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Abstract: In this article, we have defined the remainder form of the sequential
w-modulus using ¢-function by introducing the notion of second order modulus
of smoothness for sequences. Structural properties of sequence spaces generated
by means of the sequential p-moduli are investigated.
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1. Introduction

In mathematical analysis, modulus of continuity, modulus of smoothness and
its variation are the basic characteristic properties of continuous function. The
modulus of continuity and smoothness of functions may be defined on the spaces
of continuous function, LP-spaces etc. The modulus of continuity and smooth-
ness are important tools for approximate a function. It has extensive appli-
cations in the theory of approximations and Fourier analysis. Musielak [2]
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investigated approximation results by means of translated sequences. Musielak
et al.(see [3]) in his consecutive paper obtained approximation results, particu-
larly in Orlicz sequence spaces using sequential modulus defined by the relation
w(z,r) = sup sup |tiym — ti|, 7 = 0,1,2,..., where x = {t;}3°, and studied a
m>ri>m
modular space of sequences defined by this modulus (see [2], [3]).
In the present article, we have transferred the second order LP-modulus defined
by
W¥(f,0) = sup |[f(t+2h) —2f(t+h)+ f(1)]
0<|h|<é
to the sequential case and studied some structural properties of sequence spaces
generated by this modulus.

2. Sequential Modulus of Order Two

Let X denote the space of all real sequences. and let ¢ be a ¢-function (see
for definition [1], [8]). For z € X, we write (7,,2); = t; for j < m and = t,,4;
for j > m, where m,j = 0,1,2,.... The sequence 7, = {(T,7); }] o is called
the m-th translation of the sequence x = {t;}3°, and the remainder form of the
sequential p-modulus of the sequence z is defined as

we(z,r) = su>p Z Oilltiem — ti]), r=0,1,2,... (see [1], [2], [4]).

Let I be an identity operator on X. Define sequential modulus of 2nd order of
sequence x = {t;}3°, as

w2(:c,r) = sup sup |((7m — I)Qsc)i| = Sup sup |tivom — 2titm +ti|, r=0,1,2,...
m>r 120 mZ:" i>m

Define the remainder form of the sequential p-modulus of 2nd order of z as

m—supzsoz( - ):c>i|>:sgpzwi<|A;ti|>,r=o,1,2,...

m>r j—
= =" i=m

where A2, is the 2nd order difference operator A,, : X — X defined by A,z =
(Amt)2g = (tigm — )2, for z = {132, € X and A2z = A, (Ay,r) =
(tz+2m - 2tz+m + ti)-

Let ¥ be a non-negative, non-decreasing function of u > 0 such that ¥(u) —
0 as u — 04, V¥ is not identically zero and {a, } be the sequence of real numbers
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such that inf a, > 0. (see [4])
r>0

We now consider the following classes of sequences

X;O(\Il) ={reX: ar\I/(wi(:r,r)) — 0 as r — oo} and

2(q) — ) 2
Xo(W)={z € X a,¥(wy(Az,7)) = 0 as 7 — oo for some A > 0}.

The following properties of p-function will be useful to prove our results [1, 4,
5,6, 7,9

The function W is said to satisfy the condition (Aj) for small u ( for all u ), if
there are ug > 0 and K > 0 such that

U(2u) < K¥(u) for all 0 < u < wg (for all u > 0). (1)

The sequence ¢ = {¢; }52, is said to satisfy the condition (A), if for every e > 0
there exists a L > 0 and « > 0 such that for all 0 < u < L

vilau) <€ @;(u) forall i =0,1,2,.... (2)

The sequence ¢ = {p;}3°, is said to satisfy the condition (A)’, if for every
u > 0 there exists an « > 0 such that for all : =0,1,2,....

2pi(au) < pi(u).

The function ¥ satisfy the condition (B), if there exists a v > 0 such that for
every 0 > 0 there is an n > 0 satisfying the inequality

U(nu) < 0V(u) for any 0 < u <w.

The sequence ¢ = {p;}22, of ¢-functions is said to satisfy the condition (C),
if for every n > 0 there exists an € > 0 such that for all ¥ > 0 and all indices 4,
the inequality ¢;(u) < € implies u < 1.

Remark 1. Every s-convex ¢—function (0 < s < 1) satisfy the condition
(A) and (A)'. There are p-function satisfying condition (A) or (A)', which
are not s-convex (0 < s < 1). For example see [4].

Remark 2. Every s-convex g-function ¥, 0 < s < 1, satisfies (B). There
are @-function ¥ not satisfying (B). For example see [5].



654 P.D. Srivastava, Atanu Manna

3. Main Results

Theorem 3. Let the functions o; satisfy (As) for all u and the function
U satisfies (Ag) for small u. Then z € Xg(\ll) if and only ifar\IJ(w?o()\:c, r)) — 0
asr — oo for all A > 0.

Proof. The proof of this theorem is easy to show. So, we omit the proof. [

Theorem 4. Let one of the following two conditions hold:
(Py) W satisfies condition (Ag) for small u,
(Py) ¢ = {¢;} satisfies (A)'.
Then Xz(\ll) is a linear space. Moreover if ¢ is convex then Xfpo(‘l’) is a convex
set.

Proof. Suppose (P1) is satisfied and z1, zo € XZ(¥). Let ¢ be a real
number. Then there is a number A > 0 such that ar\IJ(w?o()\xi,r)) — 0 as
r — oo for i = 1,2. We have

ar\IJ(wi(g(xl-i—:cg),r)) < aﬂl’(wi()\xl,r)—f—wi()\xg,r))
< ar\II(Qwi()\xl,r))—l—ar‘ll(Qwi()\:cg,r)) (3)

By definition of ¥, there are d; M > 0 such that 0 < ¥(u) < ¢ implies u < M.
Since a = iI>1% a, > 0, so for some A > 0, we have \Il(wfp()\:cl,r)) — 0 as r — oo.
T

N

Consequently, there is a 71 > 0 such that wi()\xl, r) < M for r > ry. Similarly,
there is a r9 > 0 such that wfp()\xg,r) < M for r > ry. Since U satisfies
(Ag) for small u, so there is a constant K > 0 such that \IJ(Qwi()\xi,r)) <
KU (w?(Axi,r)) for r > max{ry,r} and i = 1,2. Now equation (3) reduces

to ar\I/(wZ(%(xl + z9,7))) < K[ar\ll(wi()\xl,r)) + ar\Il(wZ,()\xg,r)) — 0 as
r — 0o. Which implies z1 + x5 € X2(¥).

Now consider ar\ll(wi(%fxl,r)) = ar\ll(wi()\:cl,r)) — 0 as r — oo. This
implies {x; € X?D(\IJ). Hence Xz(\ll) is a vector space.

Suppose (P,) is satisfied. i.e. ¢ satisfies (A)". So, there exist an o > 0, we
have for n > 1,

o0 o0
1 1
wi(a)\xl,r) = sup Z wi(a| A2 t]) < 5 Sup Z 0i(NA2 1)) = in()\xl,T).
mzr —o m>r i—

Similarly, wi(a)\xg,r) < %wi()\xg,r). Now

A
aﬂl’(wi(%(:cl—i—xg),r)) < ar\IJ(wi(a)\:cl,r)—|—wi(a)\x2,r))
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ar\Il(w?D(Qa)\xl,r)) + ar\Il(w?D(Qa)\xg, r))
ar\IJ(wi()\:cl, r)) + ar\I/(wi()\:cg, r))
— 0 as r — oo.

<
<

So, 1 + 29 € X2( ). Further, it is easy to see that {xy € XQ( ) for any real
number &. Therefore X2 5(P) is a linear space.

The second part of thls theorem is easy to proof. So, we omit the details.
O

4. Modular Structure on Xg(\ll)
For every x € X we define the functional

sup a, U (w?(x,r if ze X2 (¥
oy 5 (w2(2.)) 2,(®)
00 if xgéXzo(\I!)

Theorem 5. Let ¥ be a continuous increasing function of u > 0, ¥(0) = 0
and one of the following two conditions hold:

(1) ¥ is concave,

(ii) pi’s are s—convex p—function for each i.

Then X?D(\IJ) is a linear space and g is a pseudomodular in X?D(\IJ).

Proof. If ¥ is concave and ¥(0) = 0 then VU satisfies the condition (Ag)
for all u > 0 because ¥(2u) < 2¥(u). Hence by Theorem 4 X2(¥) is a linear
space. Now, if z = {t;}72,,y = {si}2y € X,,8 > 0,0° + * =1, then

o(az + By) < supa, ¥ (supzsoz (alAZt] + BIALsi]) ) < o) + oly)

r>0 m>r

Therefore g is a pseudomodular.

Now let us suppose the condition (b) 1.e. ;’s are s-convex for each i =
0,1,2,... holds. Then ¢ = {(;}2°, satisfies (A)" and Theorem 4 implies X2(0)
is a linear space. Now for a,, 8 > 0,a° + 3° =

o(az + By) < Supar‘ll(a Sungoz |A t|)+/88 SUPZSOZ |A 51|)>

7‘20 m 7‘A
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[0.9] o0
< supa, (su Z (|AZ,t]) ) —|—supaT\Il<supZ<pi(]Aznsi\))
r>0 m> S r>0 szz’:m
< o(@) +oly)-

Therefore o(ax + By) < o(z) + o(y) for o, 5 > 0,a° + 3° = 1. Other properties
of pseudomodular are obvious. Hence g is a pseudomodular. O

It is note that the above definition of pseudomodular generalizes the defi-
nition of pseudomodular defined in [6].
Now corresponding to this pseudomodular ¢ we denote

Xo={zeX:pAr) > 0as A — 04}

This is called modular space. Now for this pseudomodular ¢ we define a func-

tional
\x!Q:inf{u>0:Q<ﬁ> Su} (4)

for x € X,. The functional in (4) defines an F-pseudonorm on X, [see [1]].

5. Completeness

This section deals with the completeness of the spaces X, and XZ(¥)( X,
with respect to both the F-norm |.|, and modular structure. We begin with
the following theorem:

Theorem 6. Let ¥ be increasing, continuous function of u > 0, ¥(0) =0
and satisfying the condition (B). Let ¢ = {p;};2, satisfy the conditions (A)
and (C). Moreover, let at least one of the following two conditions hold:

(1) W is concave,
(2) ¢;’s are s—convex for each 1i.

Then X, is a Fréchet space with respect to the F-norm |.|,.

Proof. Let {x,}52; be a Cauchy sequence in X,, x, = {t]'}?2, and a =
igg ar > 0. Without loss of generality, we choose t} = 0,t5 = 0 for n =
T

1,2,3,.... Then for every € > 0, there exists a natural number N € N such
that ||z, — 24|, < € for p,¢ > N uc > 0 such that 0 < uc < a¥(e), and

Q(ffjiq) < u, for p,q > N.

The last inequality implies that for p,q > N and r > 0,
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ar\11<wi(xpl/f",r)> < U

and consequently we obtain

w2 ( 2t 1) < Wy (%) S Wi (%) < e for p.g > Nand 7> 0,

where W_; denotes the inverse function to V.
The definition of wi(:c, r) implies

d
> pi(plate — ) s v <

for p,g > N,d>mandi>m >r>0. (5)
Applying the condition (C) of ¢;’s in (5), we have for every n > 0
u;1/8|A$n(tf —tH)| <n for p,g > N and each i >m >r > 0. (6)

Now (6) implies |AZ (7 —t1)| < 77u S < n{aW (e} forp,g > N,i>m>r>
0i.e.
|(t§+2m t?—i—Qm) - Q(tz—i—m t?—i—m) + (tzp - t2)| < 77{0"1](6)}1/8
for p,g > N, i>m >r > 0. Indeed, for r =1 and m = 1 we have
|(tFsp — t]y9) = 284y — tl ) + (8] — 1) < n{aW(e)}'/*
for p,g > N, i > 1 and so for i = 1, |(t§ — t)| < 2|(¢h — t2)| + |(&] —t])| +
n{a¥(e)}'/*, which implies that {t} }pey is a Cauchy sequence in X, and hence

convergence. In a similar way, we can obtam the convergence of {tp } °, for
i > 4. Hence {t]}52 converges for each i = 1,2,3,4,.... Let tg = 0, li)m tp =t
p—00

for each i =1,2,3,4,.... Taking ¢ — oo in (5), we obtain

Z%( /W (8 ~t)]) S W (5) for p> N, d=m =720,
a

T

which implies

Z%( 1/ A7t~ t)‘) S‘I’—l(k)a for p> N, m>r >0 and as d — 0.

(7)

i=m

Taking the supremum over m > r in both sides of (7), we get

wi(?&f,r) < \IJ,1<Z—:> for p > N and r > 0.
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Therefore for p > N and r > 0, we get
Tp—T
ar\I/(w3,< pl/s ,7“)) < Ue. (8)
Ue

Now, we prove that z, —x € X, for large p, i.e. o(A(xp —2)) = 0 as A — 0.
For this, we choose a natural number N and a fixed € > 0. Then for p > N
and A > 0, we write

wi, ()\(:cp —x), r) = sup Z i ()\ul/SW) (9)

m>r
i=m

As ¢ — o0, (6) becomes

ull/s |AZ (17 — t;)] < nfor i >m > 0.

Now, the condition (A) of {¢;} with n = L, € in place of € and 0 <

E]

2 (4P _ 4.
Then for u = lAm(fii/tz)l we get
ue

2 (4P
s AR =t _ _ (1AR(# — ) ,
(pz<)\ 1/8 )Sapz( ui/s ) for i>m >0, p>N. (10)

Then using (10), equation (9) becomes

wi()\(xp—x),r) < ESUPZ%(‘AQ(Zi/S_t)U

U — Ue
 _o(Tp—x _ Ue
= ew<p< s ,r) <ev_, (ar)<

Hence for 0 < A < -, we have
Ue
o(A(zp —x)) = sup ar\I/(wi()\(xp —x),r)) <supa,V(eV_1(—)).
r>0 r>0 Qp

Now, the condition (B) with v = W_1(%)), u = ¥_;(3<)) and € = 7 implies
that for arbitrary ¢ > 0,

(W () < SU(W_y () = Sl

So, we obtain

o(Mzp —x)) <sup ard— = due for 0 < A < 1/3
r>0 Qr
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Since wu is fixed, this implies Q()\(:cp - x)) — 0as A = 04. Hence 2, —z € X,
for p > N. But linearity of the space X, implies x € X,.
Therefore from (8), we have for arbitrary ¢ > 0,

Q(wp_m) < u, forp>N

1/s
’U,E/

Thus, |z, — x|, < uc < a¥(e) for p > N, and we get |z, — x|, = 0 as p — oo.
Hence X, is complete. O

Theorem 7. Suppose that the functions ¥ and ¢ satisfies the assumptions
of Theorem 6 and Theorem 3. Then X?D(\IJ) () X, is a Fréchet space with respect
to the F-norm |.|,.

Proof. Since X, 3,(\11) (X, is a subspace of X p, so to complete the proof it is
sufficient to prove that X?2(¥) (0 X, is closed in X, with respect to the Fréchet
norm |.|,. Let x,, € X?o(\ll) for each n € Nand z,, — = in X,,. By definition of F-
norm convergence, we have for all A > 0 a, (w2 (M(z—z,),7)) = 0 as n — oo,
uniformly with respect to r. By assumption, there exists M,J§ > 0 such that
0 < ¥(u) < § implies u < M. Taking A > 0 fixed, we may find n; > 0
such that W(w2(A(x — x,),7)) < 0 for n > ny and consequently we obtain
wi()\(:c —2,),7) < M for n > ny. Let I > 0 be a number such that K < 2.
Since ¥ satisfies the condition (Ag) for small v with a constant K; > 0, we
obtain that

\Il(wi()\:c, r)) < \II[QKwi()\(x —xy),r)| + \II[QKwi(Q)\xn, )]

< Kl (W(wi()\(x —2),7)) + U(wE Az, r))) (11)

for n > ni. Now for an arbitrary € > 0 there exists a ng > njy such that

ap U (Wi (A = n,), 7)) <

€
T+1 -
2K

Also the existence of x,, in X, 3,(\11) implies that ar\IJ(w?o()\:cno, r) = 0asr—
00. Hence there exists an rg such that

ar\Il(wi()\xno,r)) < ﬁ for r > rq.

Therefore for some A > 0, from (11) we get
a,V(wi(Ae,r)) < §+§5=€ forr>rg.

This shows that # € XZ(¥). Also Theorem 6 implies that 2 € X, and it finishes
the proof. O
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