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Abstract

Let G = (p, q) be a connected graph and J(G) be its corresponding jump
graph. A dominating set D is called a Split dominating set if the induced
subgraph V [J(G)] − D is disconnected. The minimum cardinality of a split
dominating set of J(G) is called the split domination number of J(G) and
is denoted by γs[J(G)]. In this paper we obtain several results on Non-split
domination number also.
Mathematics Subject Classification: 05C69, 05C70, 05C76.
Keywords: Domination number, split domination number, non-split domi-
nation number, path and cycle non-split domination number.

1 Introduction

All the graphs G(p, q) considered here are simple, finite, non-trivial, undirected and
connected with p =| V | and q =| E | vertices and edges respectively [3]. We assume
that the graph G under consideration is nonempty and has no isolated vertices. The
jump graph J(G) of a graph G is the graph defined on E(G) and in which two
vertices are adjacent if and only if they are not adjacent in G. It may be noted
that the jump graph J(G) of G, cannot be disconnected [5]. Hence hereafter by a
graph we mean a simple graph with p > 4 and degree of any edge e in G should be
lesser than q − 1. A set D ⊆ V [J(G)] is a dominating set of a jump graph, if every
vertex not in D is adjacent to a vertex in D. The domination number of a jump
graph is the minimum cardinality of a dominating set of a jump graph J(G)[8] and
[4]. The concept of split dominating set was introduced by Kulli and Janakiram[7].
The dominating set D ⊆ V (G) is a split dominating set if V −D is a disconnected
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subgraph of G. The concept of non-split dominating set { path /cycle non-split
dominating set} was introduced by Kulli, Janakiram and Nandargi [6].

Theorem 1. [3] If G(V,E) is a simple graph then, 2|q| ≤ |p2| − |p|.

Theorem 2. [8] For any Complete graph Kp, with p ≥ 5, γ[J(Kp)] = 3.

Theorem 3. [1] For any tree T with diameter greater than 3, γc[J(T )] = 2.

2 Split Domination Number of a Jump Graph.

Definition 4. A dominating set D of J(G) is called a split dominating set if
the induced subgraph V [J(G)]−D is disconnected. The minimum cardinality of a
split dominating set of J(G) is called the split domination number of J(G) and is
denoted by γs[J(G)].

We study split domination number of a jump graph for few standard graphs.

Theorem 5. For any path Pp,

γs[J(Pp)] =

{
p− 3 for p = 5

p− 4 for p ≥ 6.

Proof. Proof is obvious for p = 5. Suppose that p ≥ 6. Consider any subgraph
P4 of length 3 in Pp. Let E1 be the set of edges in P4. Let V

′
1 be the set of vertices

in J(P4) corresponding to the set of edges E1 of Pp. Clearly the induced subgraph
〈V ′

1 〉 is disconnected and D = V [J(Pp)]−V ′
1 is a dominating set of J(Pp). Therefore

D is a split dominating set of J(Pp).

Theorem 6. For any wheel Wp,

γs[J(Wp)] =

{
3 for p = 5

p− 3 for p ≥ 6.

Proof. For p = 5, proof is obvious. Suppose that p ≥ 6. Consider an edge say e
on the spokes of wheel Wp. There exists p+1 edges in N [e]. Let E1 be the set of edges
containing N [e]. Let V

′
1 be the set of vertices in J(Wp) corresponding to the edges E1

of Wp. Clearly the induced subgraph 〈V ′
1 〉 is disconnected and D = V [J(Wp)] − V ′

1

is a dominating set of J(Wp). Therefore D is a split dominating set of J(Wp).

Theorem 7. For any complete bipartite graph Km,n with 2 ≤ m ≤ n,

γs[J(Km,n)] = mn− 4.

Proof. For K2,3 proof is obvious. Let V1 = {v1, v2, · · · vm} and V2 = {v′
1, v

′
2 · · · v

′
n}

be the two bipartites of Km,n. Choose two edges ei, ej in Km,n such that they are
incident to a common vertex v

′
j ∈ V2 and the other end vertices of edges chosen are

vi and vj ∈ V1. Similarly choose two more edges er, es in Km,n such that they are
incident to a common vertex v

′
k ∈ V2 and v

′
k 6= v

′
j. Also the other end vertices of

edges chosen are the same vi and vj ∈ V1. Let E1 = {ei, ej, er, es} be the edge set in
Km,n. Let V

′
1 be the set of vertices in J(Km,n) corresponding to the set of edges E1 of

Km,n. Clearly the induced subgraph 〈V ′
1 〉 is disconnected and D = V [J(Km,n)]− V ′

1

is a dominating set of J(Km,n). Therefore D is a split dominating set of J(Km,n).
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Theorem 8. For any complete graphKp, for p ≥ 5, γs[J(Kp)] =
(p− 2)(p− 3)

2
.

Proof. Consider any edge e ∈ Kp. Let E1 be the set of edges containing N [e].
Let V

′
1 be the set of vertices in J(Kp) corresponding to the set of edges of E1 of

Kp. Clearly the induced subgraph 〈V ′
1 〉 is disconnected and D = V [J(Kp)]− V ′1 is a

dominating set of J(Kp). Therefore D is a split dominating set of J(Kp). Thus

γs[J(Kp)] = |V [J(Kp)]| − |V
′
1 |,

=
p(p− 1)

2
− 2(p− 1) + 1.

Theorem 9. If the diameter diam(G) ≥ 5, γs[J(G)] = q −4′
(G)− 1.

Proof. Let e be an edge with maximum degree in G. Let S be the set of edges
in N [e]. Let V

′
1 be the set of vertices in J(G) corresponding to the set of edges S of

G. Since the diameter, diam(G) ≥ 5, every vertex in V
′
1 is adjacent to some vertex

in D = V [J(G)]− V ′
1 . Also the induced subgraph 〈V ′

1 〉 is disconnected. Thus D is a
split dominating set of J(G).

Let e1 be an edge in G with d(e1) = q − 2. Let ei be an edge non-adjacent to e1
in G. Let v

′
1 and v

′
i be the vertices in J(G) corresponding to the edges e1 and ei of

G respectively. Then we have the following theorem.

Theorem 10. Let v
′
i be a cutvertex of J(G). If there is a block H in J(G) so

that v
′
i is the cutvertex of H and v

′
i is adjacent to all vertices of H, then there is a

γ
′
s−set of J(G) containing v

′
i.

Proof. If there exist at least two blocks in J(G) which are satisfying the given
condition then v

′
i is in every γ

′
s−set of J(G).

Theorem 11. For any graph G of order p ≥ 5, γs[J(G)] ≤ pC2 − 2d(v) + 1.
Equality holds if and only if G is isomorphic to a complete graph Kp.

Proof. Let vi and vj be any two adjacent vertices of G. Since the graph is iso-
morphic to complete graph Kp, it implies that d(vi) = d(vj) = d(v) and there exists
an edge ei common to vi and vj. Also by Theorem 1, q = pC2. Suppose E1 be
the set of edges adjacent to vi and vj then |E1| = d(vi) + d(vj) − 1. Now without
loss of generality in J(G), let V

′
1 ⊆ V [J(G)] be the set of vertices corresponding

to the set of edges E1 of G. Then the induced subgraph 〈V ′
1 〉 is disconnected and

D = V [J(G)] − V
′
1 is a dominating set of J(G). Thus D forms a minimal split

dominating set of J(G). This implies that

|D| = |V [J(G)]| − |V ′
1 |

= |E(G)| − |E1|.

Therefore γs[J(G)] =p C2 − 2d(v) + 1.

Theorem 12. If D is a γs set of J(G), then V [J(G)]−D is a dominating set
of J(G) and hence γ[J(G)] + γs[J(G)] ≤ q.
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Proof. Suppose V [J(G)] −D is not a dominating set of J(G) then there exists
a vertex v in D which is not adjacent to any of the vertices in V [J(G)] −D. Thus
D − {v} is a split dominating set of J(G), a contradiction to the minimality of D.
Further V [J(G)]−D is a dominating set of J(G) and so |V [J(G)]−D| ≥ γ[J(G)].
This implies that inequality stated above is true.

Theorem 13. For any connected graph G, γs[J(G)] ≤ q −∆(G).

Proof. Let V = {v1, v2, · · · vp} be the set of vertices in G and let V1 = V − v1
where v1 is one of the vertex of maximum degree in G. Choose E1 = {e1, e2, · · · ek}
as the set of edges adjacent to v1 in G. Let H ⊆ V [J(G)] be the set of vertices
corresponding to the set of edges of E1. Then I ⊆ V [J(G)] − H forms a mini-
mally dominating set. Clearly the induced subgraph 〈H〉 is disconnected. Therefore
γs[J(G)] ≤ |V [J(G)]| − |H|.

3 Non-Split Domination Number of a Jump

graph.

Definition 14. A dominating set D of J(G) is called a non-split dominating
set if the induced subgraph V [J(G)] − D is connected. The minimum cardinality
of a non-split dominating set of J(G) is called the non-split domination number of
J(G) and is denoted by γns[J(G)].

Theorem 15. 1. For any path Pp with p ≥ 5, γns[J(Pp)] = 2.

2. For any cycle Cp,

γns[J(Cp)] =

{
3 for p = 5

2 for p ≥ 6.

3. For any complete graph Kp with p ≥ 5, γns[J(Kp)] = 3.

4. For any complete bipartite graph Km,n,

γns[J(Km,n)] =

{
2 for K2,n, n ≥ 4,

3 for K2,3 and 3 ≤ m ≤ n.

5. For any wheel Wp,

γns[J(Wp)] =

{
3 for p = 5, 6

2 for p ≥ 7.

Theorem 16. For any connected graph G, γns ≤ q− β1(G) + 1 where β1(G) is
edge independent number of G.

Proof. Let V1 = {v1, v2, · · · vn} be the set of vertices in J(G) corresponding to
the set of independent edges {e1, e2, · · · en} of G. By the definition of J(G), the
induced subgraph 〈V1〉 forms a complete graph Kn. Choose any vertex v ∈ V1, then
D = S ∪ {v} where S = V [J(G)]− V1 forms a dominating set. Further the induced
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subgraph 〈V [J(G)] −D〉 is a complete graph with (n − 1) vertices. Thus D forms
a non-split dominating set of J(G). Therefore

D = {V [J(G)]− V1} ∪ {v}
γns[J(G)] ≤ q − β1(G) + 1.

Theorem 17. For any graph G with diameter, diam(G) > 2, γns[J(G)] = 2.

Proof. Let uv be a path of maximum distance in G. Then d(u, v) = diam(G). Let
e1 be any edge adjacent to u and e2 be any edge adjacent to v. Let V

′
1 = {v′

1, v
′
2} ⊆

V [J(G)] be a vertex set corresponding to the edge set {e1, e2} ∈ E(G). Then V
′
1

forms a dominating set in a jump graph. Also since the diameter of the graph G is
greater than 2 it follows that 〈V [J(G)]−V ′

1 〉 forms a connected subgraph. Therefore
V

′
1 forms a minimum non-split dominating set of J(G). Hence γns[J(G)] = 2.

Theorem 18. For any tree T with diam(G) > 3, γns[J(T )] = γc[J(T )].

Proof. Let u1 − ui be the longest path of T, labelled as u1e1u2e2 · · ·ui−2ei−2ui−1
ei−1ui. Let e1, ei−1 be the two pendant edges of the u1 − ui path. Let v

′
1, v

′
i−1 be

the vertices in J(T ) corresponding to the edges e1, ei−1 respectively of G. Then by
Theorem 3 D = {v′

1, v
′
i−1} be the minimal dominating set of J(T ). Also the induced

subgraph 〈D〉 is connected. Further, suppose e2, ei−2 be the two edges of N(e1)
and N(ei−1) respectively of u1 − ui path. Let v

′
2 and v

′
i−2 be the vertices in J(T )

corresponding to the edges e2, ei−2 of G respectively. Then D1 = {v′
2, v

′
i−2} forms

the minimal dominating set of J(T ). The induced subgraph 〈V [J(G)]−D1〉 is also
a non-split dominating set of J(T ).

4 Path Non-Split Domination Number of a

Jump graph.

Definition 19. A dominating set D of J(G) is called a path non-split domi-
nating set if the induced subgraph V [J(G)]−D is a path. The minimum cardinality
of a path non-split dominating set of J(G) is called the path non-split domination
number of J(G) and is denoted by γpns[J(G)].

Theorem 20. For any path of length greater than or equal to 4,

γpns[J(Pp)] =





p− 3 for p = 5,

p− 4 for p = 6,

p− 5 for p ≥ 7.

Proof. For p = 5, 6 proof is obvious. Suppose that p ≥ 7. Consider any subgraph
P5 of length 4 in Pp. Let E1 be the set of edges in P5. Let V

′
1 be the set of vertices

in J(Pp) corresponding to the set of edges E1 ∈ G1. Clearly the induced subgraph
〈V ′

1 〉 is a path of length 3 and D = V [J(Pp)]− V ′
1 is a dominating set of J(Pp).

If the path considered is greater than P5 then the induced subgraph 〈V ′
1 〉 is

connected but it is not a path. Therefore, any set other thanD cannot be a path non-
split dominating set of J(G). This implies that D is the path non-split dominating
set with minimum cardinality.
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Theorem 21. For a complete bipartite graph Km,n,

γpns[J(Km,n)] =

{
mn− 2 for K2,3

mn− 5 otherwise.

Proof. Proof forK2,3 is obvious. Let V1 = {v1, v2, · · · vm} and V2 = {v′
1, v

′
2, · · · v

′
n}

be the two bipartites of Km,n. Choose two edges ei, ej in Km,n such that they are
incident to a common vertex v

′
j ∈ V2 and the other end vertices of edges choosen

are vi and vj ∈ V1. Similarly choose two more edges er, es in Km,n such that they
are incident to a common vertex v

′
k ∈ V2 and v

′
k 6= v

′
j and the other end vertices of

edges chosen are the same vi and vj ∈ V1. Suppose S1 = S ∪ {e} be a subgraph of
Km,n where S = {ei, ej, er, es} and e = {uv} such that u ∈ V1, u 6= vi and u 6= vj
and v ∈ V2, v = v

′
j or v

′
k. Let V

′
1 be the set of vertices in J(Km,n) corresponding to

the set of edges in S1. Clearly the induced subgraph 〈V ′
1 〉 is a path of length 4 and

D = V [J(Km,n)]− V ′
1 is a dominating set of J(Km,n).

If the subgraph considered is other than S1 then the induced subgraph 〈V ′
1 〉

is connected but not a path. Therefore, any set other than D cannot be a path
non -split dominating set of J(Km,n). This implies that D is the path non-split
dominating set with minimum cardinality.

Theorem 22. For any wheel Wp,

γpns[J(Wp)] =

{
2p− 5 for p = 5

2p− 7 for p ≥ 6.

Proof. Proof for W5 is obvious. Let Cp−1 be a cycle labelled as u1e1u2e2u3
· · ·up−1ep−1u1. We know that Wheel is a graph obtained by joining K1 to each vertex
of Cp−1. Consider an edge say e = uiv where ui ∈ Cp−1 and v = K1 on the spokes of
wheel Wp. Let S1 = {ui−1ui, uiui+1} be the set of edges adjacent to e on the cycle
Cp−1, S2 = {ui−1v, ui+1v} be the set of spokes on the wheel and ek be a spoke on Wp

non-adjacent to the edges of S1. Suppose S = S1 ∪ S2 ∪ {ek} be a subgraph in Wp.
Let V

′
1 be the set of vertices in J(Wp) corresponding to the set of edges of S. Clearly

the induced subgraph 〈V ′
1 〉 is a path of length 4 in J(G) and D = V [J(Wp)]− V ′

1 is
a path non-split dominating set of J(Wp).

If the subgraph considered is other than S then the induced subgraph 〈V ′
1 〉 is

connected but not a path. Therefore, any set other than D cannot be a path non-
split dominating set of J(Wp). This implies that D is the path non-split dominating
set with minimum cardinality.

Theorem 23. For a complete graph Kp, γpns[J(Kp)] = γ[J(Kp)] + S where S
is the number of edges in the induced subgraph Kp−3 of Kp.

Proof. Choose any three vertices V1 = {vi, vj, vk} in Kp such that the induced
subgraph 〈vi, vj, vk〉 forms a K3. Let {ei, ej, ek} be the edges in K3 respectively. Let
V

′
1 = {v′

i, v
′
j, v

′
k} be the set of vertices in J(Kp) corresponding to the edges {ei, ej, ek}

of Kp. Then by Theorem 2 V
′
1 = {v′

i, v
′
j, v

′
k} is a dominating set in J(Kp). Choose

V2 = V (G) \ V1 as a vertex set. Let E2 be the set of edges in the induced subgraph
of V2. Let V

′
2 be the set of vertices in J(Kp) corresponding to the edge set E2 of Kp.

Let |V ′
2 | = S also D = V

′
1 ∪ V

′
2 forms a path non-split dominating set in J(Kp).
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If the subgraph considered is other than V
′
1 ∪ V

′
2 then the induced subgraph

〈V ′
1 ∪ V

′
2 〉 is connected but not a path. Therefore, any set other than D cannot be

a path non-split dominating set of J(Kp). This implies that D is the path non-split
dominating set with minimum cardinality.

γpns[J(Kp)] = |V ′
1 |+ |V

′
2 |

= γ[J(Kp)] + S.

5 Cycle Non-Split Domination Number of a

Jump graph.

Theorem 24. For a path (p ≥ 7), γcns[J(Pp)] = p− 3.

Proof. Let S be an edge set containing any three independent edges of Pp. Let
V

′
1 be the set of vertices in J(Pp) corresponding to the edge set S of Pp. Clearly the

induced subgraph 〈V ′
1 〉 is a cycle of length 3 and D = V [J(Pp)]−V ′

1 is a dominating
set of J(Pp). If the set S contains more than 3 independent edges then 〈V ′

1 〉 induced
is not a cycle. This implies that any set other than D cannot be a cycle non-split
dominating set of J(Pp). Therefore D is a cycle non-split dominating set of Pp with
minimum cardinality.

Theorem 25. For any wheel Wp with p ≥ 6, γcns[J(Wp)] = 2(p− 3).

Proof. Let Cp−1 be a cycle labeled as u1e1u2e2u3 · · ·up−1ep−1u1. We know that
Wheel is a graph obtained by joining K1 to each vertex of Cp−1. Consider an edge
say e = uiv where ui ∈ Cp−1 and v = K1 on the spokes of wheel Wp. There exist
p edges in N(e). Let S1 = {ui−1ui, uiui+1} be the set of edges adjacent to e on the
cycle Cp−1 and S2 be any two spokes which are non-adjacent to the edges of S1.
Suppose S = S1 ∪ S2 be a subgraph in Wp. Let V

′
1 be the set of vertices in J(Wp)

corresponding to the set of edges of S. Clearly the induced subgraph 〈V ′
1 〉 is a cycle

of length 4 in J(G) and D = V [J(Wp)] − V ′
1 is a cycle non-split dominating set of

J(Wp).
If the subgraph considered is other than S then the induced subgraph 〈V ′

1 〉 is
connected but not a cycle. Therefore, any set other than D cannot be a cycle non-
split dominating set of J(Wp). This implies that D is the cycle non-split dominating
set with minimum cardinality.

Theorem 26. For a complete graph with p ≥ 5, γcns[J(Kp)] = pC2 − 6.

Proof. Choose S as a subgraph of Kp such that 〈S〉 induced is a complete bipar-
tite graph K2,3. Let E1 be an edge set on S. Let V

′
1 be the set of vertices in J(Kp)

corresponding to the edge set E1 of Kp. Clearly the induced subgraph 〈V ′
1 〉 is a cycle

of length 6 and D = V [J(Kp)]− V ′
1 is a cycle non-split dominating set of J(Kp).

γcns[J(Kp)] = |V [J(Kp)]| − |V
′
1 |

If the subgraph considered is other than K2,3 then the induced subgraph 〈V ′
1 〉 is

connected but not a cycle. Therefore, any set other than D cannot be a cycle non-
split dominating set of J(Kp). This implies that D is the cycle non-split dominating
set with minimum cardinality.
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Theorem 27. For any complete bipartite graph Km,n with 3 ≤ m ≤ n,

γcns[J(Km,n)] = mn− 4.

Proof. Let V1 = {v1, v2, · · · vm} and V2 = {v′
1, v

′
2, · · · v

′
n} be the two bipartites

of Km,n. Choose two edges ei, ej in Km,n such that they are incident to a common
vertex vj ∈ V1 and the other end vertices of edges chosen are v

′
i and v

′
j ∈ V2. Similarly

choose two more edges er, es in Km,n such that they are incident to a common vertex
v

′
k ∈ V2 where v

′
k 6= v

′
i and v

′
k 6= v

′
j and also the other end vertices of edges chosen

are vr and vs ∈ V1 where vr and vs 6= vj. Let S = {ei, ej, er, es} be the edge set in
Km,n. Let V

′
1 be the set of vertices in J(Km,n) corresponding to the set of edges in S.

Clearly the induced subgraph 〈V ′
1 〉 is a cycle of length 4 and D = V [J(Km,n)]− V ′

1

is a dominating set of J(Km,n).
If the subgraph considered is other than S then the induced subgraph 〈V ′

1 〉 is
connected but not a cycle. Therefore, any set other than D cannot be a cycle
non-split dominating set of J(Km,n). This implies that D is the cycle non-split
dominating set with minimum cardinality.

6 Acknowledgment

The authors are highly thankful to the anonymous referees for their kind comments
and fruitful suggestions on the first draft of this paper.

7 Bibliography

References

[1] Anupama S.B., Y.B.Maralabhavi, Venkanagouda M. Goudar, Connected Dom-
ination Number of a Jump Graph, Journal of Computer and Mathematical
Sciences, Vol.6 10 (2015), 538-545.

[2] Baoyindureng Wu, Jixiang Meng, Hamiltonian jump graphs, Discrete Mathe-
matics, 289 (2004) 95-106.

[3] F.Harary, Graph Theory, Addison-Wesley, Reading Mass.(1969).

[4] T.H.Haynes, S.T.Hedetniemi and P.J.Slater, Fundamentals of Domination in
Graphs, Marcel Dekker, Inc, New York (1998).

[5] S.R.Jayaram, Line domination in graphs, Graphs and Combinatorics, Vol. 3,
4 (1987), 357-363.

[6] Kulli, V.R., Theory of domination in Graphs, Vishwa International Publica-
tions, India (2012).

[7] V.R.Kulli and B. Janakiram, The split domination number of a graph, Graph
Theory Notes of New York, New York Academy of Sciences XXXII (1997)
16-19.

[8] Y. B. Maralabhavi, Anupama S.B., Venkanagouda M. Goudar, Domination
Number of Jump Graph, International Mathematical Forum, Vol. 8 16 (2013),
753-758.

8

International Journal of Pure and Applied Mathematics Special Issue

ijpam.eu 54 2017



55


