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Abstract

Let R be a finite commutative ring with unity. The In-
tersection graph G(R) is a simple undirected graph whose
vertices are the proper ideals of R and in which two distinct
vertices are adjacent if and only if they have nonzero inter-
section. We investigate the necessary and sufficient condi-
tion for adjacency of vertices in G(Zn). Also we obtain the
necessary and sufficient condition for the signed intersection
graph GΣ(Zn) is balanced and homogeneous for all charac-
terizations of n. Finally we characterize for some values of
n for which the graph GΣ(Zn) is canonically consistent.
AMS Subject Classification: 05C22, 05C25, 05C40
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1 Introduction

Recently many mathematicians have investigated the interplay be-
tween Ring structure and Graph structure. For such kind of study
the evaluation of new graphs are involving sets of objects and bi-
nary relations among them. So, the construction and preparation
of graphs varies from author to author, such as vertex set is set
of elements of a ring [1], set of ideals of a ring [4], etc and edges
are defined on the elements of the vertex set based on a condition.
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The intersection graph is modelled as a binary relationship among
some objects in some domain. The concept of Intersection graph
G(S) of the semigroup S was first introduced by Bosak [3]. In that
graph, he considered subsemigroups of semigroup S are vertices and
in which two distinct vertices are adjacent, if they have nontrivial
intersection. Also he proved that the graph G(S) is connected, if S
is a non-denumerable semigroup or a periodic semigroup with more
than two elements. Similarly, another construction of intersection
graph is defined in [2]. The Intersection graph G(R) of ideals of the
ring R was introduced by chakrabarty et al. [4]. In their study, they
considered nontrivial ideals of R as vertices such that two distinct
vertices are adjacent if and only if they have nonzero intersection.
The intersection graphs G(Z6) and G(Z8) are shown in the following
Figs.1 and 2. And also they characterized the values of n for which

Figure 1: G(Z6) Figure 2: G(Z8)

G(Zn) is connected, complete, bipartite, Eulerian and Hamiltonian.
An ideal P 6= R, a commutative ring is called prime, if a and b two
elements of R such that their product ab is an element of P , then
either a is in P or b is in P . An integer p is prime if and only if the
ideal (p) is prime ideal in Zn. For all graph theoretic and number
theoretic preliminaries, refer [6] and [7].

2 Adjacency in the graph G(Zn)

In this section, we find the necessary and sufficient condition for
adjacency of vertices in the graph G(Zn) for every positive integer
n.

Lemma 2.1. If n = p, prime then the graph G(Zn) does not
exist.

Theorem 2.2. Let (x) and (y) be any two distinct proper
ideals of a finite commutative ring Zn. Then the least common
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multiple of x and y is incongruent to zero modulo n if and only if
(x) is adjacent to (y) in the graph G(Zn).

Proof. We have lcm(x, y) =
xy

gcd(x, y)
, then lcm(x, y) ∈ (x)

and lcm(x, y) ∈ (y) in Zn. Thus lcm(x, y) ∈ (x) ∩ (y) in Zn. This
implies that lcm(x, y) ≡ 0(mod n) if and only if (x) ∩ (y) = 0 in Zn.
From the definition of G(Zn), (x) is adjacent to (y) in G(Zn) if and
only if (x) ∩ (y) 6= 0 in Zn. Hence the proof follows. The following
Example 2.3 with Figs.1 and 2 illustrates the above theorem 2.2.

Example 2.3. We have lcm(2, 3) ≡ 0(mod 6) and lcm(2, 4) =
0(mod 8). Now, we have (2) is not adjacent to (3) and (2) is adjacent
to (4) in the graphs G(Z6) and G(Z8) respectively.

3 Signed Intersection graph of Ideals of

a Ring

Recently many mathematicians have been studied the signed graphs.
Cartwright et al. A signed graph is a graph in which every edge is
assigned with a positive or negative sign. Zaslavsky [8] has given
more definitions on signed graph.

Definition 3.1. The signed intersection graph of ideals of a
finite commutative ring R with unity is GΣ(R) = (G(R), τ), where
G(R) is the intersection graph of ideals of the ring R and τ is a
mapping defined on the edges of G(R) as

τ((a)(b)) =

{
+, if (a) is prime or (b) is prime,

−, otherwise

The signed intersection graph of ideals of rings Z16 is GΣ(Z16) and it
is shown in the following Fig.3, where solid and dotted line segments
represent positive and negative edges respectively.

3.1 Balanced Signed Intersection Graph

A signed graph is called as balanced, if every cycle in it has an even
number of negative edges [6]. A signed graph which is not balanced
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Figure 3: GΣ(Z16)

is called unbalanced. In this subsection, we obtain the necessary
and sufficient condition for the signed graph GΣ(Zn) is balanced for
all characterizations of n.

Theorem 3.2. If n is a square free integer, then the graph
GΣ(Zn) is balanced if and only if n can be written as a product of
not more than three distinct primes.

Proof. Consider n = p1p2, n = p1p2p3, where p1 < p2 < p3 are
prims from Lemma 2.1. By using the Theorem 2.1 of [5], the graph
G(Zp1p2) is diconnected with two isolated vertices and every edge in
the graph G(Zp1p2p3) contains atleast one prime ideal as its one end.
This follows that the graph GΣ(Zn) is balanced. Conversely assume
that the graph GΣ(Zn) is balanced. Now, we have to prove that n
can be written as a product of not more than three distinct primes.
Suppose that n = p1p2...pm, where p1 < p2 < ... < pm are primes
and m > 3. Then, there exists a cycle (pi)−(p1p2...pj−1pj+1...pm)−
(p1p2...pk−1pk+1...pm) − (pi) of length 3 in the graph GΣ(Zn) with
only one negative edge between the vertices (p1p2...pj−1pj+1...pm)
and (p1p2...pk−1pk+1...pm) for distinct integers i, j and k varying
from 1 to m. This contradicts to the fact that the graph GΣ(Zn) is
balanced. This completes the proof. The following Figs. 4 and 5
explains the above theorem 3.2.

Figure 4: GΣ(Zp1p2) Figure 5: GΣ(Zp1p2p3)
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Theorem 3.3. If n is not a square free integer, then the graph
GΣ(Zn) is balanced if and only if n = p2, p3, p2q, where p < q are
primes.

Proof. Consider n = p2, p3, p2q, then every edge in the graph
G(Zn) contains atleast one end as a prime ideal of Zn, by using
theorems 2.1 and 2.9 of [5]. This shows that the graph GΣ(Zn) is
balanced. Conversely, assume that the graph GΣ(Zn) is balanced.
Now we have to show that n = p2, p3, p2q. If possible, assume that
n 6= p2, p3, p2q. Without loss of generality assume that n = p4,
then there exist a cycle (p) − (p2) − (p3) − (p) of length 3, that
contains only one negative edge between the vertices (p2) and (p3)
in the graph GΣ(Zn), which contradicts to the fact that the graph
GΣ(Zn) is balanced. Hence the theorem follows. The following
Figs. 6 ,7 and 8 explains the above theorem 3.3.

Figure 6: GΣ(Zp2) Figure 7: GΣ(Zp3) Figure 8: GΣ(Zp2q)

3.2 Homogeneous Signed Intersection Graph

If edges in a signed graph are all positive (negative) then the signed
graph is said to be homogeneous, otherwise heterogeneous. In this
subsection, we obtain the necessary and sufficient condition for the
signed graph GΣ(Zn) is homogeneous for different characterizations
of n.

Theorem 3.4. If n is a square free integer, then the graph
GΣ(Zn) is homogeneous if and only if n can be written as a product
of at most three distinct primes.

Proof. For n = p1p2, n = p1p2p3, where p1 < p2 < p3 are prims
from Lemma 2.1. Similarly, as in the above theorem 3.2, the graph
G(Zp1p2) is diconnected with two isolated vertices and every edge in
the graph G(Zp1p2p3) contains atleast one prime ideal as its one end,
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from the Theorem 2.1 of [5]. This shows that the graph GΣ(Zn) is
homogeneous. Conversely, assume that the graph GΣ(Zn) is homo-
geneous. Now, we have to prove that n can be written as a product
of at most three distinct primes. Now, suppose that n = p1p2...pm
where p1 < p2 < ... < pm are primes and m > 3. Then, there exists
a positive edge between the vertices (pi) and (pj) and a negative
edge between the vertices (pipj) and (pipk) in the graph GΣ(Zn),
for distinct positive integers i, j and k varying from 1 to m. Thus
the graph GΣ(Zn) is heterogeneous, which contradicts to the fact
that the graph GΣ(Zn) is homogeneous. This completes the proof.
The Figs. 4 and 5 explains the above theorem 3.4.

Theorem 3.5. If n is not a square free integer, then the graph
GΣ(Zn) is homogeneous if and only if n = p2, p3, p2q, where p < q
are distinct primes.

Proof. For n = p2, p3, p2q, then similarly as in the above The-
orem 3.3, every edge in the graph G(Zn) contains atleast one end
as a prime ideal of Zn, by using Theorems 2.1 and 2.9 of [5]. This
proves that the graph GΣ(Zn) is homogeneous. Conversely, assume
that the graph GΣ(Zn) is homogeneous. Let n = pα1

1 p
α2
2 ...p

αm
m ,

where p1 < p2 < ... < pm are primes and αi is positive integer,
∀ 1 ≤ i ≤ m,m ≥ 1. Then, we have the following two cases.
Case 1. Assume that m = 1, then n = pα, α > 1 by using Lemma
2.1. Now, we have to show that n = p2, p3. If possible, assume
that n = pα, α > 3, then there exists a positive edge between the
vertices (p) and (pα−1) and a negative edge between the vertices
(pα−1) and (pα−2) in the graph GΣ(Zn).
Case 2. Suppose that m > 1, now we have to show that n = p2q.
If possible, assume that n 6= p2q , without loss of generality assume
n = p2q2, then there exists a positive edge between the vertices (p)
and (p2) and a negative edge between the vertices (p2) and (p2q) in
the graph GΣ(Zn).
From the above two cases, we conclude that the graph GΣ(Zn) is
heterogeneous, which contradicts to the fact that GΣ(Zn) is homo-
geneous. This completes the proof. The Figs. 6, 7 and 8 explains
the above theorem 3.5.
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3.3 Marked Signed Intersection Graph

The number of positive and negative edges incident at v are denoted
by d+(v) and d−(v) respectively. A marked graph is a graph in
which every vertex is assigned with a positive or negative sign. A
marking µτ is defined by µτ (v) =

∏
e∈Ev

τ(e), where Ev is the set of
all edges incident at v in the signed graph Σ, is called a canonical
marking of Σ. A cycle in Σ is said to be canonically consistent or C-
consistent, if it contains an even number of negative vertices. And
also a signed graph Σ is said to be C-consistent, if every cycle in it
is consistent. Here, we obtain the necessary and sufficient condition
for the signed graph GΣ(Zn) is C-consistent when n can be written
as a power of a prime.

Theorem 3.6. If n = pm, where m > 1 then the graph GΣ(Zn)
is C-consistent if and only if m is 2 or 4 or an odd positive integer.

Proof. If m = 2 or 4, then the graph GΣ(Zn) is trivial or con-
tains a cycle (p)− (p2)− (p3)− (p) of length 3, in which the vertices
(p2) and (p3) having negative signs respectively. From the Theo-
rem 2.9 of [5], we have the graph GΣ(Zn) is complete with m − 1
vertices for n = pm,m > 1. Thus, we have deg(v) = m − 2,∀ v ∈
V (GΣ(Zn)). This shows that the negative degree of the vertex v is,
d−(v) = m−3, ∀ v ∈ V (GΣ(Zn)), except the vertex v 6= (p). If m is
odd, then d−(v) is even except v 6= (p). Thus every vertex in each
cycle having positive sign. This shows that the graph GΣ(Zn) is C-
consistent, when m is 2 or 4 or an odd positive integer. Conversely,
suppose that the graph GΣ(Zn) is C-consistent. Now, we have to
prove that m is 2 or 4 or an odd positive integer. If possible, assume
that m is an even positive integer with m > 4, then the negative
degree of every vertex v except (p) is m − 3, is odd. Thus every
vertex having negative sign except the vertex (p). This implies that
there exists a cycle (p2)− (p3)− (p4)− (p2) of length 3 in GΣ(Zn),
having each vertex is negative sign, which contradicts to the fact
that GΣ(Zn) is C-consistent. This shows that our assumption m is
even with m > 4 is wrong. Thus the proof follows. The following
Figs. 9 and 10 explains the above theorem 3.6.
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Figure 9: GΣ(Zp4) Figure 10: GΣ(Zp5)
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