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Abstract

Let G(V,E) be a graph and let W ⊆ V . Then W is
said to be a local metric basis of G, if for any two adjacent
vertices u, v ∈ V \W , there exists a vertex w ∈W such that
d(u,w) 6= d(v, w). The minimum cardinality of local metric
basis is called the local metric dimension (lmd) of graph G.
In this paper we investigate the local metric dimension of
Torus network.

Key Words: Local metric basis, Local metric dimen-
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1 Introduction

The metric dimension problem is an application to network discovery
and verification in the area of the telecommunication. Due to its fast
dynamics, distributed growth process, it is hard to obtain an accurate
map of the global network. A common way to obtain such map is to
make certain local measurement at a small subsets of the nodes, and then
to combine them in order to discover the actual graph. Each of these
measurements is potentially quite costly. It is thus a natural objective
to minimize the number of measurements, which still edge is cover the
whole graph. That is to determine the metric dimension of the graph.
A more common problem in graph theory concerns distinguishing every
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two neighbors in a graph G by means of some coloring rather than
distinguishing all the vertices of a connected graph G has been studied
with the aid of distances in G. This suggests the topic of using distances
to distinguish the two vertices in each pair of neighbors only and thus
Okamoto et.al [14] introduced the local metric dimension problem.

1.1 Local Metric Dimension

Let G(V,E) be a graph with vertex set V and edge set E. Let W ⊆ V
then W is said to be a metric basis of G, if for every pair of vertices
u, v ∈ V \W , there exists a vertex w ∈ W such that d(u,w) 6= d(v, w),
whereas W is said to be a local metric basis of G, if for any two adjacent
vertices u, v ∈ V \W , there exists a vertex w ∈ W such that d(u,w) 6=
d(v, w). The minimum cardinality of metric basis is called the metric
dimension (β(G)) of graph G and that of local metric basis is called the
local metric dimension (lmd) of graph G.

In view of the above definition, the problem of finding the local met-
ric dimension of a graph is equivalent of finding the cardinality of a mini-
mum setW ⊆ V sayW = {w1, . . . , wk} so that (d (u,w1) , . . . , d (u,wk)) 6=
(d (v, w1) , . . . , d (v, wk)) for each pair of adjacent vertices u, v ∈ V.

1.2 Torus Network

The Torus forms a basic class of interconnection networks. They are fre-
quently used in large scale supercomputers as a cost efficient alternative
to other topologies. Recently it was demonstrated that torus network
for computer cluster can be built from affordable commodity hardware
such as infinite band [13].

Let Ck be the cycle of length k with the vertex set {0, 1, . . . , k − 1}.
Two vertices u, v ∈ V (Ck) are adjacent in Ck if and only if u = v ±
1(mod k). The Torus [15] T (k1, k2, . . . , kn) with n ≥ 2 and ki ≥ 2,
for all i, is defined to be T (k1, k2, . . . , kn) = Ck1 ×Ck2 × · · · ×Ckn with
vertex set {u1, u2, . . . , un : ui ∈ {0, 1, . . . , ki−1, 1 ≤ i ≤ n}}. Two vertices
u1, u2, . . . , un and v1, v2, . . . , vn are adjacent in T (k1, k2, . . . , kn) iff there
exist some j ∈ {1, 2, . . . , n} such that uj = vj±1(mod kj) and ui = vi for
i ∈ {1, 2, . . . , n} / {j}. T (k1, k2 . . . , kn) is a connected 2n-regular graph
consisting of k1, k2, . . . , kn vertices.

Let T (k1, k2) be a two dimension torus where k1 ≥ 3 and k2 ≥ 3.
Then T (k1, k2) = Ck1 × Ck2 where Ck1 × Ck2 consisting of k2 copies of
Ck1 .
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2 Literature survey

The metric dimension problem was introduced by Slater[16] where the
metric generators were called locating set and by Harary & Metler [3],
where metric generators received the name of resolving sets. Okamoto
et.al [14] characterize all nontrivial connected graphs of order n having
local metric dimension 1, n−2 or n−1 and establish sharp bounds for the
local metric dimension of a graph. The local metric dimension of G is
the cardinality of its local metric basis. Each resolving set of G is vertex
distinguishing and each local resolving set is neighbour-distinguishing.
Thus every resolving set is also a local resolving set of G, so if G is a
nontrivial connected graph of order n, then 1 ≤ lmd(G) ≤ β(G) ≤ n−1.

Jude Annie Cynthia et.al [9] proved the lmd of Cyclic Split Graph
CnK

k
r is kr for n = 4 and (m + 1)kr for n ≥ 5 & n = 4m + i ,where

i ∈ 1, . . . , 4 and m = 1, 2, . . . . In [10], [11] they found local metric di-
mension of Extended Mesh, Enhanced Mesh and Cube Connected Cycle
Derived Networks. In [6] Jude Annie Cynthia et.al, gave local metric
dimension of families of certain graphs and in [7],[8] they found lmd of
circulant graph and Kautz network.

Juan A. Rodr’ıguez-Vel’azquezr et.al [4] shows that the computation
of the local metric dimension of a graph with cut vertices is reduced to
the computation of the local metric dimension of the primary sub graphs;
they applied this computation to specific constructions including bou-
quets of graphs, rooted product graphs, corona product graphs, block
graphs and chain graphs. In [5] they studied the problem of finding
exact values for local metric dimension of corona product graph. In [1]
they studied the problem of finding exact values for the local metric di-
mension of strong product of graphs. In [2] they study the properties of
simultaneous local metric generators and bases, obtain closed formulae
or tight bounds for the simultaneous local metric dimension of several
graph families and analyze the complexity of computing this parameter.

3 Main Result

Lemma 1 ([12]). Let G = T (m,n),m ≤ n,m and n are odd. Then
the distances of the vertices(j, k), 1 ≤ j ≤ m, 1 ≤ k ≤ n, from the vertex
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(1, 1) are given by

d ((1, 1) , (j, k)) =





j + k − 2 1 ≤ j ≤
⌊
m
2

⌋
+ 1, 1 ≤ k ≤

⌊
n
2

⌋
+ 1

n+ j − k 1 ≤ j ≤
⌊
m
2

⌋
+ 1,

⌊
n
2

⌋
+ 1 < k ≤ n

m− j + k
⌊
m
2

⌋
+ 1 < j ≤ m, 1 ≤ k ≤

⌊
n
2

⌋
+ 1

m+ n− j − k + 2
⌊
m
2

⌋
+ 1 < j ≤ m,

⌊
n
2

⌋
+ 1 < k ≤ n

Theorem 2. The local metric dimension of a Torus Graph T (m,n)
is 2, when m and n odd.

Proof. Let G = T (m,n). Without loss of generality, let us assume
that m ≤ n, m and n are odd. Let (1, 1) be a local metric basis element.
Using the above lemma we can find the distances of the vertices (j, k),
1 ≤ j ≤ m, 1 ≤ k ≤ n from the vertex (1, 1). Using lemma 1 For

1 ≤ k ≤
⌊
n
2

⌋
+ 1

d
(

(1, 1) ,
(⌊

m
2

⌋
+ 1, k

))
= m

2 + k − 3
2

and d
(

(1, 1) ,
(⌊

m
2

⌋
+ 2, k

))
= m

2 + k − 3
2

For
⌊
n
2

⌋
+ 1 < k ≤ n

d
(

(1, 1) ,
(⌊

m
2

⌋
+ 1, k

))
= m

2 + n− k + 1
2

and d
(

(1, 1) ,
(⌊

m
2

⌋
+ 2, k

))
= m

2 + n− k + 1
2

∴ d
(

(1, 1) ,
(⌊

m
2

⌋
+ 1, k

))
= d

(
(1, 1) ,

(⌊
m
2

⌋
+ 2, k

))

for all k, 1 ≤ k ≤ n.

Similarly we can find that d
(

(1, 1) ,
(
j,
⌊n

2

⌋))
for all j, 1 ≤ j ≤ m.

Fig 1: T (5, 5)
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To resolve this let us take
(⌊m

2

⌋
+ 1,

⌊n
2

⌋
+ 1
)

as a basis element, then

distances of the vertices (j, k) , 1 ≤ j ≤ m, 1 ≤ k ≤ n from the vertex(⌊m
2

⌋
+ 1,

⌊n
2

⌋
+ 1
)

are given by

d
((⌊m

2

⌋
+ 1,

⌊n
2

⌋
+ 1
)
, (j, k)

)
=


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

n− (j + k) 1 ≤ j ≤
⌊
m
2

⌋
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⌊
n
2

⌋
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⌋
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It is easy to verify that
(
d ((1, 1) , (j, k)) , d

((⌊m
2

⌋
+ 1,

⌊n
2

⌋
+ 1
)
, (j, k)

))
6=

(
d ((1, 1) , (j′, k′)) , d

((⌊m
2

⌋
+ 1,

⌊n
2

⌋
+ 1
)
, (j′, k′)

))

for all adjacent vertices (j, k) & (j′, k′) , 1 ≤ j ≤ m, 1 ≤ j′ ≤ m, 1 ≤ k ≤
n & 1 ≤ k′ ≤ n. Hence the set

{
(1, 1) ,

(⌊
m
2

⌋
+ 1,

⌊
n
2

⌋
+ 1,

)}
forms a

local metric basis.

∴ lmd (T (m,n)) = 2 when m and n are odd.

Similarly we can prove the following theorem.

Theorem 3. The local metric dimension of a Torus Graph T (m,n)

is 2, where either m or n is odd and
{

(1, 1) ,
(⌊

m
2

⌋
+ 1,

⌊
n
2

⌋
+ 1
)}

is a

local metric basis.

Theorem 4. The local metric dimension of a Torus Graph T (m,n)
is 1, when m and n even.

Proof. Let G = T (m,n). Without loss of generality, we assume
m ≤ n, m and n are even. Then the distances of the vertices (j, k),
1 ≤ j ≤ m, 1 ≤ k ≤ n from the vertex (1, 1) are given by

d ((1, 1) , (j, k)) =





j + k − 2 1 ≤ j <
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⌋
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⌊
n
2

⌋
+ 1
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m
2

⌋
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2

⌋
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m
2

⌋
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⌊
n
2

⌋
+ 1
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⌊
m
2

⌋
+ 1 ≤ j ≤ m,

⌊
n
2

⌋
+ 1 ≤ k ≤ n
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Fig 2: T (4, 4)

Claim: d ((1, 1) , (j, k)) = d ((1, 1) , (j′, k′)) for all adjacent vertices (j, k)
& (j′, k′) , 1 ≤ j ≤ m, 1 ≤ j′ ≤ m, 1 ≤ k ≤ n & 1 ≤ k′ ≤ n

Choose the vertices (j, k) & (j′, k′) arbitrarily as
(⌊

m
2

⌋
,
⌊
n
2

⌋
+ 1
)

&
(⌊

m
2

⌋
+ 1,

⌊
n
2

⌋
+ 1
)

.

d
(
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(⌊
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⌋
,
⌊
n
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⌋
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= m+n
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d
(
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(⌊

m
2

⌋
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⌊
n
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⌋
+ 1
))

= m+n
2

=⇒ d
(

(1, 1) ,
(⌊

m
2

⌋
,
⌊
n
2

⌋
+ 1
))
6= d

(
(1, 1) ,

(⌊
m
2

⌋
+ 1,

⌊
n
2

⌋
+ 1
))

Hence d ((1, 1) , (j, k)) = d ((1, 1) , (j′, k′)) for all adjacent vertices
(j, k) & (j′, k′), 1 ≤ j ≤ m, 1 ≤ j′ ≤ m, 1 ≤ k ≤ n & 1 ≤ k′ ≤ n. Hence
the set {(1, 1)} forms a local metric basis.

∴ lmd (T (m,n)) = 1 when m and n are even.

4 Conclusion

In this paper we have investigated the local metric dimension of Torus
network. We further intent to study the local metric dimension of Bloom
torus.
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