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Abstract

The concept of a soft set as a mathematical tool for
dealing uncertainty was introduced by D. Molodtsov [5] in
1999. From then onwards several authors across the globe
studied various outcomes of soft sets such as soft real sets,
measurable soft sets ([1], [4], [6]) in detail. In this paper we
present a new real measure on the soft real sets. It is shown
that any arbitrary soft real set can be embedded in a soft
Gδ set. An application of this measure in solving multi
attribute decision making (MADM) problem is illustated.
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1 Introduction

Several problems in engineering, medical sciences, economics, en-
vironmental sciences etc., involve non-deterministic data and their
solutions need the use of mathematical tools that handle uncer-
tainty and imprecision. The adequacy of parameterization tool of
soft set theory has drawn the attention of many researchers over
the years which led to the rapid development of the theory and has
many applications in various fields to state a few as in ([2],[3]).

S. Das and S.K. Samanta introduced soft real set [1] as a soft
set over the set of real numbers and defined soft real number as
particular case of soft real set. A. Mukherjee et al., [6] introduced
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Outer measure on soft real sets which is a sub-additive measure and
showed that it is countably additive on measurable soft sets.

In this paper we introduce a real measure on soft real sets, which
is non negative monotonic measure translation invariant under any
soft real number and countably super additive on soft measurable
set.

2 Preliminaries

In this section for the sake of completness we recall required def-
initions of soft set theory ([1],[4],[8],[12]), properties of Lebesgue
measure [9] and theorem on convergence of the product of absolute
convergent series [7]. Let U be the universal set. Let E be a fixed
parameter set [10].

Definition 1. [5] A soft set is a mapping from E to the set of
all subsets of U denoted (F, E).

Definition 2. [8] (F1, E) is a soft subset of (F2, E) if F1(e) ⊆
F2(e) for all e ∈ E .

Definition 3. [4] The soft set (F, E) denoted by (∅̄, E) is said
to be the null soft set if F (e) = ∅ for all e ∈ E . The union of two
soft sets (F1, E) and (F2, E) is the soft set (H, E), where H(e) =
F1(e) ∪ F2(e) for all e ∈ E .

Definition 4. [12] The union of collection of soft sets

{(Fi, E)}i∈I , where I is an arbitrary index set, denoted by
⋃̃
i∈I(Fi, E)

is the soft set (H, E), where H(e) =
⋃
i∈I Fi(e) for each e ∈ E .

Definition 5. [1] Let R be the set of real numbers and B(R)
be the collection of all non empty bounded subsets of R, then a soft
real set is a mapping F : E → B(R). If the range of the mapping
f̃ : E → B(R) is a singleton set in B(R) then f̃ is called a soft real
number. A constant soft real number is a soft real number f̃ with
f̃(e) = α for all e ∈ E and is denoted by ᾱ.

Definition 6. [6] A real soft set (F, E) is said to be a soft Gδ

set if F (e) can be written as countable intersection of open sets in
R for each e ∈ E . Two real soft sets (F, E) and (G, E) are said to
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be disjoint if F (e) ∩ G(e) = ∅ for each e ∈ E . The outer measure
of the soft real set (F, E) is defined by M∗(F, E) =

∑
e∈E m

∗(F (e))
where m∗ is the Lebesgue outer measure [9] of F (e) for each e ∈ E .

Definition 7. [9] The Lebesgue outer measure m∗(A) of a set
A ∈ R is defined by m∗(A)) = inf

∑
i l(Ii) where l is the length of

the interval and infimum is taken over all countable collections of
intervals {Ii} such that A ⊂ ⋃i Ii.

Proposition 8. [9] The Lebesgue outer measure m∗ of a set
in R has the following properties:

1) m∗(∅) = 0; 2) If A ⊆ B for A,B ∈ R then m∗(A) ≤ m∗(B);
3) Each set consisting of a single point has outer measure zero;
4)If {En} is a countable collection of sets of real numbers, then
m∗(∪En) ≤ ∑m∗(En); 5) If A ⊆ R is countable then m∗(A) =
0; 6) If {Ai} is a sequence of measurable sets that are pairwise
disjoint, then m∗(∪Ai) =

∑
m∗(Ai); 7) For any set A ∈ R and

any ε > 0 there is an open set O ∈ R containing A such that
m∗(O) ≤ m∗(A) + ε.

Theorem 9. [7] Let
∑∞

0 u1 and
∑∞

0 vl be two absolutely
convergent series and let all possible products ukvl (k, l = 0, 1, 2, ...)
be numbered with the aid of one index as w1, w2, w3, ... Then there
holds the equality

∑∞
0 uk ×

∑∞
0 vl =

∑∞
0 wk where the series on

the right hand side is absolutely convergent. We can consider for
example one such possible product to be wk =

∑n
0 ukvn−k. It is

possible to extend by analogy the theorem to the finite product of
absolutely convergent series whose product is a multiple series.

3 New measure on soft real sets

In this section we introduce a measure on a soft real set defined
in Definition 5 and study some of its interesting properties. We
define real soft measurable set and discuss the super additivity of
the measure on sequence of real soft measurable sets. Throughout
this section we denote the collection of all soft sets over U with the
fixed finite parameter set E as U(E), the collection of soft real sets
as R(E) and the collection of soft real numbers as R(E).
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Definition 10. If (F, E) ∈ R(E) is a soft real set, the mea-
sure of the soft real set (F, E) denoted by M̃(F, E), is defined by
M̃(F, E) =

∏
e∈E m

∗(F (e)) where m∗ stands for the Lebesgue outer
measure.
Note that for each e ∈ E we have F (e) ⊂ R and the Lebesgue outer
measure of F(e) is given by m∗(F (e)) = inf

∑
i l(I

e
i ) where the in-

fimum is taken over all countable collections of intervals {Iei } such
that F (e) ⊂ ⋃i I

e
i .

Remark 11. As the consequence of Definition 10 and Proposi-
tion 8, we have for (F, E), (G, E) ∈ R(E) the following: a) M̃(F, E) ≥
0; b) M̃(∅̄, E) = 0; c) M̃(F, E) ≤ M̃((G, E)) if (F, E) ⊆ (G, E);
d)M̃(F, E) = 0, if F (e) is either a singleton set or countable for
some e ∈ E .

Theorem 12. Let (F, E) ∈ R(E). For any soft real number
f̃ ∈ R(E) we have M̃((F, E) + f̃) = M̃(F, E), where (F, E) + f̃) is
a soft set denoted (G, E) given by G(e) = F (e) + f̃(e) = {y + re :
y ∈ F (e), re = f̃(e)} for all e ∈ E .

Proof. Let ε > 0 be arbitrary, using Definition 10 we have
m∗(F (e))+ε ≥∑ l(Iei ). From Definition 5 we have for Iei = [aei , b

e
i ),

G(e) ⊆ ⋃
i J

e
i where Jei = (Iei + re) and also

∑
i l(J

e
i ) =

∑
i l(I

e
i )

hence we have m∗(G(e)) ≤∑∞i l(Jei ) =
∑∞

i l(Iei ) ≤ m∗(F (e))+ε ≤
m∗(F (e)) since ε is arbitrary. Also since F (e) = F (e) + re − re,
we have m∗(F (e)) ≤ m∗(F (e) + re) and equality follows. i.e.,
for e ∈ E m∗((F (e)) = m∗(F (e) + re). Thus

∏
e∈E(m

∗(F (e)) =∏
e∈Em

∗(F (e) + re). Hence M̃((F, E) + f̃) = M̃(F, E).

Definition 13. A soft real set (O, E) is said to be a open soft
set if O(e) is a open set in R for each e ∈ E .

Theorem 14. For any soft real set (F, E), there exists a soft
Gδ set (G, E) ⊃ (F, E) such that M̃(F, E) = M̃(G, E).

Proof. For any ε > 0, there is an open set O(e) containing F (e)
such that m∗(O(e)) ≤ m∗(F (e)) + ε. Choosing for every e ∈ E ,
ε = 1

n
and for each n ∈ N there exists an open set On(e) ⊃ F (e)

such that m∗(On(e)) ≤ m∗(F (e))+ 1
n
. Call G(e) =

⋂∞
n On(e). Then

G(e) ⊃ F (e) and G(e) is a Gδ set. Also we have that m∗(F (e)) ≤
m∗(G(e)) ≤ m∗(On(e)) ≤ m∗(F (e)) + 1

n
, n ∈ N Hence letting n→
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∞ in the above inequality equality holds i.e., m∗(F (e)) = m∗(G(e)).
Thus M̃(F, E) =

∏
e∈E m

∗(F (e)) =
∏

e∈E m
∗(G(e)) = M̃(G, E).

Theorem 15. Let (F, E) be any soft real set. For each ε > 0
there exists an open soft set (O, E) containing (F, E) such that∏

e∈E [m∗(F (e)) + ε] ≥ M̃(O, E).

Proof. Given (F, E) is a soft real set,then by definition F (e) is
a bounded subset of R for e ∈ E . Then by using of proposition
8 we have m∗(F (e)) + ε ≥ m∗(O(e)), ∴

∏
e∈E(m

∗(F (e)) + ε) ≥∏
e∈E m

∗(O(e)) = M̃(O, E).

Remark 16. From the above theorem we observe that given
ε > 0, M̃(O, E) 6< M̃((F, E)) + ε for all (O, E) ⊇ (F, E) (1)

Example 17. Let E = {e1, e2} be the given parameter set. Let
(F, E) be a soft real set given by (F, E) = {F (e1) = (2, 4], F (e2) =
(3, 6]}. Then M̃(F, E) + ε = 6 + ε. For the soft open set (O, E) =
{O(e1) = (2 − ε

22
, 4) ∪ (4 − ε

22
, 4 + ε

2
), O(e2) = (3 − ε

22
, 6) ∪ (6 −

ε
22
, 6 + ε

2
)}, we have M̃((O, E)) = (2 + ε)× (3 + ε). So for ε = 1 we

see that M̃((O, E)) = 12 and proving (1.)

Theorem 18. If {(Fn, E)}∞n=1 be a countable collection of soft

sets in R(E), then M̃(
⋃̃∞
n (Fn, E)) ≤∏e∈E

∑∞
n m∗(Fn(e)).

Proof. Let (H, E) =
⋃̃
n(Fn, E) then H(e) =

⋃
n(Fn(e)) for e ∈

E . Since for e ∈ E Fn(e) is a bounded subset of R, it can be shown
that m∗

⋃
n(Fn(e)) ≤ ∑∞n=1m

∗(Fn(e)) and so we get M̃(H, E) =

M̃(
⋃̃
n(Fn(e))) ≤∏e∈E

∑∞
n m∗(Fn(e)).

Definition 19. A soft real set (F, E) is said to be a real soft
measurable set in R(E) if F (e) is a measurable set in R for each
e ∈ E .

Theorem 20. Let E = {ej}lj=0 be a finite set of parameters.
Let {(Fi, E)}ni=0 be a finite collection of pairwise disjoint real soft
measurable sets in R(E), then

M̃(
⋃̃n

i=0
(Fi, E)) ≥

n∑

i=0

M̃(Fi, E .) (2)

Proof. Let
⋃n
i=0(Fi, E) = (H, E) then by Definition 4 we have

H(ej) =
⋃n
i=0(Fi(ej)) for ej ∈ E , j = 0, 1, 2, ...l. We prove the the-

orem using mathematical induction. When n = 1, l = 1, we have
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M̃(
⋃̃1

i=0(Fi, E)) =
∏1

j=0

[
m∗(

⋃1
i=0 Fi(ej))

]
=
∏1

j=0

[∑1
i=0m

∗(Fi(ej))
]

by 6) of Proposition 8. Since m∗(Fi(ej)) ≥ 0,i = 0, 1, 2, ...
1∏

j=0

[
1∑

i=0

m∗(Fi(ej))

]
≥

1∑

i=0

(
1∏

j=0

m∗(Fi(ej))

)
=

1∑

i=0

(
M̃(Fi, E

)

(3)
Hence (2) holds good when n = 1,l = 1. Assume that (2) is true
for n, l to prove (2) is true for n+1,l+1. Let

⋃n
i=0(Fi, E) = (G, E).

(G, E) satisfies (2) by induction hypothesis. Then since G(e) ∩
Fn+1(e) = ∅ we have M̃((G, E)∪(Fn+1, E)) ≥ M̃(G, E)+M̃(Fn+1, E)
by the case n = 1, l = 1 appearing in equation (3). Thus (2) holds
for all finite n.

Theorem 21. Let E = {ej}lj=0 be a finite set of parameters.
Let {(Fi, E)}∞i=0 be a countable collection of pairwise disjoint real
soft measurable sets in R(E) such that the series

∑∞
i=0m

∗(Fi(ej))
for each j converges then

M̃(
⋃̃∞

i=0
(Fi, E)) >

∞∑

i=0

M̃(Fi, E) (4)

Proof. Let
⋃∞
i=0(Fi, E) = (S, E) then S(ej) =

⋃∞
i=0(Fi(ej)) for

ej ∈ E , j = 0, 1, 2, ...l using Definition 4. We prove the theorem us-
ing mathematical induction on l. When l = 1, using the property
6) in Proposition 8 we have M̃(

⋃̃∞
i=0(Fi, E)) = m∗(

⋃∞
i=0 Fi(e0)) ×

m∗(
⋃∞
i=0 Fi(e1)) =

∑∞
0 m∗(Fi(e0)) ×

∑∞
0 m∗(Fi(e1)) which con-

verges by theorem 9. Since m∗(Fi(ej)) ≥ 0,i = 0, 1, 2, ... we have

M̃(
⋃̃∞
i=0(Fi, E)) ≥∑∞i=0

[∏1
j=0m

∗(Fi(ej))
]
. Thus (4) holds for l =

1. Assume that (4) holds for l, to prove (4) for l + 1. Since

M̃(
⋃̃∞
i=0(Fi, E)) =

∏l
j=0 [m∗(

⋃
Fi(ej))] =

∏l
j=0 [

∑∞
i=0m

∗(Fi(ej))]
is convergent and satisfies (4) by induction hypothesis, we have

M̃(
⋃̃∞
i=0(Fi, E)) =

∏l+1
j=0 [m∗(

⋃∞
i=0 Fi(ej))] =

∏l+1
j=0 [

∑∞
i=0m

∗(Fi(ej))]

= [
∑∞

i=0m
∗(Fi(el+1))]×

{∏l
j=0 [

∑∞
i m∗(Fi(ej))]

}
converges, by ap-

plying the case for l = 1. Thus (4) holds for l + 1.

4 Measure of soft real set in MADM

MADM Problem : It involves making decisions such as evalu-
ation, selection over the available alternatives that are character-
ized by multiple attributes. In this section we consider a selection
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problem in which a single decision maker(DM) has to choose an
alternative from a finite set of alternatives by ranking them based
on given finite set of attributes. Here importance of criteria are
considered equally likely..
Application of Measure (definition 10) : For each alternative
a soft real set is constructed and its measure is applied to rank the
alternatives. The same is illustrated in a car selection problem.
Problem illustration : Let U = {c1, c2, c3, c4, c5, c6} be set of
six alternatives of cars under consideration. The parameter set
E = {e1 = ‘performance′, e2 = ‘technology′, e3 = ‘comfort′, e4 =
‘safety′, e5 = ‘cost′} denotes the choice attributes of DM. The tab-
ular representation of interval valued fuzzy soft set introduced by
Yang et.al.,[11] that gives the fuzzy membership degree of a car
corresponding to each parameter Table 1. For each car ci we con-

Table 1: Interval valued fuzzy soft set (F, E)
U e1 e2 e3 e4 e5
c1 [0,.3] [0,.2] [0,.25] [0,.2] [0,.35]
c2 [.5,.8] [0,.2] [.55,.75] [.4,.6] [.8,1]
c3 [.5,.8] [.4,.6] [.8,1] [.8,1] [.4,.8]
c4 [.9,1] [.4,.6] [.3,.5] [.4,.6] [.4,.8]
c5 [.5,.8] [.7,1] [.55,.75] [0,.2] [0,.35]
c6 [0,.3] [.7,1] [.8,1] [.8,1] [0,.35]

struct a soft real set (FRi
, E) where FRi

(ej) =
⋃
Isj≤LIij

Isj where

Isj ≤L Iij defined by Isj = [asj, bsj], Iij = [aij, bij] such that asj ≤ aij
and bsj ≤ bij for i = 1, ..., 6 and j = 1, ..., 5 where Iij represents the
interval valued fuzzy membership degree of ith car corresponding
to jth parameter.
Measure of soft real sets : M̃(FR1 , E) = .00105, M̃(FR2 , E) =
.02448, M̃(FR3 , E) = .081, M̃(FR4 , E) = .0378, M̃(FR5 , E) = .01911,
M̃(FR6 , E) = .0331. We select the car c3 as M̃(FR3 , E) is maximum.
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