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1 Introduction

The concept of secondary k-normal matrices is introduced [1]. Some equivalent condition on conjugate
normal bimatrices were given in [4]. In this paper our intention is to define con.sk-normal bimatrices
and prove some characterization on conjugate sk-normal Also we prove some equivalent condition on
con.sk- normal bimatrices [6]. Recently, Hill and waters [3] have developed a theory for k-real and
k-hermitian matrices. Anna Lee [1] has initiated the study of secondary symmetric matrices, that is
matrices whose entries are symmetric about the (skew) secondary diagonal. Anna Lee has shown that
for complex matrix, A% are related as A9, = VBAEVB where V is the permutation matrix with units
in the secondary diagonal.

2 Preliminaries and Notations

Let Cpxn be the space of n x n complex matrices of order n. For Ap € Cj,xn. Let Ag, Ap, Tg, A%,

A%, denote the transpose, conjugate, conjugate transpose, secondary transpose, conjugate secondary
transpose of matrix Ap respectively. Let ‘K’ be a fixed product of disjoint transposition in S, the
set of all permutations on {1,2,...,n} and K be the associated permutation matrix with units in the
secondary diagonal. ‘Kp’ and ‘Vp’ clearly satisfies the following properties.

Kp=Kh=Kj=Ky=K3=Kp; Ki=1
V=V =VE=Vi=V5=Vp Vi=1
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Definition 1. A bimatrix Ap is defined as the union of two or square arrangement of number
Aq and As arranged into rows and columns. It is written as follows Agp = A1 U As, where “U” just for
notation, A; # As.

Definition 2. A matrix Ap € Cj,x, is said to be conjugate normal bimatrices if ApAL = AL Ap.

Definition 3. A matrix Ap € C),x,, is said to con. secondary k-normal (s-k normal) bimatrix if

Ap (KpVpApVpKp) = (KpVpALVeKp) Ap
= (K1UKy) (ViUVa)AT U AL (ViU Vs) (K1 UKy) (A1 U Ay)

Where Ap, Vg, K be the bimatrices
Example 1.

S0 O oS,
S O

O . =,
S0 20 O
<. O oS,
Q . =
Il
N
N *

3 Con Sk-Normal Bimatrices

In this section the concept of con Sk-normal bimatrices is introduced for complex square bimatrices as
a special case of secondary k-normal matrices characterization of con sk-normal bimatrices analogous
to that of secondary k-normal bimatrices are obtained.

Theorem 4. Let Ag € Cpxn
(a). If Ap is con Sk-normal bimatrices then iAp is con Sk-normal bimatrix.
(b). If Ap is con Sk-normal bimatricesthe —iAp is con Sk-normal bimatrix.

Proof. (a). Given Ap is con Sk-normal

AB (KBVBAEVBKB) = (KBVBiA*BVBKB) AB
iAp (KpVpARVEKp) =i (KpVpARVeKp) Ap
— (iAB) (KBVBZ'AEVBKB) = —(KBVBiA*BVBKB) 1Ap

(iA1 Uids) [(k1 U ka) (Vi UVa) (145 UiA3) (Vi U Va) (b U k)]
=k Ukz) (V2 U Va) (A UiA3) (Vi U Va) (b U kg) (i1 U iA))

(iAl @] iAg) [(]{1‘/1 ZATVvlkl) @] (k‘QVQ ZA;VQkQ)] = (k/‘lVlZAT‘/lk‘l) U (kQ‘/QZA;‘/QkQ) (ZIQU ZA72)

Therefore iAp 1A} = (iAE.) (iAp). iAp is con Sk-normal bimatrix
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AB (kBVBA*BVBkB) = (kBVBA*B VB]{?B) AB
i (ApKpVEAyVpkp) = i* (ksVEAL Veks) Ap
— (iAB) kpVi (—iAy) (Vekg) = — (kgVE (—iAp) Veks) (iAp)

(—1A1 U —idg) [(k1Ur (—iA]) Viki) U (k2Va (—iA3) Vaks)]
= (kiVi (—idy) Vakr) U (k2Va (—iAg) Vaks) (—iA1 U —iAy)

Therefore —iAp is con Sk-normal bimatrix
O

Theorem 5. Let ApDp € Cyxn, Ap and Dp are Con Sk-normal bimatrices AgDy = D Ap
and DpAy = AL Dp then Ap+Dp is con Sk-normal bimatrix.

Proof. Assume that Ap and Dp are con Sk-normal bimatrix ApA} = AZAp and DDy =
D3 Dp. To Prove

(Ap+ Dp) (kVe(Ap + Dp)*Vikp = (kgVp (A + Dp)*Vekgp) (A + Dp)

(AB + DB) (k‘BVB (AB + DB)>|< VB/CB) = (AB + DB)(ICBVB (A*B + DEVBICB)
= AgkgpVg A*B + ABD*BVBkB + DBk;BVBA*B + DpVgkp D*B

= (Al U Az) (kl U kz) (Vl U Vz) (A{ U A;) + (Al U Ag) (Di< U D;)
(V1 U VQ) (/{1 U kg) + (D1 U DQ) (k)l U kg) (V1 U Vg) (AT U A;)
+ (D1 U Do) (D7 U D3) (Vi U V) (k1 U k2)

(kVs (Ap + Dg)* Vgkp) (Ap + D) = (kg VB (A} + D;Veks) (Ag + Dp)
= kBVBA*BAB + D*BVBkBAB + kBVBAEDB + D*BDBVBkB

= (A1 U Ag) (k1 Uko) (V1 U Vo) (AT U A3) + (A U Ag) (DY U D3)
(Vi ) ‘/2) (k‘l U k‘Q) + (Dl U DQ) (]Cl U kg) (Vvl U VQ) (AT ) AS)
+ (D1 UDy) (DU D) (ViU Va) (ki1 Uks)

Therefore Ag + Dp is con Sk+normal. O

Theorem 6. Let AgDp € Cyxpn, Ap and Dp are Con Sk-normal bimatrices AgDy = DL Ap
and DpAy = A5 Dp then Ap—Dp is con Sk-normal bimatrix.

Proof. Assume that Ap and Dp are con Sk-normal bimatrix ApA} = AZAp and DDy =
D3 Dp. To Prove

(Ap — D) (kgV(Ap — Dp)*Vgkp = (kgVp (Ap — Dp)*Vekgp) (Ap — Dp)
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(Ap — Dg) (kgVp (A — Dp)* Vgkg) = (A — D) (kgVp (A5 — DVikp)
= ApkpVp A% — ApDEVekp — DpkpVpAy — DpViekp D
= (A1 U Ag) (k1 Uko) (V1 UV,) (AT U A3) — (A U Ag) (DY U D3)
(ViU Va) (k1 Uks) — (D1 UDs) (k1 Ukg) (V1 U Va) (AT U AS)
— (D1 U Ds) (DT U D3) (Vi UV2) (k1 Uks)

(ksV (Ap — D) Vekg) (Ap — Dp) = (ks Vi (A — D5Viks) (A — Dp)
— kpVpAGLAp — D5VekpAp — knVALDp — DLDpVeks
— (A1 U Ap) (k1 Uka) (Vi UVR) (AT UA3) — (A1 UAy) (D UD3)
(Vi UVa) (k1 U ') — (Dr U D) (ex U k) (Vi U Va) (A% U A3)
— (D1 U D3) (DT U D3) (Vi UV2) (k1 Uks)

Therefore Ag — Dp is con Sk-normal. O]

Note 1. Let ApDp € Cpxn, Ap and Dp are con Sk-unitary matrices if Ap (kpVpDyVekp) =
(keVBD3;VBkp) Ap = Ip then Ap + Dp is con Sk-unitary matrices are also con secondary k normal
matrices.

Theorem 7. Let AgDp € Cyxn, if Ag and Dp are con. secondary K-unitary the AgDp is con
secondary k-normal.

Proof. Given Ap and Dp are con Secondary K-unitary
AB (,ICBVBA*BVB,I{JB) = (kBVBA*BVBkB) AB = IB
Dp (kpVeDgyVekp) = (kgVpDyVekp) Dp = Ip
To Prove:

(kpVBABDg) (ApDpkpVp)" = (ApDpkpVe)" (ksVeApDp)
= (KpVpAp(DpDp) ARV Kp)
= kpVBABIgARkEVpy
=L Ul

(ApDpkpVp) (kpVeApDpg) = (kgVApDp) (AL D3k Vy)
= (kVeApDp) (AL Dk Vy)
= kpkyVV3ALALD Dy,
=1Ip
=5LHUl

Therefore AgDpg is con Sk-unitary O]
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Theorem 8. The transpose of an S-K normal bimatrix is con S-K normal bimatrix.

Proof. Apg is con s-k normal

kpVpApApkpVp = (k:BVBA*BABkBVB)

(Vi ApAiksVi)T = (kpVsApAbk,Ve)
(k)" (Ve)" (Ap)" (Ap)" (kp)" = (k)" (V)" (A%)" (Ap)" (kp)" (V)"
kpVeAL(AL) kpVp = kpVp (A%)" (AB) kpVE
kiVIAT (AD)KiVi U (k2VoAg (A7)k3Va) = [kiViAT (A7) k{VA] U (k2V2AS (AT) k5 V2)

—= AL is con S-k normal

Ap is con S-k normal bimatrix. O
Theorem 9. The secondary transpose of an con SK normal Bimatrix is con SK normal bimatix

Proof.

Ap (KBVBA*BVBKB) = (KBVBA*BVBKB) ZB
) . — S
(Ap (KpVBARVsKp))® = (K5VARVEKs) Ap)

(KBVB (A%)S VBKB> AS = A8 (KBVB (4%)° VBKB>
(K1 U K2) (Vi UVa) (A7) U (43)" (Vi U V) AT U A3
= A UA (B UT) (ViuTh) (A7) U (A) (Vi uTh) (RiUTKD)

(A5 U A3) <K1V1 (45)° VlKl) U <K2V2 (45)° V2K2>

= (Kvi (A9) VK, ) U (KaVa (45) VoK) A7 U A,
Thus A% is con SK normal Bimatrix. O

Theorem 10. The conjugate of an SK normal Bimatrix is con SK normal Bimatrix.

Proof.

Ap (KpVeAVpKg) = (KpVeALVeKg) Ap
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(A1 U A2) (K1 U K3) (ViU Va) (AT U A3) (Vi U V) (K1 U K?)
= (K1 U K2) (Vi UVa) (A U 43) (V1 U Vo) (K1 U K)
(A1 U As) (K1 U ) (VU Ve) (A1) U (A2)" (V1 UTR) (K1 U K)
= (K1UK2) (1UV3) (A1) U (A2)" (Vi UV2) (K1 UK2) (A1U Ay)
= (A1 U Ay) (K1 U Ky) (ViU Va) (AT U A3) (Vi U Va) (K1 U Ka)
= (K1 UK) (V1UW,) (A, UA,)" (VUV,) (K1 UK,)
(A3 UAL) Ay U, (K Vi ATV ) U (Ko Va ASVa Ko)
— (K\VIAITVIE,) U (Ko Vo AR VoK)

EUKQ (K1V1A>{V1K1) @) (KQ‘/QA;‘/QKQ) = (Kl‘/lAT‘/lKl) ) (KQ‘/QAEVQKQ)

Hence Ap is con SK normal Bimatrices. ]
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