International Journal of Pure and Applied Mathematics

Volume 120

No. 7 2018, 225-233

ISSN: 1314-3395 (on-line version)
url: http://www.acadpubl.eu/hub/

Special Issue

The Local Metric Dimension of Torus
Network

Jude Annie Cynthia! and Ramya?,*

'"Department of Mathematics, Stella Maris College, Chennai.

2Research scholar, Stella Maris College, Chennai.
*Asst. Professor, Dept. of Mathematics

C.T.T.E College for Women, Chennai.
mramya@Qcttewc.edu.in

Abstract

Let G(V,E) be a graph and let W C V. Then W is
said to be a local metric basis of G, if for any two adjacent
vertices u,v € V'\ W, there exists a vertex w € W such that
d(u,w) # d(v,w). The minimum cardinality of local metric
basis is called the local metric dimension (Imd) of graph G.
In this paper we investigate the local metric dimension of
Torus network.
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1 Introduction

The metric dimension problem is an application to network discovery
and verification in the area of the telecommunication. Due to its fast
dynamics, distributed growth process, it is hard to obtain an accurate
map of the global network. A common way to obtain such map is to
make certain local measurement at a small subsets of the nodes, and then
to combine them in order to discover the actual graph. Each of these
measurements is potentially quite costly. It is thus a natural objective
to minimize the number of measurements, which still edge is cover the
whole graph. That is to determine the metric dimension of the graph.
A more common problem in graph theory concerns distinguishing every
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two neighbors in a graph G by means of some coloring rather than
distinguishing all the vertices of a connected graph G has been studied
with the aid of distances in G. This suggests the topic of using distances
to distinguish the two vertices in each pair of neighbors only and thus
Okamoto et.al [14] introduced the local metric dimension problem.

1.1 Local Metric Dimension

Let G(V, E) be a graph with vertex set V' and edge set E. Let W C V
then W is said to be a metric basis of G, if for every pair of vertices
u,v € V' \ W, there exists a vertex w € W such that d(u,w) # d(v,w),
whereas W is said to be a local metric basis of G, if for any two adjacent
vertices u,v € V' \ W, there exists a vertex w € W such that d(u,w) #
d(v,w). The minimum cardinality of metric basis is called the metric
dimension (8(G)) of graph G and that of local metric basis is called the
local metric dimension (Imd) of graph G.

In view of the above definition, the problem of finding the local met-
ric dimension of a graph is equivalent of finding the cardinality of a mini-
mum set W C Vsay W = {wy, ..., wg} so that (d (u,w1),...,d(u,wg)) #
(d(v,w1),...,d(v,wg)) for each pair of adjacent vertices u,v € V.

1.2 Torus Network

The Torus forms a basic class of interconnection networks. They are fre-
quently used in large scale supercomputers as a cost efficient alternative
to other topologies. Recently it was demonstrated that torus network
for computer cluster can be built from affordable commodity hardware
such as infinite band [13].

Let Cy, be the cycle of length k with the vertex set {0,1,...,k — 1}.
Two vertices u,v € V(Cy) are adjacent in Cy if and only if u = v £+
1(mod k). The Torus [15] T (k1,k2,...,ky) with n > 2 and k; > 2,
for all 7, is defined to be T (ki, ko, ..., kp) = Cg, X Cg, X -+ X C,, with
vertex set {uy, ug, ..., un: u; € {0,1,...,ki—1,1 <i<n}}. Two vertices
UL, U2, . .., Uy and vy, vy, ..., v, are adjacent in T' (K1, ko, .. ., ky) iff there
exist some j € {1,2,...,n} such that u; = v;£1(mod k;) and u; = v; for
i€{1,2,...,n}/{j}. T(ki,ka...,ky) is a connected 2n-regular graph
consisting of ki, ks, ..., k, vertices.

Let T'(k1,k2) be a two dimension torus where k; > 3 and ko2 > 3.
Then T'(ki, k2) = Ck, x Cg, where Cx, x Cf, consisting of ks copies of
Chy-

226



International Journal of Pure and Applied Mathematics Special Issue

2 Literature survey

The metric dimension problem was introduced by Slater[16] where the
metric generators were called locating set and by Harary & Metler [3],
where metric generators received the name of resolving sets. Okamoto
et.al [14] characterize all nontrivial connected graphs of order n having
local metric dimension 1, n—2 or n—1 and establish sharp bounds for the
local metric dimension of a graph. The local metric dimension of G is
the cardinality of its local metric basis. Each resolving set of G is vertex
distinguishing and each local resolving set is neighbour-distinguishing.
Thus every resolving set is also a local resolving set of G, so if G is a
nontrivial connected graph of order n, then 1 < imd(G) < B(G) < n—1.

Jude Annie Cynthia et.al [9] proved the Imd of Cyclic Split Graph
CnKF is kr for n = 4 and (m + 1)kr for n > 5 & n = 4m + i ,where
iel,....,4and m = 1,2,.... In [10], [11] they found local metric di-
mension of Extended Mesh, Enhanced Mesh and Cube Connected Cycle
Derived Networks. In [6] Jude Annie Cynthia et.al, gave local metric
dimension of families of certain graphs and in [7],[8] they found Imd of
circulant graph and Kautz network.

Juan A. Rodriguez-Vel’azquezr et.al [4] shows that the computation
of the local metric dimension of a graph with cut vertices is reduced to
the computation of the local metric dimension of the primary sub graphs;
they applied this computation to specific constructions including bou-
quets of graphs, rooted product graphs, corona product graphs, block
graphs and chain graphs. In [5] they studied the problem of finding
exact values for local metric dimension of corona product graph. In [1]
they studied the problem of finding exact values for the local metric di-
mension of strong product of graphs. In [2] they study the properties of
simultaneous local metric generators and bases, obtain closed formulae
or tight bounds for the simultaneous local metric dimension of several
graph families and analyze the complexity of computing this parameter.

3 Main Result

Lemma 1 ([12]). Let G =T(m,n), m < n,m and n are odd. Then
the distances of the vertices(j, k),1 < j <m,1 < k < n, from the vertex
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(1,1) are given by

k-2 1<j< ||+ 11<h< 3]+
_ n+j—k 1<j<|g|+L|5|+1<k<n
d((1,1), (4, k) = . m \‘ . \‘J n

man—j—k+2 |B[+1<j<m [t +1<k<n

Theorem 2. The local metric dimension of a Torus Graph T'(m, n)
is 2, when m and n odd.

Proof. Let G = T'(m,n). Without loss of generality, let us assume
that m < n, m and n are odd. Let (1,1) be a local metric basis element.
Using the above lemma we can find the distances of the vertices (j, k),
1 <j<m,1<k <n from the vertex (1,1). Using lemma 1 For
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for all k,1 <k <n.
Similarly we can find that d <(1, 1),
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7 {gJ)) forall j, 1 <j <m.
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To resolve this let us take Q%J +1, {gJ + 1) as a basis element, then
distances of the vertices (7,k),1 < j < m,1 < k < n from the vertex
({%J +1, {%J + 1) are given by

Special Issue

n-(+k) 1<i<|B]+11<R< 3] 41

a((|5]+1]5]+1).6.m) = k—j-1  1<j<|2]+1[3]+1<k<n

j+k—n {
It is easy to verify that

(100, (2] 1 [2] +1) i) #
(a0 6. ([ 0. f2] 1) 0r09)

for all adjacent vertices (j, k) & (j',k'),1 <j<m,1<j <m,1<k<
n & 1 < k' < n. Hence the set {(1,1) , Q%J +1, L%J +1, } forms a
local metric basis.
S md (T (my,n)) = 2 when m and n are odd.
O

Similarly we can prove the following theorem.

Theorem 3. The local metric dimension of a Torus Graph T (m, n)
is 2, where either m or n is odd and {(17 1), Q%J +1, {%J + 1)} is a
local metric basis.

Theorem 4. The local metric dimension of a Torus Graph T'(m, n)
is 1, when m and n even.

Proof. Let G = T (m,n). Without loss of generality, we assume
m < n, m and n are even. Then the distances of the vertices (j, k),
1<j<m,1<k<n from the vertex (1,1) are given by

k=2 1<j<|3]+11<kh< 3]+

, ntj—k 1gj<{% +1,H+1gkgn
A((1L1), (G, F)) = | m , ’

m—j+k 2] +1<i<mi<k<|3]+1

man—j-k+2 |2[+1<j<m [t +1<k<n
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Flg 2: T(4 4

Claim: d((1,1),(j,k)) =d ((1,1), (', k")) for all adjacent vertices (7, k)
&(j/’k,)’l§]§m71§j/§m71§k’§n&1§k’§n

Choose the vertices (j, k) & (j',k') arbitrarily as Q%J, {%J + 1) &

(5] L5+

and

a(@n, (|g]+1 ]z +1)) ==
— a(an.([3] 3] +1)) #a(an. (8] +1.[8] +1))

Hence d((1,1),(5,k)) = d((1,1),(j',k")) for all adjacent vertices
(G, k) & (j,K),1<j<m, 1< <m,1<k<n&1<k <n. Hence
the set {(1,1)} forms a local metric basis.

S md (T (my,n)) = 1 when m and n are even.

4 Conclusion

In this paper we have investigated the local metric dimension of Torus
network. We further intent to study the local metric dimension of Bloom
torus.

References

[1] Gabriel A. Barragdn-Ramirez, Juan A. Rodriguez-Veldzquez, The
Local Metric Dimension of Strong Product Graphs, Graphs and
Combinatorics,32(4) (2016), 1263.

230



International Journal of Pure and Applied Mathematics

2]

Gabriel A. Barragan-Ramirez, Alejandro Estrada-Moreno, Yunior
Ramirez-Cruz and Juan A. Rodriguez-Veldzquez, The Simultaneous
Local Metric Dimension of Graph Families, Symmetry, 9(8):132
(2017).

F. Harary, R. A. Melter, On the metric dimension of a graph, Ars.
Combin., 2 (1976), 191-195.

Juan A. Rodriguez-Vel’azquez, Carlos Garc’ia Go'mez and Gabriel
A. Barraga’n-Ram’irez, Computing the local metric dimension of a
graph from the local metric dimension of primary subgraphs, arXiv:
1409.0177 (2014).

Juan A. Rodr’iguez-Vel’azquez, Carlos Garc’ia Go’'mez and Gabriel
A. Barraga’n-Ram’irez, On the local metric dimension of corona
product graphs, arXiv: 1308.6689 (2013).

V. Jude Annie Cynthia, V. F. Fancy, Local metric dimension of
families of certain graphs, Journal of Combinatorics & System Sci-
ences, 42 (2017), 179-186.

V. Jude Annie Cynthia, V. F. Fancy, Local Landmarks in Circulant
Graph, International Journal of Mathematics Trends and Technol-
ogy, 53(3) (2018).

V. Jude Annie Cynthia, V. F. Fancy, On local metric dimension of
Kautz network, International Journal of Pure and Applied Mathe-
matics, 118(23) (2018), 119-126.

V. Jude Annie Cynthia, M. Ramya, The local metric dimension of
Cyclic Spit Graph, Annals of Pure and Applied Mathematics, 8(2)
(2014), 201-205.

V. Jude Annie Cynthia, M. Ramya, Local Metric Dimension of
Mesh Related Architectures, International Journal of Pure and Ap-
plied Mathematics, 109(8) (2016), 185 — 168.

V. Jude Annie Cynthia, M. Ramya, Local Metric Dimension of
Cube Connected Cycle Derived Networks International Journal of
Pure and Applied Mathematics,118(23) (2018), 449-455.

P. Manuel, R. Bharathi, I. Rajasingh, C. Monica M, Landmarks in
torus networks, Journal of Discrete Mathematics Sciences & Cryp-
tography 9(2) (2006), 263-271.

231

Special Issue



International Journal of Pure and Applied Mathematics Special Issue

[13] Konstantin S.Solnushkin, Automated Design of Torus Network,
arXvin: 1301.6180 v1[CS.DC] (2005).

[14] F. Okamoto, L. Crosse, B. Phinezy, P. Zhang, Kalamazoo, The
local metric dimension of graphs, Mathematica Bohemica, 135(3)
(2010), 239-255.

[15] Shiying Wang, Kai Feng, Strong matching Preclusion for torus net-
works, Theoretical Computer Science, 250 (2014), 97 — 110.

[16] P. J. Slater, Leaves of trees, Cong. Number. 14 (1975), 549-559.

232



233



234



