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Abstract: The object of the present paper is to determine coefficient estimates, neighbor-

hoods and partial sums for functions f(z) belonging to k—LfS’:(p, sy, t).
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1. Introduction

Let A denote the family of functions f of the form
f2) =24 an2" (1.1)
n=2

that are analytic in the open unit disk & = {z : |z| < 1}. Now, by making use
of the differential operator Dyl ,, (see [1] and [2]) we define a new subclass of
functions belonging to the class A.
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Definition 1.1. A function f(z) € A is said to be in the class k-
US(p, p,,t) if for all z e U,

e (1= 002 (Dhuf ()" + 2(Dhuf ()] |
pAl(D )Y — HDpu 02))] + (1 = PI(DRuf () — (DFuf ()
- (1= Dlpz* (DRt (2))" + 2(DRuf ()] -
= ol (DRF )Y — HDRuf )]+ (1= PIDRuf () — (DR f ()
+7

for p>pu>0,nk>0,[t| <1 t#1L0<y <L

Furthermore, we say that a function f(z) € k-USd(p, p,v,t) is in the sub-
class k—L{Sg(p,u,'y,t) if f(z) is of the following form:

z)=z— Zanz", (an, > 0,n € N). (1.2)

The aim of the present paper is to study the coefﬁment bounds, partial sums
and certain neighborhood results of the class k-US S(p Y, ).

Let A(z) = (1 —1)[pz* (D3 uf(2))" + 2(D} uf (2))]
and B(2) = pz[(Dpuf(2)) =t(Dguf (t2))'1+ (1= p) (D} f (2)) = (Dp.uf (£2))].

2. Coefficient Bounds of the Function Class k—LAlgg(p, sy, t)

Firstly, we shall need the following lemmas.

Lemma 2.1. Let w = u+iv. The Re w > « if and only if jw — (1 + )| <
|w+ (1 — ).

Lemma 2.2. Let w = u + iv and «,~ are real numbers. Then Re w >
alw — 1| + v if and only if Re{w(1 + ae?) — ae?} > ~.

Theorem 2.1. The function f(z) defined by (1.2) is in the class k-
USe(p, p1,7,t) if and only if

S 60, )2 (k + 1) — np(2k -+ + 1) + 11+ k) — un[(k +7)
n=2

= p(k+7) +npt(k +7)llan <1 —~(pt +1) — ptk (2.1)
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WheFePZ,UZO; "%kZO; ‘t‘ §17t7é1; 0§7< 17 un:1+t++tn71
The result is sharp for the function f(z) given by

f(2) =2 — { 1—(pt +1) — ptk n

" (p, i, n)|pn?(k +1) —np(2k +~v +1) +n(1 + k)
(K + ) = p(h + ) + npt(h -+ )|}

Proof. By Definition 1.1, we get

we {5} 2450+

Then by Lemma 2.2, we have

A(Z) i i6)
— (1 4+ ke") — ke b >~ —7 <
Re { (z)( ke) — ke s <40

or equivalently

A(2)(1 + ke®) — ke B(z)
Re { B(2) } > 7. (2.2)

Let F(z2) = A(2)(1 + ke®) — ke’ B(z) and E(z) = B(z).
By Lemma 2.1, (2.2) is equivalent to

F(2) + (1 =) E()] 2 [F(2) = (1+7)B(z)], for 0 <y < 1.
But

[F(2) + (1 =7)E(2)]

(1- t){(2 —(pt +1) + pt(1 — ke®))z

=Y ¢"(p, ) (nlp(n =) + 1] + (1 = Vun(1 = p + npt))anz"
n=2

—ke® >~ ¢"(p, ) (nlp(n —2) + 1] = un(1 = p+ npt))anzn}

n=2

> 1=t 2= oot + 1)+ pi(1 = )l

= > ¢"(p, ) (nlp(n =) + 1] + (1 = Vun (1 = p+npt))|an|2["
n=2
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—k > ¢"(p, )| (nlp(n — 2) + 1] — un(1 — p+ npt))\an\Z!”} :
n=2
Also
|F(2) — (1 +7)E(z)|

~|a =it 1) - prr -+ ke

— > ¢"(p, ) (nlp(n —2 =) + 1] = (1 +7)un(l — p+ npt))an"

ke S ¢ (p, o) (nlp(n —2) + 1] — un(l — p+ npt))anz"}

n=2

<1 —tl{(’y(thr 1)~ pt(1 4 k)2

+ > " (p, )| (nfp(n = 2 =) + 1] = (1+Y)un(1 = p + npt))|an|2["

+k Y ¢ (p, )| (nlp(n = 2) + 1] = un(1 = p + npt))ldanl”}

n=2

and so
IF(2) + (1 - DB — [F(2) — (1+ 7))
> 1= {20 - + 1) - i)

oo (¢"(p, pyn)[[nlp(n =) + 1] + (1 = Yun(l — p+npt)]

- { +|(nfp(n —2) + 1] — up (1 +7)(1 — p + npt)| }
+2kn[p(n — 2) + 1] — un(1 — p+ npt)|ay|2z|"

> 2(1 = (pt + 1) — pth) 2

_Z qu”p,,u, Nen2(k+1) —np(2k +v+ 1) +n(k +1) >0
—un[(k +7) = p(k +7) + npt(k + 7)l|an|z[" -

or

= [ (py )| pnP(k +1) —np(2k + v+ 1) +n(k+1)
> { J

= b —up[(k+7) = p(k+7) + npt(k +7)]|an

<1—~(pt+1) — ptk.
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Conversely, suppose that (2.1) holds. Then we must show

> 1.

A(2)(L + ke®) — ke (B(2))
e { B(2) }

Upon choosing the values of z on the positive real axis where 0 < z = r < 1,
the above inequality reduces to

{9701, ) (pr(L + ke'®)
(L (ot + 1) — ptk) - Z —np[((leiew —:—’;y)—l— 1)(}:;:;(_1-;)% )
+npt (ke + Yanz""1}

(pt+1) Z &"(p, o n)(np + un(1 — p +npt))anz"""

Since Re(—e) > —|e?| = —1, the above inequality reduces to

;

oo {d"(p, p,n)(pn*(k + 1) — np(2k + v+ 1)
(1—~(pt +1) — pth) = > +n(k+1)—un[( ) = p(k+7)

2 +npt(k + -t
Re n=2 +npt(k +7)])anr" "}
(pt +1) Z &"(p, s n) (np + un (1 = p + npt))anr" "
>0
Letting » — 17, we have desired conclusion. O

Corollary 2.1. If f(z) € k-L?Sg(p,u,’y,t), then

1—~(pt+1)— ptk
{¢"(p, p,n)|pn?(k +1) —np(2k + v+ 1) +n(k+1)
—un[(k +7) = p(k +7) +npt(k + )]}

where p>pu>0,1m,k>0, [t|<1,t#1,0<y<1,u,=1+t+---F "L
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3. Neighborhood of the Function Class k-ljl\gg(p, sy, t)

Following the earlier investigations (based upon the familiar concept of neigh-
borhoods of analytic functions) by Goodman [3], Ruscheweyh [4].

Definition 3.1. Let p>pu>0,n,k>0,t|<1,t#1,0<vy <1, a>0,
Up =1+t+---+t""1. We define the a-neighborhood of a function f € A and
[e.9]

denote by N, (f) consisting of all functions ¢(z) = z — Z bp2" €S (b, >0,
n=2
n € N) satisfying

{¢"(p, p,m)|pn?(k 4+ 1) — np(2k + v+ 1) + n(k + 1)
i —un[(k +7) — p(k +7) + npt(k + )]}
1 —~(pt+1)— ptk

lan, — by < a.

Theorem 3.1. Let f € k Z/,ITS'g(p,,u 7,t) and for all real § we have ~(e?
1) —2¢ £ 0. For any complex number € with |¢| < a (a > 0), if f satisfies the

following condition f(Z)JrEZ € k-USS(p,u,’y, t), then N,(f) C k Z/ISS(p,,u v, t).

Proof. Tt is obvious that f € k-Z:lTS’g(p, i, 7y, t) if and only if

A(2) (1 + ke') — (ke +1 4 7)(B(2))
A(2)(1 + ket? — (1 — ke —~)(B(z))

<1,

(—m < 6 < ) for any complex number s with |s| = 1, we have

A(2)(1 + ke?) — (ke + 1+ v)(B(2))
A(2)(1 + ke? — (1 — ke — ~4)(B(z))

In other words, we must have

*£s

(1— )1 —t)(A(2))(1 + ke®) — (ke + 1+~ 4 s(1 — ke —~))(B(2)) #0
which is equivalent to

{6"(p, 11, n)([(pn* — pn +n) = (np + un(1 — p + npt))]
(14 ke® — ske') — s[(pn® — pn +n) + (np + un(1 — p+ npt))]
_Z (1 = 8)[np +un(1 — p+npt)])}
(1 —8)(1+ ke — ke (pt + 1))+ (pt + 1)(—(1 + 5) +v(s — 1))

£ 0.
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However, f € k—il?sg(p,u,'y, t) if and only if (f*h ) £0,z€eU — {0}, where
z)=2z— chzn, and
n=2

{qb" (ps 1, ) ([(pn% — pn+n) — (np + un (1 — p +npt))](1 + ke — ske'?)
=s[(pn® — pp +n) + (np + un(1 — p + npt)]
—y(1 = 8)[np+ un(l — p+npt)))}

Cn = (1 —8)(1+ ke — ke (pt + 1))+ (pt + 1)(—(1 + 5) +v(s — 1))

We note that

{¢"(p, p,n)|pn®(1 + k) — np(2k + v+ 1) + n(k + 1)
—un[(k +7) = p(k +7) + npt(k + )]}
1 —~(pt+1)— ptk

|Cn| <

Since f(z)+€z € k- USS(p,,u 7,t), therefore 2~ (% * h(z)) # 0, which is
equivalent to
(fxh)(z) e
(I+e)z 1+4c€

£0 (3.1)

< «. Then by (3.1), we must have

Now suppose that ‘W

(f xh)(2) € lel 1 |(fxh)E)|_ld—a
(I4+ez 1+4e€|  |1+¢ |1+¢ z 1+¢ —
this is a contradiction by |e¢|] < a and however, we have ‘L *Z)(Z)

z)=2z— anz" € Nyo(f), then

Z |an = bnlen||2"]

{¢"(p, p,m)|pn? (1+k)—np(2k—|—’y+1)+n(k:-|—1)
_ i —un[(k +7) — p(k + ) + npt(k + )]}
= 1 —~(pt +1) - ptk
X |an — by| < a. O

z

B ‘(g*h)(Z)

_'((f g) * h)(
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4. Partial Sums of the Function Class k-Lfl\gg(p, sy, t)

In this section applying method used by Silverman [5], we investigate the ratio
of a function of the form (1.2) to its sequence of partial sums f,,(z) = z +

m
E anz".
n=2

Theorem 4.1. If f of the form (1.1) satisfies the condition (2.1), then

f(Z)} 1
Re >1-— 4.1
Faed EEE “y)
and
5, > 1, n=23...,m (4.2)
Om+1, n=m+1m-+2,....
where

{¢"(p, p,n)|pn?(k + 1) — np(2k + v+ 1) + n(k + 1)
s _ _—unl(E+7) — p(k + ) +npt(h + )]} (43)
" 1 —~(pt+1)— ptk ’ ’

The result in (4.1) is sharp for every m, with the extremal function

szrl

f2) =2+ . (4.4)

5m+1

We next determine bounds for f,,,(z)/f(z).
Theorem 4.2. If f of the form (1.1) satisfies the condition (2.1), then

fm(z) 5m+1
Re{ 0 } > - - (4.5)

The result is sharp with the function given by (4.4).

We next turn to ratios involving derivatives.

Theorem 4.3. If f of the form (1.1) satisfies the condition (2.1), then

1(2) - m+1
&{mv921 . (46)




PROPERTIES ON CERTAIN SUBCLASS OF... 133

/
Re{fm(z)} > Omi (4.7)
f'(z) 14+ m+ 01
where
1, n=12,3,...,m
029 5
s n=m+lm 42,

and §,, is defined by (4.3). The estimates in (4.6) and (4.7) are sharp with the
extremal function given by (4.4).
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