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Abstract

In this paper we introduce a canonical fuzzification of
the Relative Character graphs which is also known as RC-
graphs.
Relative Character graphs Γ(G,H) is constructed from group
theory concept similar to the famous Brauer graph. The
group characters are taken into account in these graphs and
with a rule using the irreducible class of characters, adja-
cency is defined as follows:
The vertex set V is the set IrrG and two elements φ, χ in
IrrG are adjacent if and only if their restrictions φH and
χH to H contain atleast one element θ of H, where G be a
finite group, fix a subgroup H of G. Let IrrG and IrrH re-
spectively denote the set of all distinct complex irreducible
characters of G and H.
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1 Preliminaries

In order to understand Relative Character graphs completely which
is arising out of group characters we need to know the following
definitions and results.

Definition 1.1. Let G be any finite group. A representation ρ
of G is a homomorphism ρ : G → GL(n,C) where GL(n,C) is the
general linear group of n×n non-singular matrices over the complex
field C under matrix multiplication.

Definition 1.2. ρ is said to be faithful if ρ is one to one.
Note: ρ cannot be onto since G is finite and GL(n,C) is infinite.

Definition 1.3. The character of a representation ρ of G de-
noted by χρ is the mapping from G→ C defined by
χρ(s) = Traceρ(s), s ∈ G. Let φ,χ are any two characters of G.

Then scalar product are (φ, χ) = 1
O(G)

∑
s∈G φ(s)χ(s).

φ is irreducible if and only if (φ, φ) = 1.
Note: IrrG = set of irreducible character of G. 1G always stands
for the trivial character. That is ρ(s) = 1 ∀s ∈ G.

Definition 1.4. Let H be a subgroup of G. Let ρ : G→ GL(n,C)
be a representation. The homomorphism ρH : H → GL(n,C)
(restricting ρ to elements of H only) is called the restriction of ρ to
H.

Theorem 1.1. Relative Character graph Γ(G,H) is a null graph
if and only if G = H [5].

Theorem 1.2. Γ(G, (1)) is always complete. But the converse is
not true in general [5].

Result 1.1. Γ(G,H) is complete if and only if it is regular [5].

Result 1.2. If K ⊆ H ⊆ G then Γ(G,H) is a subgroup of Γ(G,K)
(both having the same vertex set) [5].

As an example, G = S3, the symmetric group on the letters
1,2,3 and H={1, (12)}.
The character tables of G and H are given below.
We easily get χ1H = θ1, χ2H = θ2 and χ3H = θ1 + θ2.

Hence Γ(G,H) is the following graph:
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1.4 Definition: Let ܪ be a subgroup of ܩ. Let ߩ: ܩ → ,ሺ݊ܮܩ ԧሻ be a representation. The 

homomorphism	ߩு:ܪ → ,ሺ݊ܮܩ ԧሻ (restricting ߩ to elements of ܪ only) is called the 

restriction of	ߩ to ܪ. 

1.5 Theorem: Relative Character graph Γሺܩ, ܩ ሻ is a null graph if and only ifܪ ൌ  [ ] .ܪ
 

1.6 Theorem: Γ൫ܩ, ሺ1ሻ൯ is always complete. But the converse is not true in general.[ ] 

 
1.7 Result:	Γሺܩ,  .ሻ is complete if and only if it is regularܪ
 
1.8 Result: If ܭ ⊆ ܪ ⊆ ,ܩthen Γሺ ܩ ,ܩሻ is a subgroup of Γሺܪ  ሻ (both having the sameܭ
vertex set). 
 
 As an example we consider		ܩ ൌ ܵଷ , the symmetric group on the letters 1	,2	, 3 and 

ܪ ൌ ሼ1	, ሺ12ሻሽ . 

      The character tables of ܩ	 and ܪ are given below. 

 

ܩ ൌ ܵଷ 

 

 ܪ

     ሺ1ሻ ሺ12) ሺ123ሻ  ሺ1ሻ ሺ12) 

߯ଵ  ଵ 1 1ߠ 1 1 1

߯ଶ 1 െ1 1 ߠଶ 1 െ1 

߯ଷ 2 0 െ1    

 

We easily that  ߯ଵு	 ൌ 	 ߯ଶு	,	ଵߠ	 ൌ 	 and ߯ଷு	ଶߠ	 ൌ 	ଵߠ	 ൅   . 	ଶߠ

Hence Γሺܩ,  :ሻ is the following graphܪ

                                      

߯ଷ

߯ଶ߯ଵ	
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߯ଷ

߯ଶ߯ଵ	

2 Relative Character to Fuzzy Graphs

To define a fuzzy graph, one does not need a classical (the so-called
crisp) graph. What all we do here is to make any Relative Character
graph into a fuzzy graph by introducing a membership function for
the vertices and a relation function or weight function between a
pair of vertices.
In fact we introduce two entirely distinct fuzzifications.

Definition 2.1. A fuzzy graph Γ = (V, µ, ρ) is a triplet, where V
is a nonempty set, a membership function µ :V→ [θ, 1] and a rela-
tion function (or a weight function) ρ : V × V → [θ, 1] satisfying
ρ(x, y) = Min {µ(x), µ(y)} for all x, y ∈ V .
In a relative character graph Γ(G,H) each vertex V ( =an irre-
ducible character of G has two degrees : the character degree D(V )
and the graph degree d(V ).
There is no reason to expect these two degrees to coincide for all
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V , except in some special cases like Γ(S3, S2) or Γ(S4, S3).

 

 
Γ(𝑆3 ,𝑆2 ) Γ(𝑆4 ,𝑆3 ) 

The ordered character degree sequence of the first graph (1,1,2)
and the corresponding graph degree sequence is (1,1,2).
The ordered character degree sequence of the second graph is (1,1,2,3,3)
and the corresponding graph degree sequence is also (1,1,2,3,3)!
Such graphs were (tentatively)called relative character uniform graphs.
However Γ(C3, (1)), is the complete graph K3 whose graph degree
sequence is (2,2,2), but character degree sequence is (1,1,1).

Theorem 2.1. Every Relative graph Γ(G,H) gives rise to a Rela-
tive character-fuzzy graph Γ̃(G,H).
Proof: For the vertex set V , we take IrrG itself. For any v ∈ V ,
define µ : V → [0, 1] as µ (v) = |Dv−dv|

g
where g = O (G).

Claim: 0 ≤ µ (x) ≤ 1 for v ∈ V since both Dv and dv are positive,
is obvious.
For the other inequality, first we observe that, since D (v) divides
g for all D (v) < g (unless G is trivial ).
Next we shall prove dv < g for all v.
If Γ(G,H) is complete,then dv = |V | − 1 = |IrrG| − 1 ≤ g − 1 < g
(since |IrrG| ≤ g and equality holds if and only if G is abelian).
If Γ(G,H) is not complete, then dv ≤ |IrrG| − 1 ≤ g − 1 < g
In any case dv < g which gives µ (x) < 1 for all v.

Next define ρ : V × V → [0, 1] as ρ (vw) = |Dv−dv||Dw−dw|
g2

since |Dv − dv| < g for all v, clearly ρ (vw) < 1.
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Finally |Dv − dv| < g, |Dw − dw| < g gives
|Dv−dv||Dw−dw|

g2
≤ min

{
|Dv−dv|

g2
, |Dw−dw|

g2

}

Thus ρ(vw) ≤ min {µ(v), µ(w)} for all v,w ∈ V .
Hence (Γ(G,H), µ, ρ) is an Relative Character-fuzzy graph which
we denote by Γ̃(G,H).

The graphs Γ̃ (S3, S2) and Γ̃ (S4, S3) get trivial fuzzification.
When G = D8 = {a, b|a4 = 1, b2 = 1, b−1ab = a−1}
(The Dihedral graph ) and H = (b).
Γ(G,H) is the following graph.

 

 

V1 

V2 

V5 V4 

V3 

The ordered character degree sequence is 1,1,1,1,2 and the cor-
responding degree sequence 2,2,2,2,4.
µ (V1) = µ (V2) = µ (V3) = µ (V4) = 1

8
, µ (V5) = 1

4

ρ (V1V2) = ρ (V3V4) = 1
64

ρ (V1V5) = ρ (V2V5) = ρ (V3V5) = ρ (V4V5) = 1
32

The situation where all the values are equal and all the p- values
are equal is shared by many classes of groups.

Theorem 2.2. If Γ = NH is a Frobenius group where both N and
H are abelian then, µ and ρ are constant functions.

Proof: The set IrrG=B ∪ A
Where B={χ|N 6⊂ Kerχ} And A={χ|N ⊂ Kerχ}
Also, |B| = t

h
= b, where h=O(H) and T + 1=h · |A| = h

Let B = {V1, V2, , Vb} A = {W1,W2, ,Wh}
Then it can be proved that µ(Vi) = b−1

(t+1)h
for all Vi,

µ(Wj) = b−1
(t+1)h

for all Wj

Similarly we can prove that
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ρ(ViVj) = (b−1)2
(t+1)2h2

for all Vi,Vj

ρ(ViWk) = (b−1)2
(t+1)2h2

for all Vi,Wk

Also ρ(WkWl) = (b−1)2
(t+1)2h2

for all Wk,Wl

This proves the theorem.

Definition 2.2. A Relative character graph is Relative character
lower uniform if d(v) ≤ D(v) for all v ∈ V and Relative character
upper uniform d(v) ≥ D(v) for all v ∈ V if defined already equality
gives Relative character uniform graphs.
As examples, if G = Sn the symmetric group and H any subgroup,
d(v) ≤ D(v) for all v ∈ V and hence is Relative character-lower
uniform.
If G is abelian and H is of index atleast 3, then each of the O(H)
components is K3 and hence d(v) ≥ D(v) for all v , showing that
is Relative character-upper uniform.
Conjecture: Given G non-abelian and H a nontrivial proper sub-
group then there exists v ∈ V such that D(v) 6= d(v) (except in
some special cases like =S3, S4).

Theorem 2.3. Let G be a relative character lower uniform. Define

µ : V → [0, 1] as µ∗ =

√
D(vi)√
g

for all i and

µ∗(vi, vj) = min

{√
D(vi)d(vj)

g
,

√
D(vj)d(vi)

g

}

Then (Γ(G,H), µ∗, ρ∗) is an relative character fuzzy graph denoted
by Γ̃∗(G,H).
proof: Since D(vi) < g for all i, θ ≤ µ∗(v) ≤ 1 is clear.

Let

√
D(vi)d(vj)

g
= min

{√
D(vi)d(vj)

g
,

√
D(vj)d(vi)

g

}
since D(vi) < g

√
D(vi)√
g

√
d(vj)√
g
≤
√
D(vi)√
g

if D(vi) = min
{√

D(vi),
√
D(vj)

}

If

√
D(vj)√
g

=min

{√
D(vi)

g
,

√
D(vj)

g

}

Start with
√
d(vi) ≤

√
D(vj) (assumption)

≤ √g ⇒
√
d(vj)√
g
≤
√
D(vj)√
g

hence

√
D(vi)√
g

√
d(vj)√
g
≤ 1 ·

√
d(vj)√
g
≤
√
D(vj)√
g

This proves ρ(vi, vj) ≤ min {µ(vi), µ(vj)}.
The other two cases can also be dealt with similarly proving (Γ(G,H), µ∗, ρ∗)
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is an relative character fuzzy graph denoted by Γ̃∗(G,H).

3 Γ̃∗(G,H)-t.p.m Condition

Definition 3.1. An m × n matrix A = (aij) over the real is a
transition probability matrix (t. p. m) if

1. 0 ≤ aij ≤ 1 for all i, j

2.
∑

j aij = 1 for all i

Theorem 3.1. If G is abelian and H, any subgroup of index 2 then
Γ̃∗(G,H) satisfies the t.p.m condition.
proof: We must check the two t.p.m conditions given above for
(ρ(vi, vj)).
The first condition is clear from the definitions.
Now Γ(G,H) has O(H) connected components and each compo-
nent is K2.
Hence d(vi) = D(vi) for all i.
Therefore, ρ(vi, vj) = 1

g
for all i, j.

since G is abelian, g = |IrrG| = |V | and the resulting matrix is
g × g with all entries 1

g
,

In particular each row sum is 1.
Hence Γ̃∗(G,H) satisfies the t.p.m condition.

Conclusion: The character theory through Relative Charac-
ter graphs to Fuzzy Graphs could open a gateway hither to not
widely opened to a grand connection between character theory,
graph theory (via pertinetstoo), probability and hard-core com-
puter problems. The connection with transition probability matrix
leads to many interesting in queuing theory and computer applica-
tions. Also certain Network Processors problems are being tackled
quite recently using the above probability techniques
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