)e b eos A, (18)
1 ,
Ipi2 = 3 {pB1w2 +p (32 + pBlz) w%} e~ bcos A, (19)
and
B ABy + 3pB? 2Bs + 3pB1 B ’B3 .
Apis = Z% {w3 + <%> wiwe + ( u p2;1 - 1) w:f} e bcos A\,
(20)

For a function f(z) given by (1), we have
1 1 1 E—1
N = o+ (o) o+ (o= St ) o

1 k—1 2k% — 3k + 1
+ (Eaer?) T T2 pr2lpr T T“iﬂ) 2 (21)
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The equations (15) and (21) yields

1

bprk = 7 ptl (22)
1 k-1

bp+2k = %a’p-f—Q — W&;_,rl (23)
1 k-1 2k* — 3k +1

bprse = 703 T T Ger2lptl + Tag—&-l (24)

On substituting for a,;1, a,42 and a,y3 in (22), (23) and (24), it follows

1 .
bprk = E(pBlwl)e”’\bcos)\

11 » k—1
bpyor = 73 {p81w2 +p (Bz —I—pr) wf} e Pbeos A — Waiﬂ
1 k—1 2k =3k +1 .
bprsr = Eap+3 - 7‘1%2@%1 + T%H
and hence .
pBie b cos A
by — b2 = PR [ p?]

2k
where v = [(%) pBie~*bcos A — % pBJ

1

The results (16) is established by an application of Lemma 1.

The result is sharp for the function defined by

+ bce;;)\ (Z}féij) _p> = p(z")

" bce(:A (z}f(iz)) _p> =#(2)

and

Iftk=1

Corollary 4. Let p(z) = p+ Biz+ By2* + Bs3z® + -+, and if f(z) given by (1) belongs
to S’;‘(A, B, b), then for any complex number p,
b

pBie~?bcos A {
— 5 max 1,

B
pBiAL (e, A, b) — 3#2
1

b2 — by | <

where
Av(p, A, b) == [2ube™ cos A — 1]
This result is sharp.

Ifp=1
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Corollary 5. Let p(z) = p+ Bz + By2> + B3z® + -+, and if f(z) given by (1) belongs
to S* A, B,b), then for any complex number i,
b

B
BiAo(p, kA b) — =2

Bie bcos A
|boks1 — pbiyy | € ———" max {1, 5
1

2k

where

2 —1 ,
Ao, kA, b) = {(%) be~ cos \ — 1]

This result is sharp.

Ifp=1Lk=1

Corollary 6. Let p(z) = p+ Biz+ Byz? + B3z® + -+, and if f(z) given by (1) belongs
to SM(A, B,b), then for any complex number p,
} 7

Bie b A
b3 — ub3] < %max{l, Bifs(u, kA b) — 2

where
As(p, kA b) = [Z;Lbe_iA Cos \ — 1}

This result is sharp.
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