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Abstract: This paper gives an overview of the author’s research, his colleagues and pupils

for the years 1976–2016. At the beginning the results concerning the loaded differential equa-

tions are provided, including the essential-and spectral-loaded equations. Then, the results

of research concerning the boundary value problems of heat conduction in non-cylindrical

degenerating domains are discussed.
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1. Introduction

Definition 1. The equation

Au(x) = f(x), (1)

given in n–dimensional domain Ω of the Euclidean space of points x =
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(x1, x2, . . . , xn) is called loaded [1], if it contains trace of some operations from
the required solution u(x) on manifolds of dimension < n that belong to the
closure Ω̄.

Definition 2. Loaded equation (1) is called loaded differential equation

[1] in the domain Ω ∈ R
n if it can be represented as

Au ≡ Lu(x) +Mu(x) = f(x), (2)

where L is a differential operator, and M is a differential or integro-differential
operator, including the trace operation from the required solution u(x) on man-
ifolds of nonzero measure strictly less than n that belong to Ω.

For example, the problem of the vibrations of a string loaded lumped mass
leads to the simplest equation of the form (2). This problem is widely applied in
physics and engineering. For the theory of many measuring devices is important
to study the torsional vibrations of the thread, by the end of which the mass is
hung, for example, mirror.

The problems of such type have acquired the special urgency in connection
with the study of stability for vibrations of the wings of the aircraft as to
solve this problem it is necessary to compute proper frequency of wing (beam
of varying section) loaded with masses (motors). In addition, such problems
are encountered in calculating the eigen-oscillations of antennas, loaded with
concentrated capacitances and self-inductances.

Also it should be noted that solving many problems for optimal control of
the agro-ecosystems, for example, problems of long-term forecasting and control
of the groundwater level and soil moisture, are reduced to the study of equations
of the form (2).

Main issues arising in the theory of boundary value problems for partial
differential equations remain so for the boundary value problems for the loaded
equations of the form (2).

2. Overview of the Main Results

Very wide range of issues: the study of the generalized solvability of nonhomoge-
neous boundary value problems for the loaded differential equations in Sobolev
spaces; description of solution spaces and functions that define the right parts
and boundary conditions; proof of the a’priori estimates, which provides the
correctness of the boundary value problems and the accuracy of the selected
spaces was investigated in author’s works, his colleagues and pupils [2–26]. We
will list the main ones.
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1. Equations with irregular coefficients. The results on the solvability of
boundary value problems for linear loaded equations with irregular coefficients
were published in the works [2, 3], in which the theorems on the solvability of
boundary value problems for the loaded differential equations with optionally
bounded coefficients of loaded terms were proved. Such situations arise, for
example, in the study of optimal control problems of equation coefficients.

2. Problems with time derivatives in the boundary conditions. Boundary
value problems with a time derivative on the boundary for parabolic and hy-
perbolic equations were studied. Here Jean-L.Lions’ problem [27] on the choice
of spaces that define the boundary conditions with time derivatives for the
parabolic equation was solved; effect of ”overdetermination” was detected at
setting the initial conditions on the border which reflects the fact that the ini-
tial conditions in the domain and on its boundary are set from the class of square
integrable functions (which is not necessarily coordinated by the theorem on
traces [27]). These results were published in the works [4–7].

3. Criteria for the unique solvability. Criteria (necessary and sufficient
conditions) of uniquely strong solvability of boundary value problems for loaded
by ”time” of equations were established. These results were published in the
works [8, 9, 15, 16].

4. On the variational principle. On the variational principle for the loaded
equations. It was built: symmetrization operator for essential unsymmetrical
operator of loaded parabolic equation, corresponding Hilbert space of type of
K.Fridrihs’ space and quadratic functional over it, for which Euler’s equation
gives a generalized statement of the initial boundary value problem [13, 14].

5. Spectrally loaded equations. Boundary and spectral problems for spec-
trally loaded parabolic operator. In terms of the (complex) spectral parameter
λ which is the coefficient of the loaded term, that is not subordinated to the
main part of the differential operator, the description of the resolvent is set
and a spectrum for the spectrally loaded parabolic operator is obtained, and
characteristics of the multiplicity of its eigenfunctions is found in the space
of bounded and continuous functions depending on the value of the spectral
parameter λ. For spectrally loaded parabolic operator the adjoint operator is
found, the solvability of the corresponding boundary value problem in classes
of integrable functions is proved. It is shown that the boundary value problem
for the spectrally loaded parabolic operator is Noetherian, and has a positive
index, depending on the parameter λ. The results have partly been published
in the works [17–19].

6. Boundary value problems in non-cylindrical degenerating domains. Since
2012 M.T.Jenaliyev together with employees by grant topics carries out research
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by boundary value problems of heat conduction in non-cylindrical degenerating
domains. It is shown that in these boundary value problems in addition to the
trivial solution there exist non-trivial solutions. These results are published in
the works [22–26].

By results of research in directions 1–4 monograph [28] was published, and
in direction 5 monograph [29] was published.

3. Essentially Loaded Parabolic Equations

The boundary problem (Cauchy problem, Cauchy-Dirichlet problem) were stud-
ied for essential-loaded parabolic equation with a load at a fixed time variable.
A special feature of these problems is the presence of a loaded term with the
derivative of any whole order of the required solution. For each of these tasks
two problems are solved: the first problem is to set the dimension of the ker-
nel of the corresponding boundary value problem; the second problem is to
find criteria and define classes of strong unique solvability of the corresponding
nonhomogeneous problems.

Note that a feature of considered problems lies in the fact that, for example
in space L2 the corresponding differential operators are not closed, because,
firstly, the load is not subject to the corresponding differential part of the
operator, i.e., is not weak perturbation for its differential part. Secondly, it is
known that operators of loads in spaces L2 are not closable operators.

All this does not allow investigating directly the issues of strong solvability
of boundary value problems for the non-closable loaded differential equations
[29].

We give some results from [29]. We consider the following Cauchy problem:






ut(x, t)− uxx(x, t) + α
∂ku(x, t)

∂tk
= f(x, t), x ∈ R, t > 0,

u(x, 0) = ϕ(x), x ∈ R,

(3)

where α ∈ R , t ∈ R+ = (0,+∞) are given values, k ∈ N.

Theorem 3. Let be f(x, t) ≡ 0, ϕ(x) ≡ 0. In order that Cauchy problem
(3) has only the trivial solution, it is necessary and sufficient for ∀s ∈ R the
following conditions hold:

0 6= ∆k(s) =















1 + α
1− e−s2t

s2
, k = 0,

1 + (−1)k+1αs2(k−1)e−s2t, k ∈ N.

(4)
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Theorem 4. Cauchy problem (3) for any

f ∈W k
2, 0(R+;L2(R)), ϕ ∈ L2(R),

is uniquely strongly solvable in the space

L2, e−εt ≡ {v| v(x, t) · e−εt ∈ L2(R× R+) ∀ ε > 0},

if and only if conditions (4) hold.

Now let us consider the Cauchy-Dirichlet problem (t > 0):







ut(x, t)− uxx(x, t) + α
∂ku(x, t)

∂tk
= f(x, t), x ∈ R+,

u(0, t) = ψ(t), u(x, 0) = ϕ(x), x ∈ R+,

(5)

where α ∈ R, t ∈ R+ are given values, k ∈ N,

f ∈W k
2, 0(R+;L2(R+)), ϕ ∈ L2(R+), ψ(t) ∈ L2(R+). (6)

Here 0 in the designation of space means

∂mf(x, 0)

∂tm
= 0, m = 0, 1, ..., k − 1.

Theorem 5. Let be f(x, t) ≡ 0, ϕ(x) ≡ 0, ψ(t) ≡ 0. In order that
problem (5) has only the trivial solution, it is necessary and sufficient for ∀s ∈
R+ the following conditions hold

0 6= ∆k(s) =















1 + α
1− e−s2t

s2
, k = 0,

1 + (−1)k+1αs2(k−1)e−s2t, k ∈ N.

(7)

Theorem 6. Cauchy-Dirichlet problem (5) for all {f, ϕ, ψ}, satisfying
the conditions (6), is uniquely strongly solvable in the space

L2, e−εt ≡ {v| v(x, t) · e−εt ∈ L2(R+ × R+) ∀ ε > 0},

if and only if conditions (7) hold.
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4. Spectrally Loaded Parabolic Equations

For spectrally loaded parabolic operator the mutually conjugate boundary value
problems are studied in a quarter plane when the load is given by the space
variable and, thus, the load point moves with constant and variable speeds.
A feature of considered problems is that, firstly, the spectral parameter is the

coefficient of the loaded term, secondly, order of the derivative in the loaded

term equals to the order of the differential part of the equation and, thirdly, the
point of load moves (with constant and variable speeds). New properties of
loaded differential operator are identified which are not inherent to operators
with a weak perturbation. It is shown that this problems are Noetherian, and
for some values of the spectral parameter, strictly described in the complex
plane they have a non-zero index, which is determined directly by the modulus
and argument of this spectral parameter. Theorems on the solvability of these
problems are formulated in naturally introduced functional classes [17–21, 29].

In the domain Q = {x ∈ R+, t ∈ R+} we consider the following homoge-
neous boundary value problem (λ ∈ C):

ut − uxx + λuxx(x, t)|x=t = 0, u(x, 0) = 0, u(0, t) = 0. (8)

A feature of considered problem is that, firstly, the spectral parameter is

the coefficient of the loaded term, secondly, order of the derivative in the loaded

term equals to the order of the differential part of the equation and, thirdly, the
point of load moves by linear law: x(t) = t.

Lines described by the equation |λ| = exp(| arg λ + 2kπ|), k ∈ Z, sub-
divide complex plane of the parameter λ into nonintersecting domains Dm,
m = 0, 1, 2, ..., as follows:

D2n =
{

D(1)
n

⋂

D(2)
n

}

\
2n−1
⋃

k=−1

Dk, D−1 = φ, (9)

D2n+1 =
{

D(1)
n

⋃

D(2)
n

}

\
2n
⋃

k=0

Dk,

where
D(1)

n = {λ : |λ| < exp[(2n + 1)π − arg λ]},
D(2)

n = {λ : |λ| < exp[2nπ + arg λ]}, n = 0, 1, 2, ....

The external parts of the boundaries ∂Dm, m = 0, 1, 2, ..., of domains Dm

are denoted by Γm.
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Here, it is required the research (for the presence of zeros) of function

Aλ(z) ≡ 1− λ exp{−
√
i z}, z ∈ C,

which in the lower halfplane may have only a finite number of zeros, where

−N1 ≤ k ≤ N2, N1 =

[

ln |λ|+ arg λ

2π

]

, (10)

N2 =

[

ln |λ| − arg λ

2π

]

,

Here the symbol [a] means the integer part of a, and, integer part of a neg-
ative number is taken equal zero. Ratios (10) follow from the condition of
boundedness solutions to auxiliary integral equations.

We formulate the result on the solvability of boundary value problem (8)
as a theorem.

Theorem 7. If λ ∈ D0 (9), then homogeneous boundary value problem
(8) has only the trivial solution. If λ ∈ {C \D0} ∩ {Dm ∪Γm−1 \ {(−1)memπ}}
(9), then boundary value problem (8) has the nontrivial solution:

u
.

(x, t) =

N2
∑

k=−N1

ckuλk(x, t), (11)

where ck are arbitrary constants; {uλk(x, t), k ∈ [−N1, N2]} is the system of
linearly independent nontrivial solutions to (8), and the explicit dependence of
their number on value of the spectral parameter is found λ.

Remark 8. The result of this theorem is established for cases when the line
of load changes according to a power law [17–21, 29]: x(t) = tω, 0 < ω < +∞.

5. Boundary Value Problems in

Non-Cylindrical Degenerating Domains

It is considered the homogeneous boundary problem

∂u(x, t)

∂t
− a2

∂2u(x, t)

∂x2
= 0, {x, t} ∈ G; (12)

∂u(x, t)

∂x
|x=0 = 0,

∂u(x, t)

∂x
|x=t +

dũ(t)

dt
= 0; (13)
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where ũ(t) = u(t, t), G = {x, t : 0 < x < t, t > 0}.
Note that problem (12)–(13) is homogeneous case of the problem, studied in

[30], which stated that the case of non-homogeneous boundary value problem”
... appears to be useful in the study of some free boundary value problems.”
In the paper [30] a theorem on the unique solvability of the non-homogeneous
boundary value problem in weighted Holder spaces was obtained.

In [30], we set the existence of a nontrivial solution for a constant factor in
class of essentially bounded functions with a given weight. We introduce the
class as follows:

(x+ t1/2)−1 u(x, t) ∈ L∞(G), i.e. u(x, t) ∈ L∞(G; (x+ t1/2)−1).

Theorem 9. The boundary value problem (12)–(13) has a nontrivial
solution u(x, t) = C ũ(x, t), where ũ(x, t) ∈ L∞(G; (x+

√
t)−1), C = const.

Theorem 10. In the class of functions L∞

(

G; [x1+α + t(1+α)/2]−1
)

the
boundary value problem (12)–(13) has only the trivial solution u(x, t) ≡ 0.

Remark 11. In works [22–24, 26] we earlier have studied the boundary
value problems for the heat equation in non-cylindrical degenerating domains
of the form:

{x, t| 0 < x < tω, t > 0, ω > 1/2}.

We also note publications [31–35] of other authors that are close by category
of this item of work.

Brief abstract of this work has been published in the Materials of the work-
shop ”Differential operators and modeling of complex systems” (April 7-8, 2017,
Almaty, Kazakhstan) [36].
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