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Abstract: This paper mainly deals with the design of water distribution networks. Main-

taining water distribution system is not an easy task which involves scheduling pumps, main-

taining proper water levels for distribution, providing appropriate quality of water to the

customer based on their essential quantity and pressure. Due to not linearities of the size

of water distribution networks and planning horizons this problem is not solvable easily. In

this paper we have proposed a model that can give a novelty for optimizing pump schedule

and its essential cost in water distribution networks. In order to get appropriate solutions a

Lagrangian model has been proposed for a non-linear mixed integer programming problem.

Based on this the energy sources leads to an efficient distribution.

AMS Subject Classification: 90C39, 90C90, 49M27

Key Words: optimal pumping scheduling, Lagrangian relaxation (LR), water and energy

efficiency, hydro thermal coordination, water distribution networks (WDN)

1. Introduction

Supplying drinking water and industrial water can consume large amounts of
electricity, which generally constitute the largest expenditure for nearly all wa-
ter utilities worldwide. Energy costs are the function for energy usage and the
energy rate. Energy rates are normally structured to promote off-peak energy
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usage with lower rates and penalize peak period energy usage with higher rates.
Hence, optimizing industrial operations to benefit from periods with low elec-
tricity prices plays a vital role. The main objective of the WDN is to deliver
quality water based on the customer requirement. In order to schedul pumps
in water networks, energy addicted by pumping is a significant cost and op-
timizing pump schedules to be accommodated for the varying price of energy
whereas ensuring that it is necessary to supply continuous supply of water. Dy-
namic Price is the function of energy utilization and energy rate. The measures
of Energy-saving approach in WDN can be analyzed in many ways, such as
testing and proper maintenance of equipment in field testing.

The utility of energy can be concentrated by diminishing the quantity of
water pumps (e.g., by altering the boundaries of the pressures), reducing the
head loss during it is pumped (e.g., water level of the tank to be optimized) or
reducing the energy cost (e.g., avoiding peak hour pumping and making effective
use of storage tanks such as filling them during off-peak periods and draining
them during peak periods) and raising the pump efficiency at the consistent level
(e.g., make sure that the pumps are operated that the best efficiency point).
Utilities can further reduce energy costs by implementing on-line telemetry and
control systems such as Supervisory Control and Data Acquisition (SCADA)
and by managing their energy consumption more effectively and improving
overall operations using optimized pumping operations and reservoir control.

In recent years electric power industry has been proposed many efficient
strategies for solving the generation scheduling problem. However, as the power
industry undergoes restructuring, the role of generation scheduling models are
changing. Meanwhile, in modern restructured environments, small improve-
ments in solutions can result significantly in the electricity market. Further,
deregulation of power systems has motivated small sized production units and
distribution generation. The general objective of the unit commitment prob-
lem is to minimize total operating cost of system while satisfying all of the
constraints so that a given security level can be met. Unit commitment prob-
lem is one of two linked optimization tasks of generation scheduling problem,
which decides ON/OFF status of generators over the scheduling period.

Pumping systems account for nearly 20% of the worlds electrical energy
demand and range from 25-50% of the energy usage in certain industrial plant
operations. Pumping systems are widespread; they provide domestic services,
commercial and agricultural services, municipal water/waste water services,
and industrial services for food processing, chemical, petrochemical, pharma-
ceutical, and mechanical industries. Although pumps are typically purchased
as individual components they provide a service only when operating as part of
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a system. The energy and materials used by a system depend on the design of
the pump, the design of the installation, and the way the system is operated.
These factors are interdependent.

The initial purchase price is a small part of the life cycle cost for high us-
age pumps. While operating requirements may sometimes override energy cost
considerations, an optimum solution is still possible. A greater understanding
of all the components that make up the total cost of ownership will provide
an opportunity to dramatically reduce energy, operational, and maintenance
costs. Reducing energy consumption and waste also has important environ-
mental benefits.

1.1. Literature Review

In the past research, Perriére et al (2014) approximated the complicating hy-
draulic equations for the pump scheduling problem and showed that good fea-
sible solutions are reached in low computational time. Bissan et al (2015)
proposed pump scheduling problem in water networks using Lagrangian de-
composition method which exploits that the simulation based limited discrep-
ancy search algorithm to provide solutions with optimality guarantees. Various
mathematical programming approaches for optimization problems involved in
drinking WDN field survived by Claudia et al (2014). They proposed Mixed
Integer Nonlinear Program having a common structure with respect to the algo-
rithmic approaches to solve the problems. Bagirov et al (2013) was developed
an algorithm for solving pumping cost minimization problems. It has been
developed by the combination of optimization and hydraulic simulation.

Thillainathan Logenthiran et al (2015) proposed a hybrid algorithm which
combines Lagrangian Relaxation together with Evolutionary Algorithm to solve
the problem in cooperative and competitive energy environments. Joe et al
(2015) ensures a new solution approach for a pump scheduling and pipe re-
placement problem which has been designed by a mixed integer nonlinear and
tested on two water networks from the literature using Lagrangian decomposi-
tion. Zijun et al (2012) discussed a neural network model for optimizing pump
energy in a waste water processing plant. The modeling and optimization re-
veals the significant improvement occurred in the computed schedules.
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2. Mathematical Model

The main aim of the pumping - scheduling issue is to minimize the total energy
cost by managing a set of pumps in a WDN. The electricity consumption of a
pump can be easily divided into two parts, such as

• A fixed charge for the pump ignition

• An additional charge linear with the pumped flow.

Hence, the total energy cost associated with a set of pumping stations (i, j),
each of which is equipped with a set of pump with connected by the pipes
N(i, j), over the time slot k hours.

2.1. Parameters

N - Set of all pipes
Np - Pipes that contain pumps
K - Set of all time slots
Ck - Cost of electricity in time period k
W - Specific weight of water
Eij - Pump efficiency on pipe(i,j)
Fmin
ij , Fmax

ij - Lower and Upper flow rate through (i,j)
Di,k - Demand in time period k at junction i
ei - Elevation of node i
Lmin
j , Lmax

j - Lower and upper level of water in tank j

Rmin
j , Rmax

j - Lower Upper ramp rate of water in tank j
Aj - Surface are of tank j
Tj - Time period length
r - Reservoirs
J - Set of all junctions
To formulate a pump Scheduling problem we must define the decision variables
such as
Fij,k - Flow rate between the junction j to j in time k
Hij,k - Head loss between the junction j to j in time k
Pi,k Pressure at junction i in time k
Iij,k Startup status (ON/OFF)

The Mixed integer Nonlinear model for pump scheduling is
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F =
N
∑

i=1

K
∑

k=1

(Cost for energy consumption) + (demand Charge)

+ (Pump Maintenance Charge)

(1)

In this paper we does not consider the demand charge and pump maintenance
cost, and formulates the objective function on a daily (24hr) basis. Additionally,
only two (peak and off-peak) tariff periods are considered.

Min TOC =
K
∑

k=1

∑

(i,j)∈Np

W Ck Tj

Eij

Hij,kFij,k (2)

The objective function (1) and (2) are reveals that the various cost involves in
pump scheduling and power consumption respectively.
Subject to the constraints,

Fij,k ≤ Fmax
ij,k ∀(i, j) ∈ Np, k ∈ K (3)

Constraint (3) reveals that the upper limit on the rate of water flow in each of
the pipes

Fij,k ≤ Iij,kF
max
ij,k ∀(i, j) ∈ Np, k ∈ K (4)

Constraints (4) enforces a pump must be connected for water to flow in the
adjacent pipe.

∑

i

Fij,k −
∑

l

Fjl,k = Dj,k ∀j ∈ J (5)

The flow of water is conserved in constraints (5) conserve

Fij,k((Pi,k + ei)− (Pj,k + ej)−Hij,k) ≥ 0 ∀(i, j) ∈ Np, k ∈ K (6)

((Pi,k + ei)− (Pj,k + ej)−Hij,k) ≤ 0 ∀(i, j) ∈ Np, k ∈ K (7)

Iij,k((Pi,k + ei)− (Pj,k + ej)−Hij,k) = 0 ∀(i, j) ∈ Np, k ∈ K (8)

Constraints (6) to (9) are energy conservation constraints based on hydraulic
properties of water networks. Here the difference in heads between two nodes i
and j is denoted by head-loss Hij,k. The head-loss models connected by a pipe
(i, j) containing a flow Fij,k. Constraints (6) and (8) are the only ensured when
the equivalent Fij,k variables are positive and otherwise unnecessary.

Fij,k = (xijF
2
ij,k + yijFij,k + zij) ∀(i, j) ∈ Np, k ∈ K (9)
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Constraint (9) produces the head-loss designed in quadratic nature. Here xij
and yij are resistant coefficients and zij is the shutoff head.

Lmin
j ≤ Lj ≤ Lmax

j ∀j ∈ J, k ∈ K (10)

Constraints (10) provides the bounds of tank-levels, which reveals a guarantee
that the reliable water levels in the tanks.

Pj,k = Pj,k−1 +

∑

i

Fij,k−1 −
∑

l

Fjl,k−1

TjAj

∀j ∈ J, k ∈ K (11)

Dj,k − Pj,k−1 ≤ Rmax
j ∀j ∈ J, k ∈ K (12)

Pj,k−1 − Pj,k ≤ Rmin
j ∀j ∈ J, k ∈ K (13)

Fij,k ≥ 0 and Iij,k ∈ {0, 1} (14)

Constraints (11) are the tank mass balance equation. Finally, constraints (14)
denote the non-negative restriction.

3. Lagrangian Decomposition

The main advantage of applying Lagrangian relaxation is its computational ef-
ficiency. The execution time of Lagrangian relaxation will increase linearly with
the size of the problem. The Lagrangian relaxation method allows the utiliza-
tion of parallel computing techniques for single unit commitment sub problems
with a small time. However, Lagrangian relaxation decomposition procedure
is dependent on the initial estimates of the Lagrangian multipliers, and on the
method used to update the multipliers. In order to obtain a near-optimal solu-
tion, Lagrange multiplier adjustments are needed to be managed carefully.

The proposed scheduling problem is suitable for LR model i.e., constraints
(11) is the only constraint which links the time limit, and hence relaxing that
constraint to split unit subproblems. The relaxed subproblems are solved in-
dividually. Now applying LR with a multiplier λ we obtain the following La-
grangian objective subproblems.

L[U, λ] =

K
∑

k=1

∑

(i,j)∈Np

W Ck Tj

Eij

Hij,kFij,k +

J
∑

j

K
∑

k

λjk

{

Pj,k − Pj,k−1 −

∑

i

Fij,k−1 −
∑

j

Fjl,k−1

TjAj

}

(15)
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The number of subproblems be K and each of the form,

K
∑

k=1

∑

(i,j)∈Np

W Ck Tj

Eij

Hij,kFij,k

+

J
∑

j

K
∑

k

λjk

{

Pj,k − Pj,k−1 −

∑

i

Fij,k−1 −
∑

l

Fjl,k−1

TjAj

}

(16)

Subject to,

Fij,k ≤ Fmax
ij,k ∀(i, j) ∈ Np, k ∈ K (17)

Fij,k ≤ Iij,kF
max
ij,k ∀(i, j) ∈ Np, k ∈ K (18)

∑

i

Fij,k −
∑

l

Fjl,k = Dj,k ∀j ∈ J (19)

Fij,k((Pi,k + ei)− (Pj,k + ej)−Hij,k) ≥ 0 ∀(i, j) ∈ Np, k ∈ K (20)

((Pi,k + ei)− (Pj,k + ej)−Hij,k) ≤ 0 ∀(i, j) ∈ Np, k ∈ K (21)

Iij,k((Pi,k + ei)− (Pj,k + ej)−Hij,k) = 0 ∀(i, j) ∈ Np, k ∈ K (22)

Fij,k = (xijF
2
ij,k + yijFij,k + zij) ∀(i, j) ∈ Np, k ∈ K (23)

Lmin
j ≤ Lj ≤ Lmax

j ∀j ∈ J, k ∈ K (24)

Fij,k ≥ 0, λ ≥ 0 and Iij,k ∈ {0, 1} (25)

Each subproblems are solved individually and the solution of each subprob-
lem is a vector [St

1, S
t
2, S

t
3, S

t
n]t = 1, 2, 3, which minimizes the total operating

cost also must satisfy the constraints from (16) (25) at the time period k.
Here δ is the set of all feasible solution to the subproblems. LR is a powerful
technique which used to solve unit commitment problem by eliminating one or
more coupling constraints. This can be done by the use of dual optimization
procedure which attempts to reach the constrained optimum by maximizing
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the Lagrangian function with respect to the Lagrangian multipliers and min-
imizing the function with respect to the control variables. The minimum of
the Lagrange function is found by solving for the minimum for each generating
unit over all time periods. Dynamic programming is used to solve this prob-
lem. The dynamic programming determines the optimal schedule of each unit
over the scheduling time period. More specifically, for each state in each hour,
the ON/OFF decision making is needed to select a solution that would result
in a higher profit/lower operating cost by comparing the combination of the
start-up cost and the accumulated

4. Conclusion

For the Schedule of pumps in WDN Lagrangian model is designed. Here we
proposed a novel optimization technique for water distribution network pump
scheduling has been developed for solving a pump scheduling problem. Due
to nonlinearities of the size of WDN and planning horizon, this problem is
not solvable easily. The proposed approach also optimizes for easy generation
hydraulically and pumping cost which leads an appropriate solution. Hence the
Lagrangian Decomposition algorithm reveals the structure of the problem. In
order to obtain high quality feasible set solutions we used LR technique which
coupled constraints with optimality guarantees.

References

[1] Bissan Ghaddar and Joe Naoum-Sawaya, A Lagrangian decomposition approach for
the pump scheduling problem in water networks,European Journal of Operational Re-
search,241 (2015),490-501.

[2] A.M. Bagirov and A.F. Barton, An algorithm for minimization of pumping costs in
water distribution systems using a novel approach to pump scheduling,Mathematical and
Computer Modelling, 57(2013),873-886.

[3] Claudia DAmbrosio, Andrea Lodi, Sven Wiese, Cristiana Bragalli,Mathematical pro-
gramming techniques in water network optimization European Journal of Operational
Research, 243 (2015), 774-788.

[4] Fabrcio Y. K. Takigawa, Erlon C. Finardi and Edson L. da Silva, A Decomposition Strat-
egy to Solve the ShortTerm Hydrothermal Scheduling Based on Lagrangian Relaxation,
IEEE/PES Transmission and Distribution Conference and Exposition: Latin America,
(2010),681-688. DOI:10.1109/TDC-LA.2010.5762957

[5] Houzhong Yan, Peter B. Luh and Lan Zhang, Scheduling of Hydrothermal
Power Systems Using the Augmented Lagrangian Decomposition and Coordination
Technique proceedings of American control conference,2(1994), 1558-1562, DOI :
10.1109/ACC.1994.752331



IMPLEMENTATION OF AN OPTIMIZATION... 49

[6] Joe Naoum-Sawaya and Bissan Ghaddar, Simulation-optimization approaches for water
pump scheduling and pipe replacement problemsEuropean Journal of Operational Re-
search, 246-(1) (2015), 293-306.

[7] V. Puleo and M. Morley, Multi-stage linear programming optimization for pump schedul-
ing, Procedia Engineering, 70(2014), 1378-1385.

[8] de la Perrire, L. B., Jouglet, A., Nace, A., Nace, D. Water planning and management:
An extended model for the real-time pump scheduling problem Advances in hydro infor-
matics, Springer, (2014), 153-170. DOI : 10.1007/978 − 981 − 4451 − 42− 013

[9] Thillainathan Logenthiran, Lagrangian relaxation hybrid with evolutionary algorithm
for short-term generation scheduling, Electrical Power and Energy Systems, 64 (2015),
356-364.

[10] Xiaohong Guan, Peter B. Luh and Lan Zhang, Nonlinear Approximation Method in La-
grangian Relaxation-Based Algorithms for Hydrothermal Scheduling, IEEE Transactions
on Power Systems, 10-(2) (1995), 772-778.



50


