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Abstract

Let G = (p,q) be a connected graph and J(G) be its corresponding jump
graph. A dominating set D is called a Split dominating set if the induced
subgraph V[J(G)] — D is disconnected. The minimum cardinality of a split
dominating set of J(G) is called the split domination number of J(G) and
is denoted by ~vs[J(G)]. In this paper we obtain several results on Non-split
domination number also.
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1 Introduction

All the graphs G(p, q) considered here are simple, finite, non-trivial, undirected and
connected with p =| V' | and ¢ =| E' | vertices and edges respectively [3]. We assume
that the graph G under consideration is nonempty and has no isolated vertices. The
jump graph J(G) of a graph G is the graph defined on F(G) and in which two
vertices are adjacent if and only if they are not adjacent in G. It may be noted
that the jump graph J(G) of G, cannot be disconnected [5]. Hence hereafter by a
graph we mean a simple graph with p > 4 and degree of any edge e in G should be
lesser than ¢ — 1. A set D C V[J(G)] is a dominating set of a jump graph, if every
vertex not in D is adjacent to a vertex in D. The domination number of a jump
graph is the minimum cardinality of a dominating set of a jump graph J(G)[8] and
[4]. The concept of split dominating &% was introduced by Kulli and J anakiranrﬁe}'}.7
The dominating set D C V(G) is a split dominating set if V' — D is a disconnected



International Journal of Pure and Applied Mathematics Special Issue

ijpam.eu

subgraph of G. The concept of non-split dominating set { path /cycle non-split
dominating set} was introduced by Kulli, Janakiram and Nandargi [6].
Theorem 1. [3] If G(V, E) is a simple graph then, 2|q| < |p?| — |p|.

Theorem 2. [8] For any Complete graph K,,, with p > 5, v[J(K,)] = 3.

Theorem 3. [1] For any tree T with diameter greater than 3, v.[J(T')] = 2.

2 Split Domination Number of a Jump Graph.

Definition 4. A dominating set D of J(G) is called a split dominating set if
the induced subgraph V[J(G)] — D is disconnected. The minimum cardinality of a
split dominating set of J(G) is called the split domination number of J(G) and is
denoted by 74[J(G)].

We study split domination number of a jump graph for few standard graphs.

Theorem 5. For any path P,

p—3 forp=5
sl (B)] =
p—4 forp>6.

Proof. Proof is obvious for p = 5. Suppose that p > 6. Consider any subgraph
P, of length 3 in P,. Let E; be the set of edges in P,. Let Vll be the set of vertices
in J(P;) corresponding to the set of edges E; of P,. Clearly the induced subgraph
(V) is disconnected and D = V[J(P,)] — V; is a dominating set of J(P,). Therefore
D is a split dominating set of J(F,). O

Theorem 6. For any wheel W),

3 forp=1>5
p—3 forp>6.

sl (Wp)] = {

Proof. For p =5, proof is obvious. Suppose that p > 6. Consider an edge say e
on the spokes of wheel W),. There exists p+1 edges in Nle|. Let E; be the set of edges
containing Nle]. Let V; be the set of vertices in J(W,) corresponding to the edges E;

of W,,. Clearly the induced subgraph (V;) is disconnected and D = V[J(W,)] — V;
is a dominating set of J(W),). Therefore D is a split dominating set of J(W,). O

Theorem 7. For any complete bipartite graph K, , with 2 < m <mn,
Vs[J(Kmn)] = mn — 4.

Proof. For K, 3 proof is obvious. Let Vi = {vy,va, -+ vy, } and Vo = {v}, vy v}
be the two bipartites of K,,,. Choose two edges e;,e; in K,,, such that they are
incident to a common vertex v;» € V5 and the other end vertices of edges chosen are
v; and v; € V;. Similarly choose two more edges e,,es in K,,, such that they are
incident to a common vertex v;g € V5 and v;g #* v;-. Also the other end vertices of
edges chosen are the same v; and v; € V;. Let E; = {e;, e;, e, €5} be the edge set in
K. Let Vl/ be the set of vertices in J(K,, ) corresponding to the set of edges E of
K, . Clearly the induced subgraph (V7,) is disconnected and D = V[J(K,,,)] 29T
is a dominating set of J(K,, ). Therefore D is a split dominating set of J(K,,,). O
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—2)(p—3
Theorem 8. For any complete graph K,,, forp > 5,v,[J(K,)| = %
Proof. Consider any edge e € K,. Let E; be the set of edges containing N|e].
Let V] be the set of vertices in J(K,) corresponding to the set of edges of E; of
K,. Clearly the induced subgraph (V) is disconnected and D = V[J(K,)] — V/ is a
dominating set of J(K,). Therefore D is a split dominating set of J(kK,). Thus

%[ J(Ey)] = VTG = [Vl

p(p—1)
2

—2(p—1)+1.

Theorem 9. If the diameter diam(G) > 5,v,[J(G)] = ¢ — A (G) — 1.

Proof. Let e be an edge with maximum degree in G. Let S be the set of edges
in Nle]. Let V| be the set of vertices in J(G) corresponding to the set of edges S of
G. Since the diameter, diam(G) > 5, every vertex in V] is adjacent to some vertex
in D = V[J(G)] —V,. Also the induced subgraph (V;) is disconnected. Thus D is a
split dominating set of J(G). O

Let e; be an edge in G with d(e;) = ¢ — 2. Let e; be an edge non-adjacent to e;
in G. Let v; and v; be the vertices in J(G) corresponding to the edges e; and e; of
G respectively. Then we have the following theorem.

Theorem 10. Let v; be a cutvertex of J(G). If there is a block H in J(G) so
that v, is the cutvertex of H and v, is adjacent to all vertices of H, then there is a
~v.—set of J(G) containing v;.

Proof. If there exist at least two blocks in J(G) which are satisfying the given
condition then v; is in every ~.—set of J(G). O

Theorem 11. For any graph G of order p > 5,7;[J(G)] < PCy — 2d(v) + 1.
Equality holds if and only if G is isomorphic to a complete graph K.

Proof. Let v; and v; be any two adjacent vertices of G. Since the graph is iso-
morphic to complete graph K, it implies that d(v;) = d(v;) = d(v) and there exists
an edge e; common to v; and v;. Also by Theorem 1, ¢ = PC5. Suppose E; be
the set of edges adjacent to v; and v; then |E;| = d(v;) + d(v;) — 1. Now without
loss of generality in J(G), let V; C V[J(G)] be the set of vertices corresponding
to the set of edges E; of G. Then the induced subgraph (V) is disconnected and
D = V[J(G)] — V| is a dominating set of J(G). Thus D forms a minimal split
dominating set of J(G). This implies that

D] = [VIJ(@)]] = V4]
= [E(G)] = [Enl.

Therefore v5[J(G)] =P Cy — 2d(v) + 1. O

Theorem 12. If D is a 75 set of J(G), then V[J(G)] — D is a dominating set
of J(G) and hence v[J(G)] + 7 [J(G)f*< ¢. 2017
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Proof. Suppose V[J(G)] — D is not a dominating set of J(G) then there exists
a vertex v in D which is not adjacent to any of the vertices in V[J(G)] — D. Thus
D — {v} is a split dominating set of J(G), a contradiction to the minimality of D.
Further V[J(G)] — D is a dominating set of J(G) and so |V[J(G)] — D| > ~[J(G)].
This implies that inequality stated above is true. O

Theorem 13. For any connected graph G,vs[J(G)] < ¢ — A(G).

Proof. Let V' = {vy,v,---v,} be the set of vertices in G and let V} =V — v,
where vy is one of the vertex of maximum degree in G. Choose F; = {ej, e, - ex}
as the set of edges adjacent to vy in G. Let H C V[J(G)] be the set of vertices
corresponding to the set of edges of F;. Then I C V[J(G)] — H forms a mini-
mally dominating set. Clearly the induced subgraph (H) is disconnected. Therefore

[ J(@)] < VIJ(G)]] - [H]. O

3 Non-Split Domination Number of a Jump
graph.

Definition 14. A dominating set D of J(G) is called a non-split dominating
set if the induced subgraph V[J(G)] — D is connected. The minimum cardinality
of a non-split dominating set of J(G) is called the non-split domination number of
J(G) and is denoted by v,s[J(G)].

Theorem 15. 1. For any path P, with p > 5,7,s[J(P,)] = 2.

2. For any cycle C,,
3 forp=5
2  forp>6.

s [ (Cp)] = {

3. For any complete graph K, with p > 5,v,s[J(K},)] = 3.

4. For any complete bipartite graph K,, ,,

2 for Kyp,n >4,
3 for Koz and 3 <m <n.

'Yns[J(Km,n)] = {

5. For any wheel W),

3 forp=25,6
nsJW =
YA {2 o

Theorem 16. For any connected graph G, v,s < g — 51(G) + 1 where 51(G) is
edge independent number of G.

Proof. Let Vi = {vy,vq,---v,} be the set of vertices in J(G) corresponding to
the set of independent edges {e1, e, -¢e,} of G. By the definition of J(G), the
induced subgraph (V;) forms a complete graph K,. Choose any vertex v € V;, then

D = SU{v} where S = V[J(G)] — V; forms a dominating set. Further the induced
50 2017
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subgraph (V[J(G)] — D) is a complete graph with (n — 1) vertices. Thus D forms
a non-split dominating set of J(G). Therefore

D = {V[J(G)] = Vi} U {v}
Vsl J(G)] < ¢ — Ai(G) + 1.
O

Theorem 17. For any graph G with diameter, diam(G) > 2, v,s[J(G)] = 2.

Proof. Let uv be a path of maximum distance in G. Then d(u, v) = diam(G). Let
ey be any edge adjacent to u and e, be any edge adjacent to v. Let V; = {v}, vy} C
V[J(G)] be a vertex set corresponding to the edge set {e;,e;} € E(G). Then V|
forms a dominating set in a jump graph. Also since the diameter of the graph G is
greater than 2 it follows that (V[.J(G)] -V, ) forms a connected subgraph. Therefore
V, forms a minimum non-split dominating set of J(G). Hence v,[J(G)] =2. O

Theorem 18. For any tree T with diam(G) > 3, vus[J(T')] = 7.[J(T)].

Proof. Let u; — u; be the longest path of T, labelled as ujejuses - - - u;_se;_ou; 1
e;_1u;. Let eq,e;_1 be the two pendant edges of the u; — u; path. Let vll,v;_l be
the vertices in J(T') corresponding to the edges ej, ;1 respectively of G. Then by
Theorem 3 D = {v},v; ,} be the minimal dominating set of J(7'). Also the induced
subgraph (D) is connected. Further, suppose ey, e; o be the two edges of N(ep)
and N(e;_1) respectively of u; — u; path. Let v, and v;_, be the vertices in J(T)
corresponding to the edges es, e;_o of G respectively. Then D, = {vlz, v;_z} forms
the minimal dominating set of J(7'). The induced subgraph (V[J(G)] — D;) is also
a non-split dominating set of J(7'). ]

4 Path Non-Split Domination Number of a
Jump graph.

Definition 19. A dominating set D of J(G) is called a path non-split domi-
nating set if the induced subgraph V[J(G)] — D is a path. The minimum cardinality
of a path non-split dominating set of J(G) is called the path non-split domination

number of J(G) and is denoted by y,ns[J(G)].
Theorem 20. For any path of length greater than or equal to 4,

p—3 forp=2>,
Vons[J(Fp)] = qp—4  forp =6,
p—>5 forp>T.

Proof. For p = 5,6 proof is obvious. Suppose that p > 7. Consider any subgraph
P of length 4 in P,. Let E; be the set of edges in Ps. Let V| be the set of vertices
in J(P,) corresponding to the set of edges £y € G;. Clearly the induced subgraph
(V}) is a path of length 3 and D = V[J(P,)] — V] is a dominating set of J(P,).

If the path considered is greater than Ps then the induced subgraph (V;) is
connected but it is not a path. Therefore, any set other than D cannot be a path non-
split dominating set of J(G). This im“rﬁlies that D is the path non-split dominat%?l]g7
set with minimum cardinality. O
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Theorem 21. For a complete bipartite graph K, ,,

mn —2 for Ky3

’YPHS[‘](Km,n)] = {

mn — 5  otherwise.

Proof. Proof for Kj 3 is obvious. Let Vi = {vy,va, - - - v, } and Vo = {vy, vy, - - - v, }
be the two bipartites of K,,,. Choose two edges e;,e; in K,,,, such that they are
incident to a common vertex v;- € V5 and the other end vertices of edges choosen
are v; and v; € Vi. Similarly choose two more edges e,, es in K, ,, such that they
are incident to a common vertex v, € V5 and v, # U;» and the other end vertices of
edges chosen are the same v; and v; € V4. Suppose S; = S U {e} be a subgraph of
K., where S = {e;,e;,e,,es} and e = {uv} such that v € Vi, u # v; and u # v,
and v € Va, v = v;- or v,. Let V| be the set of vertices in J(K,,,) corresponding to
the set of edges in ;. Clearly the induced subgraph (V) is a path of length 4 and
D =V[J(Ku,)] — Vi is a dominating set of J(K,,,).

If the subgraph considered is other than S; then the induced subgraph (V)
is connected but not a path. Therefore, any set other than D cannot be a path
non -split dominating set of J(K,,). This implies that D is the path non-split
dominating set with minimum cardinality. O]

Theorem 22. For any wheel W,

Tl T3] = {jp e
p— 7 forp>6.

Proof. Proof for Wj is obvious. Let C,_; be a cycle labelled as ujejusesus
- Up_1€p_1u1. We know that Wheel is a graph obtained by joining K to each vertex
of Cp,—1. Consider an edge say e = u;v where u; € C,_; and v = K; on the spokes of
wheel W,. Let S = {u;—1u;, u;u; 41} be the set of edges adjacent to e on the cycle
Cp—1, So = {u;—1v,u;+1v} be the set of spokes on the wheel and e, be a spoke on W,
non-adjacent to the edges of S;. Suppose S = S; U Sy U {ex} be a subgraph in W,.
Let V; be the set of vertices in J(W,) corresponding to the set of edges of S. Clearly
the induced subgraph (V}) is a path of length 4 in J(G) and D = V[J(W,)] — V] is
a path non-split dominating set of J(W,).

If the subgraph considered is other than S then the induced subgraph (V) is
connected but not a path. Therefore, any set other than D cannot be a path non-
split dominating set of J(W,). This implies that D is the path non-split dominating
set with minimum cardinality. O]

Theorem 23. For a complete graph K, ypns[J(K,)] = v[J(K,)] + S where S
is the number of edges in the induced subgraph K, 3 of K.

Proof. Choose any three vertices Vi = {v;,v;, v} in K, such that the induced
subgraph (v;,v;, vg) forms a Kj. Let {e;, e;, e, } be the edges in K respectively. Let
Vi = {v}, v;», v, } be the set of vertices in .J(K,) corresponding to the edges {e;, e;, e}
of K,. Then by Theorem 2 V; = {v;,v;,v,} is a dominating set in J(K,). Choose
Vo =V(G)\ V) as a vertex set. Let Ey be the set of edges in the induced subgraph
of V. Let V, be the set of vertices in J4 Kp) corresponding to the edge set E5 of g,
Let |V,| = S also D = V; UV, forms a path non-split dominating set in .J(k,).
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If the subgraph considered is other than V] UV, then the induced subgraph
(V] UV,) is connected but not a path. Therefore, any set other than D cannot be
a path non-split dominating set of J(/K,). This implies that D is the path non-split
dominating set with minimum cardinality.

Yonsl T (Kp)] = [Vi| + |V
= I (Kp)] +S.

5 Cycle Non-Split Domination Number of a
Jump graph.
Theorem 24. For a path (p > 7), Yens|J(Fp)] = p — 3.

Proof. Let S be an edge set containing any three independent edges of P,. Let
V] be the set of vertices in J(P,) corresponding to the edge set S of P,. Clearly the
induced subgraph (V) is a cycle of length 3 and D = V[J(P,)] —V; is a dominating
set of J(P,). If the set S contains more than 3 independent edges then (V) induced
is not a cycle. This implies that any set other than D cannot be a cycle non-split
dominating set of J(P,). Therefore D is a cycle non-split dominating set of P, with
minimum cardinality. [

Theorem 25. For any wheel W, with p > 6, vens[J (W,)] = 2(p — 3).

Proof. Let C,_; be a cycle labeled as wjejugeaus - - - up—1€p—1u;. We know that
Wheel is a graph obtained by joining K; to each vertex of C,_;. Consider an edge
say e = w;v where u; € C,_; and v = K on the spokes of wheel W,. There exist
p edges in N(e). Let S; = {u;_1u;, u;u; 41} be the set of edges adjacent to e on the
cycle Cp_; and Sy be any two spokes which are non-adjacent to the edges of 5.
Suppose S = S; U Sy be a subgraph in W,. Let V' be the set of vertices in .J(W},)
corresponding to the set of edges of S. Clearly the induced subgraph (V;) is a cycle
of length 4 in J(G) and D = V[J(W,)] — V] is a cycle non-split dominating set of
J(W,).

If the subgraph considered is other than S then the induced subgraph (V) is
connected but not a cycle. Therefore, any set other than D cannot be a cycle non-
split dominating set of J(W,,). This implies that D is the cycle non-split dominating
set with minimum cardinality. O

Theorem 26. For a complete graph with p > 5, Yens[J(K,)] = PCy — 6.

Proof. Choose S as a subgraph of K, such that (S) induced is a complete bipar-
tite graph Ky 3. Let E) be an edge set on S. Let V| be the set of vertices in J(K),)
corresponding to the edge set F; of K,,. Clearly the induced subgraph (V) is a cycle
of length 6 and D = V[J(K,)] — V] is a cycle non-split dominating set of J(,).

Yens | (Kp)] = [V [T (K| = V]
If the subgraph considered is other than K,z then the induced subgraph (V;) is
connected but not a cycle. Therefore, any set other than D cannot be a cycle non-

split dominating set of J(K,). This in‘rﬁ%lies that D is the cycle non-split dominat%?l]g7
set with minimum cardinality. O
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Theorem 27. For any complete bipartite graph K, ,, with 3 <m <n,
Yens|J (Kimn)] = mn — 4.

Proof. Let Vi = {v1, vy, v} and Vi = {v;,v,,---v,} be the two bipartites
of K, . Choose two edges e;,e; in K, , such that they are incident to a common
vertex v; € V; and the other end vertices of edges chosen are v; and U; € V5. Similarly
choose two more edges e,, e, in K,, ,, such that they are incident to a common vertex
v, € Vy where v, # v; and v, # v;. and also the other end vertices of edges chosen
are v, and vy € V; where v, and vs; # v;. Let S = {e;, €j,€,,e5} be the edge set in
K- Let V] be the set of vertices in J(K,,,) corresponding to the set of edges in S.
Clearly the induced subgraph (V;) is a cycle of length 4 and D = V[J(K,,,)] — V|
is a dominating set of J(K,, ).

If the subgraph considered is other than S then the induced subgraph (V) is
connected but not a cycle. Therefore, any set other than D cannot be a cycle
non-split dominating set of J(K,,,). This implies that D is the cycle non-split
dominating set with minimum cardinality. O
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