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1. Introduction

The fractional calculus is an extension of the ordinary calculus [5], which has
been widely used in various fields of science and engineering [4]. Physicists
have discovered that a number of systems, exhibiting anomalous behavior are
usefully described by fractional differential equations.
The telegraph equation is a partial differential equation with constant co-
efficients given by
Ust — gy + auy + bu = 0. (1)

Orsingher and Beghin [6] have shown that the law of the iterated Brown-
ian motion and the telegraph processes with Brownian time are governed by
time-fractional telegraph equation and Orsingher and Zhao [7] presented that
the transition function of a symmetric process with discontinuous trajectories
satisfies the space-fractional telegraph equation. In the present paper we shall
consider space-time fractional telegraph equation.

2. Definitions

Definition 1. The Riemann-Liouville fractional integral of order a > 0
[4] is defined as

IPf () =57 Jo 0 =) (1) dr,0 < a <1 with If (t) = f (t) .
Definition 2. The Riemann-Liouville fractional derivative of order «,

m—1<a<m,méeN [4] is defined as the left inverse of Riemann-Liouville
fractional integral, i.e.

@ _¥ m t& T
Dif(t) = F(m—a)D /0 (t—T)aJrl*md. @)

Definition 3. The Caputo fractional derivative of order a, m—1 < a« < 'm,
m € N, is defined as [1]

C pa _ ym—apm _ 1 ! 1 me (Y dr
DEFO) = 1D 0 = s [ o D @ a9

Definition 4. The Hilfer fractional derivative or composite fractional
derivative of order 0 < p < 1 and type 0 < v < 1, is defined by Hilfer [2] as

follows
v v(l— 1—v)(1—p
Dy gty =1 p (1), (4)
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Definition 5. Recently this definition is extended forn — 1 < u < n,0 <
v < 1,n € N, and is also termed as generalized Riemann-Liouville fractional
derivative by Hilfer et al. [3], as follows

DI f () = 1 pr I p (). (5)

In the above definition, type v allows D}"” to interpolate continuously be-
tween the classical Riemann-Liouville fractional derivative and the Caputo frac-
tional derivative, as in the case v = 0, it gives the classical Riemann-Liouville
fractional derivative as

DIOf (8) = D" f (1) = DF (1), 0<p<] (6)
and in case v = 1, it gives the Caputo fractional derivative
DPf(0) = "D () = ODFf (1), 0<p<] (7)
The Laplace transform of the composite fractional derivative (5) is given by
[9]

n—1
LIDMf(t);s) = s"LIf (t)] = Y sk tvlmm phpt=m0=) o) (8)
k=0

Definition 6. The Riesz-Feller fractional derivative of order v, 0 < v <
2, which is given as a pseudo-differential operator with the Fourier symbol
—|k|7,k € R is defined as in [9]
%g (z) = F7 [~ |k|” G (k)] (z), where G (k) = [ e g (x) dx

—0o0

3. Main Result
We consider the space-time fractional telegraph equation as

dOé
D?ﬁ’yu(:c,t)—f—Q)\Dtﬁ’Vu(:c,t) ZCQWU(%t)a t>0,—0c0 <z <00,
1
1<O¢§2,§<,8§1,0§V§1, (9)

with boundary conditions
u (foo,t) =0, (10)
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and initial conditions

(1-v)(2-26) _ (1=v)(1-5) _
{z u@o} =@ {1 u@d} =@,

{%Igl”x“% (x,t)} ~0, (11)
t—0+

where Dw Y and DB Y are composite fractional derivative operators, defined by
(5) and d‘ ‘a is the Riesz-Feller fractional derivative operator defined by (6).

We take Fourier transform of (9) and (11) with respect to x and get the
problem transformed as follows

D} (k,t) + 22D a (k,t) = —¢ [K[* @ (k,t), ¢ >0, (12)

with initial conditions

(1-v)(2-28) _ _ (1) (1-5) _
{1 ik} =3 k). {1 ik} =5 k),
{ 9 ja-ne-200 g, t)} = 0. (13)
ot =0+
where ~
u(k,t) = / ey (z,t) dz (14)

and g1 (k)and go (k)are Fourier transforms of ¢; (z) and go (z)respectively.
To solve the problem given by (12)-(13), we take Laplace transform of (12)
with respect to t, to get

ST (k, ) — s1—v(2-20) {I(l MC=2)7 (k. t)}

(1-v)(2-25) o
s @2 L8 Iy (1) |

t—0+
+2A [sBU(k,s) ) {It(l—”“l—ﬁ)a(k,t)}t ) ] = -2 k*T (k,s),
—0+

(15)
where -
0 (k,s) = / =51 (I, ) dt. (16)
0
Using initial conditions (13) and after some simplification we obtain
0 (k L S R ST
( ’8)_825+2)\86+C2|/{:|agl( )+ S2B+2)\86+C2|k‘|ag2( ) ( )
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For the purpose of inverse Laplace transform we write (17) as

B—v(1-p)—B ¢B-v(1-B)-8 p—v(1-p)-8 1
S s o (k) + 9\ 5

U(k,s)=s

go (k
8/5 —m 8/5 - 7]292 ( ) ’
(18)

m =X+ /A2 =2 k|% n=—X— /A2 =2 |k|" (19)

We now apply the following result [2]

55—771 8’5—772

where

00 a—pf
/ eIV, 5 (pt®) dt = si‘—p’ Re (s) >0, Re(a) >0, Re(B) >0 (20)
0 _
where
[e.e] Zn
E, = —, «, C, R 0,R 0, 21
5(2) Emnm @, € C, Re(a)>0,Re () > (21)
to write

On substituting t = u + z, changing the order of integration, performing
integration by parts, and using the results (see [8, p. 26, Eq. (1.108)])

/0 A B (52 (= 2)° ) By (w (t = 2)°) dz

ot @ @
= [yEa,ﬁJr'y (yt ) — 'U)Ea,BJr'y (wt )] ) (23)

y—w

and

=)0 By (o (- )°) )

=t —w P By, s (772 (t— U)5> , (24)

the equation (22) can be expressed as

$Bv(1-B)—B B—v(1-B)—B
S 20~
= Jo et = ImEp av-pyr2p—1 (mt”) — m2Bp 0,01 p)125-1 (12t”)] dt.

(25)
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Similarly we can obtain the result

G- (1-8) o ype-1-9)
= 6 -
528 + 208 + 2 |k|* /0 e — N2

[mEﬁ,u(k[g)H[z (mtﬁ) —m2Eg u(1-p)+28 (thﬁ)} dt. (26)

Taking inverse Laplce transform of (17), using results (25) and (26) and a
result £Eq o158 (%) = Eq 5 (%) — 1, we get

u(k,t) =
% [771E,B,2u(1—,5)+254 (mtﬁ> — 2B 2,(1-p)125-1 (772%)} g1 (k)
+2)‘% [E/Bﬂ’(lfﬁ)Jrﬁ (Ultﬁ) — Egua-p)+s (?72tﬁ)} g2 (k). (27)

Remark 1. The solution of problem (9)-(11) can be obtained on calculating
Fourier inverse of @ (k,t).

Remark 2. Setting v = 1, = 2, in (9)-(11) and (27), these equations
reduce to the time-fractional telegraph equation with Caputo fractional deriva-
tive, which has been solved earlier by Orsingher and Beghin [6] and the solution
is same.

Remark 3. Setting (i) v = 1, g1 (z) = g2 (z), (ii) ¥ = 01in (9)-(11) and (27)
successively, we get Fourier transform of the solution of space-time fractional
telegraph equation with Caputo and Riemann-Liouville fractional derivative in
time respectively.

Remark 4. Setting (i) v = 0, « = 2, (ii)) f =1, g1 () = g2(z) in
(9)-(11) and (27) successively, we get Fourier transform of the solution of
time-fractional telegraph equation and space-fractional telegraph equation with
Riemann-Liouville fractional derivative, respectively.

Remark 5. Setting = 1, a = 2, g1 () = g2 (x) in (9)-(11) and (27), we
get Fourier transform of the solution of the classical telegraph equation.
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