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Abstract: The object of the present paper is to determine coefficient estimates, neighbor-

hoods and partial sums for functions f(z) belonging to k-ŨS
η

s(ρ, µ, γ, t).
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1. Introduction

Let A denote the family of functions f of the form

f(z) = z +
∞∑

n=2

anz
n (1.1)

that are analytic in the open unit disk U = {z : |z| < 1}. Now, by making use
of the differential operator Dη

ρ,µ, (see [1] and [2]) we define a new subclass of
functions belonging to the class A.
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Definition 1.1. A function f(z) ∈ A is said to be in the class k-
USη

S(ρ, µ, γ, t) if for all z ∈ U ,

Re

{
(1− t)[ρz2(Dη

ρ,µf(z))′′ + z(Dη
ρ,µf(z))′]

ρz[(Dη
ρ,µf(z))′ − t(Dη

ρ,µf(tz))′] + (1− ρ)[(Dη
ρ,µf(z))− (Dη

ρ,µf(tz))]

}

≥ k

∣∣∣∣
(1− t)[ρz2(Dη

ρ,µf(z))′′ + z(Dη
ρ,µf(z))′]

ρz[(Dη
ρ,µf(z))′ − t(Dη

ρ,µf(tz))′] + (1− ρ)[(Dη
ρ,µf(z))− (Dη

ρ,µf(tz))]
− 1

∣∣∣∣
+ γ,

for ρ ≥ µ ≥ 0, η, k ≥ 0, |t| ≤ 1, t 6= 1, 0 ≤ γ < 1.

Furthermore, we say that a function f(z) ∈ k-USη
S(ρ, µ, γ, t) is in the sub-

class k-ŨS
η

S(ρ, µ, γ, t) if f(z) is of the following form:

f(z) = z −

∞∑

n=2

anz
n, (an ≥ 0, n ∈ N). (1.2)

The aim of the present paper is to study the coefficient bounds, partial sums
and certain neighborhood results of the class k-ŨS

η

S(ρ, µ, γ, t).

Let A(z) = (1− t)[ρz2(Dη
ρ,µf(z))′′ + z(Dη

ρ,µf(z))′]
and B(z) = ρz[(Dη

ρ,µf(z))′− t(Dη
ρ,µf(tz))′]+(1−ρ)[(Dη

ρ,µf(z))−(Dη
ρ,µf(tz))].

2. Coefficient Bounds of the Function Class k-ŨS
η

S(ρ, µ, γ, t)

Firstly, we shall need the following lemmas.

Lemma 2.1. Let w = u+ iv. The Re w ≥ α if and only if |w− (1+α)| ≤
|w + (1− α)|.

Lemma 2.2. Let w = u + iv and α, γ are real numbers. Then Re w >
α|w − 1|+ γ if and only if Re{w(1 + αeiθ)− αeiθ} > γ.

Theorem 2.1. The function f(z) defined by (1.2) is in the class k-

ŨS
η

S(ρ, µ, γ, t) if and only if

∞∑

n=2

φη(ρ, µ, n)|ρn2(k + 1)− nρ(2k + γ + 1) + n(1 + k)− un[(k + γ)

− ρ(k + γ) + nρt(k + γ)]|an ≤ 1− γ(ρt+ 1)− ρtk (2.1)
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where ρ ≥ µ ≥ 0, η, k ≥ 0, |t| ≤ 1, t 6= 1, 0 ≤ γ < 1, un = 1 + t+ · · ·+ tn−1.
The result is sharp for the function f(z) given by

f(z) = z −
1− γ(ρt+ 1)− ρtk{

φη(ρ, µ, n)|ρn2(k + 1)− nρ(2k + γ + 1) + n(1 + k)

−un[(k + γ)− ρ(k + γ) + nρt(k + γ)]|
}

zn

Proof. By Definition 1.1, we get

Re

{
A(z)

B(z)

}
≥ k

∣∣∣∣
A(z)

B(z)
− 1

∣∣∣∣+ γ

Then by Lemma 2.2, we have

Re

{
A(z)

B(z)
(1 + keiθ)− keiθ

}
≥ γ,−π < θ ≤ π

or equivalently

Re

{
A(z)(1 + keiθ)− keiθB(z)

B(z)

}
≥ γ. (2.2)

Let F (z) = A(z)(1 + keiθ)− keiθB(z) and E(z) = B(z).
By Lemma 2.1, (2.2) is equivalent to

|F (z) + (1− γ)E(z)| ≥ |F (z) − (1 + γ)E(z)|, for 0 ≤ γ < 1.
But

|F (z) + (1− γ)E(z)|

=

∣∣∣∣(1− t)

{
(2− γ(ρt+ 1) + ρt(1− keiθ))z

−

∞∑

n=2

φη(ρ, µ, n)(n[ρ(n − γ) + 1] + (1− γ)un(1− ρ+ nρt))anz
n

−keiθ
∞∑

n=2

φη(ρ, µ, n)(n[ρ(n − 2) + 1]− un(1− ρ+ nρt))anz
n

}∣∣∣∣∣

≥ |1− t|

{
(2− γ(ρt+ 1) + ρt(1− k))|z|

−
∞∑

n=2

φη(ρ, µ, n)(n[ρ(n − γ) + 1] + (1− γ)un(1− ρ+ nρt))|an|z|
n
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−k

∞∑

n=2

φη(ρ, µ, n)|(n[ρ(n − 2) + 1]− un(1− ρ+ nρt))|an|z|
n

}
.

Also

|F (z) − (1 + γ)E(z)|

=

∣∣∣∣(1− t)

{
[−γ(ρt+ 1)− ρt(1 + keiθ)]z

−

∞∑

n=2

φη(ρ, µ, n)(n[ρ(n − 2− γ) + 1]− (1 + γ)un(1− ρ+ nρt))anz
n

−keiθ
∞∑

n=2

φη(ρ, µ, n)(n[ρ(n − 2) + 1]− un(1− ρ+ nρt))anz
n

}∣∣∣∣∣

≤ |1− t|

{
(γ(ρt+ 1)− ρt(1 + k))|z|

+

∞∑

n=2

φη(ρ, µ, n)|(n[ρ(n − 2− γ) + 1]− (1 + γ)un(1− ρ+ nρt))|an|z|
n

+k
∞∑

n=2

φη(ρ, µ, n)|(n[ρ(n − 2) + 1]− un(1− ρ+ nρt))|an|z|
n

}

and so

|F (z) + (1− γ)E(z)| − |F (z)− (1 + γ)E(z)|

≥ |1− t|

{
2(1− γ(ρt+ 1)− ρtk)|z|

−

∞∑

n=2

{ φη(ρ, µ, n)[|n[ρ(n − γ) + 1] + (1− γ)un(1− ρ+ nρt)|
+|(n[ρ(n− 2) + 1]− un(1 + γ)(1− ρ+ nρt)|
+2k|n[ρ(n − 2) + 1]− un(1− ρ+ nρt)|an|z|

n

}



≥ 2(1− γ(ρt+ 1)− ρtk)|z|

−

∞∑

n=2

{
2φη(ρ, µ, n)|ρn2(k + 1)− nρ(2k + γ + 1) + n(k + 1)
−un[(k + γ)− ρ(k + γ) + nρt(k + γ)]|an|z|

n

}
≥ 0

or

∞∑

n=2

{ φη(ρ, µ, n)|ρn2(k + 1)− nρ(2k + γ + 1) + n(k + 1)
−un[(k + γ)− ρ(k + γ) + nρt(k + γ)]|an

}

≤ 1− γ(ρt+ 1)− ρtk.
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Conversely, suppose that (2.1) holds. Then we must show

Re

{
A(z)(1 + keiθ)− keiθ(B(z))

B(z)

}
≥ γ.

Upon choosing the values of z on the positive real axis where 0 ≤ z = r < 1,
the above inequality reduces to

Re





(1− γ(ρt+ 1)− ρtk)−
∞∑

n=2

{
φη(ρ, µ, n)(ρn2(1 + keiθ)

−nρ(2keiθ + γ + 1) + n(1 + keiθ)
−un[(ke

iθ + γ)− ρ(keiθ + γ)
+nρt(keiθ + γ)])anz

n−1
}

(ρt+ 1)−
∞∑

n=2

φη(ρ, µ, n)(nρ+ un(1− ρ+ nρt))anz
n−1





≥ 0.

Since Re(−eiθ) ≥ −|eiθ| = −1, the above inequality reduces to

Re





(1− γ(ρt+ 1)− ρtk)−
∞∑

n=2

{
φη(ρ, µ, n)(ρn2(k + 1)− nρ(2k + γ + 1)

+n(k + 1)− un[(k + γ)− ρ(k + γ)
+nρt(k + γ)])anr

n−1
}

(ρt+ 1)−

∞∑

n=2

φη(ρ, µ, n)(nρ+ un(1− ρ+ nρt))anr
n−1





≥ 0.

Letting r → 1−, we have desired conclusion.

Corollary 2.1. If f(z) ∈ k-ŨS
η

S(ρ, µ, γ, t), then

an ≤
1− γ(ρt+ 1)− ρtk{

φη(ρ, µ, n)|ρn2(k + 1)− nρ(2k + γ + 1) + n(k + 1)
−un[(k + γ)− ρ(k + γ) + nρt(k + γ)]|

}
,

where ρ ≥ µ ≥ 0, η, k ≥ 0, |t| ≤ 1, t 6= 1, 0 ≤ γ < 1, un = 1 + t+ · · ·+ tn−1.



130 N.P. Damodaran, B.S. Keerthi

3. Neighborhood of the Function Class k-ŨS
η

S(ρ, µ, γ, t)

Following the earlier investigations (based upon the familiar concept of neigh-
borhoods of analytic functions) by Goodman [3], Ruscheweyh [4].

Definition 3.1. Let ρ ≥ µ ≥ 0, η, k ≥ 0, |t| ≤ 1, t 6= 1, 0 ≤ γ < 1, α ≥ 0,
un = 1+ t+ · · ·+ tn−1. We define the α-neighborhood of a function f ∈ A and

denote by Nα(f) consisting of all functions g(z) = z −

∞∑

n=2

bnz
n ∈ S (bn ≥ 0,

n ∈ N) satisfying

∞∑

n=2

{
φη(ρ, µ, n)|ρn2(k + 1)− nρ(2k + γ + 1) + n(k + 1)

−un[(k + γ)− ρ(k + γ) + nρt(k + γ)]|
}

1− γ(ρt+ 1)− ρtk
|an − bn| ≤ α.

Theorem 3.1. Let f ∈ k-ŨS
η

S(ρ, µ, γ, t) and for all real θ we have γ(eiθ −
1)− 2eiθ 6= 0. For any complex number ǫ with |ǫ| < α (α ≥ 0), if f satisfies the

following condition f(z)+ǫz
1+ǫ

∈ k-ŨS
η

S(ρ, µ, γ, t), then Nα(f) ⊂ k-ŨS
η

S(ρ, µ, γ, t).

Proof. It is obvious that f ∈ k-ŨS
η

S(ρ, µ, γ, t) if and only if

∣∣∣∣
A(z)(1 + keiθ)− (keiθ + 1 + γ)(B(z))

A(z)(1 + keiθ − (1− keiθ − γ)(B(z))

∣∣∣∣ < 1,

(−π < θ < π) for any complex number s with |s| = 1, we have

A(z)(1 + keiθ)− (keiθ + 1 + γ)(B(z))

A(z)(1 + keiθ − (1− keiθ − γ)(B(z))
6= s

In other words, we must have

(1− s)(1− t)(A(z))(1 + keiθ)− (keiθ + 1 + γ + s(1− keiθ − γ))(B(z)) 6= 0

which is equivalent to

z −
∞∑

n=2

{
φη(ρ, µ, n)([(ρn2 − ρn+ n)− (nρ+ un(1− ρ+ nρt))]

(1 + keiθ − skeiθ)− s[(ρn2 − ρn + n) + (nρ+ un(1− ρ+ nρt))]
−γ(1− s)[nρ+ un(1− ρ+ nρt)])

}

(1− s)(1 + keiθ − keiθ(ρt+ 1)) + (ρt+ 1)(−(1 + s) + γ(s− 1))
6= 0.
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However, f ∈ k-ŨS
η

S(ρ, µ, γ, t) if and only if (f∗h)(z)
z

6= 0, z ∈ U − {0}, where

h(z) = z −
∞∑

n=2

cnz
n, and

Cn =

{
φη(ρ, µ, n)([(ρn2 − ρn+ n)− (nρ+ un(1− ρ+ nρt))](1 + keiθ − skeiθ)

−s[(ρn2 − ρn + n) + (nρ+ un(1− ρ+ nρt)]
−γ(1− s)[nρ+ un(1− ρ+ nρt)])

}

(1− s)(1 + keiθ − keiθ(ρt+ 1)) + (ρt+ 1)(−(1 + s) + γ(s− 1))

We note that

|Cn| ≤

{
φη(ρ, µ, n)|ρn2(1 + k)− nρ(2k + γ + 1) + n(k + 1)

−un[(k + γ)− ρ(k + γ) + nρt(k + γ)]|
}

1− γ(ρt+ 1)− ρtk

Since f(z)+ǫz
1+ǫ

∈ k-ŨS
η

S(ρ, µ, γ, t), therefore z−1
(
f(z)+ǫz
1+ǫ

∗ h(z)
)
6= 0, which is

equivalent to

(f ∗ h)(z)

(1 + ǫ)z
+

ǫ

1 + ǫ
6= 0 (3.1)

Now suppose that
∣∣∣ (f∗h)(z)z

∣∣∣ < α. Then by (3.1), we must have

∣∣∣∣
(f ∗ h)(z)

(1 + ǫ)z
+

ǫ

1 + ǫ

∣∣∣∣ ≥
|ǫ|

|1 + ǫ|
−

1

|1 + ǫ|

∣∣∣∣
(f ∗ h)(z)

z

∣∣∣∣ >
|ǫ| − α

|1 + ǫ|
≥ 0,

this is a contradiction by |ǫ| < α and however, we have
∣∣∣ (f∗h)(z)z

∣∣∣ ≥ α. If

g(z) = z −
∞∑

n=2

bnz
n ∈ Nα(f), then

α−

∣∣∣∣
(g ∗ h)(z)

z

∣∣∣∣ ≤
∣∣∣∣
((f − g) ∗ h)(z)

z

∣∣∣∣ ≤
∞∑

n=2

|an − bn||cn||z
n|

<

∞∑

n=2

{
φη(ρ, µ, n)|ρn2(1 + k)− nρ(2k + γ + 1) + n(k + 1)

−un[(k + γ)− ρ(k + γ) + nρt(k + γ)]|
}

1− γ(ρt+ 1)− ρtk

× |an − bn| ≤ α.
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4. Partial Sums of the Function Class k-ŨS
η

S(ρ, µ, γ, t)

In this section applying method used by Silverman [5], we investigate the ratio
of a function of the form (1.2) to its sequence of partial sums fm(z) = z +
m∑

n=2

anz
n.

Theorem 4.1. If f of the form (1.1) satisfies the condition (2.1), then

Re

{
f(z)

fm(z)

}
≥ 1−

1

δm+1
(4.1)

and

δn ≥

{
1, n = 2, 3, . . . ,m

δm+1, n = m+ 1,m+ 2, . . . .
(4.2)

where

δn =

{
φn(ρ, µ, n)|ρn2(k + 1)− nρ(2k + γ + 1) + n(k + 1)

−un[(k + γ)− ρ(k + γ) + nρt(k + γ)]|
}

1− γ(ρt+ 1)− ρtk
. (4.3)

The result in (4.1) is sharp for every m, with the extremal function

f(z) = z +
zm+1

δm+1
. (4.4)

We next determine bounds for fm(z)/f(z).

Theorem 4.2. If f of the form (1.1) satisfies the condition (2.1), then

Re

{
fm(z)

f(z)

}
≥

δm+1

1 + δm+1
. (4.5)

The result is sharp with the function given by (4.4).

We next turn to ratios involving derivatives.

Theorem 4.3. If f of the form (1.1) satisfies the condition (2.1), then

Re

{
f ′(z)

f ′

m(z)

}
≥ 1−

m+ 1

δm+1
, (4.6)
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Re

{
f ′

m(z)

f ′(z)

}
≥

δm+1

1 +m+ δm+1
(4.7)

where

δn ≥

{
1, n = 1, 2, 3, . . . ,m

n δm+1

m+1 , n = m+ 1,m+ 2, . . .

and δn is defined by (4.3). The estimates in (4.6) and (4.7) are sharp with the
extremal function given by (4.4).
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