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A dominating set of a graph G of cardinality & containing a minimum
dominating set of G is called a k v - endowed dominating set of G. Let
k be a positive integer. A simple graph G is called a k - +, enresdowed
graph if every restrained dominating set of G of cardinality & contains
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Abstract

Let G = (V, E) be a simple graph. A subset D of V(G)
is called a dominating set of G if for every v € V - D, there
exists u € D such that u and v are adjacent.The minimum
cardinality of the dominating set is called the domination
number and it is denoted by v(G). The restrained
domination set of a graph is a dominating set in which
every vertex in V—D is adjacent. In this paper, k - =,
enresdowed graph is introduced in which every restrained
dominating set of cardinality k¥ contains a minimum
restrained dominating set.

Key Words and Phrases: Restrained Domination,
enresdowed graphs.

Introduction

a minimum restrained dominating set v, of G.
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2 k- 7, enresdowedness of graphs

Definition 2.1 Let G be a graph and v € G. By attaching K3 to G
at a vertex v, we mean identifying the vertex v and any one vertex of
Ks.

Theorem 2.2 There exist a non — Hamiltonian graph G with n
vertices, n is even is k — 2 enresdowed but not (k+1) — 2 enresdowed
for k € 2Z,,.

Proof. Consider the path Py, with the vertex set {vq,ve}. Without loss
of generality attach 1/2 Kis, for even [ > 2 to the vertex v; and for
2m - | > 2, attach (m - 1/2 ) Kis at vo of Py. Then G is a graph
with 2m+2 vertices. Name the vertices which are adjacent to vi as
up, Ug, Uz, U4, .. .., U, . ..., 4_1, U, in which each pair uy, uxy1,
1 <k <1—1 are adjacent where uy, ux4+1, v1 form a Ks, and the vertices
which are adjacent to vy as w41, W42, W43, .., W4k, - - -, U2m, in which
each pair uyyx, Wikr1, | <k <2m —1 are adjacent and ujqk, Wik+1, V2
form a Ks. Thus the vertex set of G is {uj,ug, us, ug,. ..., uk_1, ux} U
{Ukt1, -+ -5 W1, U7, Upg1, W2, W3, -« - Wigks - - - 5 U2m, V1, V2 } . The unique
~r set D of G is {v1,va} .Hence G is 2 — 2 enresdowed.

Consider, a set Dy in such a manner that Dy = {v1, va, us},
1<'s < 2m, then V— Dy set is {uj,ug,..., Us—1, Ust1,.--U—1,-..,U2m }.
Thus us—1 is not adjacent with any vertex of V— Dj.Therefore Dy is not
a restrained dominating set of G. By similar argument it is noted that
there exist no restrained dominating set of cardinality 3 which contains
D. Therefore G is not 3 — 2 enresdowed.

In general, consider Dy = {v1, V2, Ua, a1, .-+ UB, Ug+1}
1 < a,f < 2m of cardinality k, k € 2Z,,. Clearly D5 is a restrained
dominating set containing D. Therefore G is, k¥ — 2 enresdowed. Hence
G is k — 2(i+1), enresdowed for k € 2Z,,. Consider

D3 = {v13V27ua7u(¥+17 s '7uﬁvu,8+17u’y} ) 1 S «, 577 S 2m of
cardinality k+1, k € 2Z, is not a restrained dominating set. Similarly
D4 = {V17V27ua7ua+17 e '7uﬁ7uﬁ+1vu"/+1} ’ 1 < 045»’}’ < 2m of

cardinality £+ 1,k € 27Z,, is not a restrained dominating set. By similar
argument it is noted that there exist no restrained dominating set of
cardinality k+1 which contains D. Hence G is not (k+1) — 2(i+1),
enresdowed for k € 2Z,. Therefore G is not (k+1) — 2 enresdowed. O

Theorem 2.3 There exist a non—Hamiltonian graph G with even
number of vertices which is k& —[ enresdowed but not (k+1) —I
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enresdowed for [ = 2(i41) and k € 2Z, - 2Z; where i > 0 and
n > 1.

Proof. Consider a path Po,. If suppose n = 2,then there exist a
path P, with the vertex set {vy, vq, v3, v4}.Without loss of
generality attach [/2 Kjs, for even | > 2 to the vertex v; and for
2m - [ > 2 attach (m - [/2 ) Kis at v4 of P4. Then G is a graph
with 2m + 4 vertices. Name the vertices which are adjacent to v,
as uj, Ug, Us, Uy, ., U, ., W1, Uz, in which each pair uy, uyy1,
1<k <Il—1 are adjacent where uy, uy,1, vy form a K3 and the
vertices which are adjacent to vo as w1, Woo, Was, .- ., Wak,
Uj4kil - - -, Uom, in which each pair ujyy, Wik, <k <2m —1
are adjacent and w;.y, Wxa1,v4 form a Ks. Thus the vertex set
of G is {ul, Ug, U3, Uq, ..., Uk—1, Uk, Uk4+1y ...y Uj—1, U7, Uj41, ul+2}
U{Was, -+ Wk, Wkt - - -, Uam, V1, V2, V3, V4 }. In G there exist no
hamiltonian cycle. Hence G is non— Hamiltonian.The unique ~, set
D of G is {v1,v4}. Hence G is 2 — 2 enresdowed.

Consider a set D; in such a manner that Dy = {vy, vy, uc} then
1 <k <2m. Then V — Dy set is {uy, up, uz, uy, ..., w1} U
{Uks1,s .-+ oy Uom, Vo, vz} . Thus w,_;is not adjacent with any vertex
of V=Dj. Therefore D is not a restrained dominating set of G. By
similar arguments it is noted that there exist no restrained
dominating set of cardinality 3 which contains D. Therefore G is
not 3 — 2 enresdowed.

In general, consider Do = DU {us, Uay1 ..., s, Ugt1},
1 <, < 2m of cardinality k, k € 27, - 2Z; where 1 > 0 and
n > 1.Clearly D5 is a restrained dominating set containing D.
Therefore G is k — 2 enresdowed. Hence G is k — 2(i+1),enresdowed
for k € 27, - 27Z; wherei > 0and n> 1.That is Gis k — [
enresdowed for k € 27, - 27Z; wherei > Oand n > land [ = 2(i+1).
Consider D3 = Dy U{u,},1 <, 8,7 < 2m of cardinality k+1,
k€ 27, - 27; wherei > 0 and n > 1 is not a restrained dominating
set. Similarly,Dy = Do U {u,41}1 < o, 8,7 < 2m of cardinality
k41, k € 27, - 2Z; where i> 0and n > 1 is not a restrained
dominating set. By similar arguments it is noted that there exist
no restrained dominating set of cardinality (k+1) which contains
D. Hence G is not (k+1) —2(i+1) enresdowed for k € 2Z, - 27,
where i > 0and n > 1. That is G is not (k+1) — [ enresdowed,
k € 27, - 2Z; wherei > 0and n > 1.
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If supposen > 2 then consider three types of paths say, Pg;, Pgiyo,
Pgira, 1 > 1. Consider the path Pg;, i > 1 with the vertex set
{Vl7 Vo, V3, ... ,V6173} U {Vﬁi,Q, Vei—1, Vﬁi} .Without loss of generality,
attach [/2 Kjs, for even, [> 2 to the vertex v, and for
2m - | > 2 attach (m - [/2 ) Kis at v of Pg.Then G is a graph
with 2m+-6 vertices.Name the vertices which are adjacent to vy as

Up, Ug, Ug, Uy, - -« o, Uk, - - - ., W1, U in which each pair uy, ugy1,

1 < k <1 —1is adjacent where uy,ux,1,vy form a Kz and
the vertices which are adjacent to v as {w1, wig,..., Wk}t U
{Wx+1s - - -, Vo pin which each pair i, Wikrr, ! < k< 2m—1[ are
adjacent and uyx, Wykyi1, Ve form a Ks. Thus the vertex set of G is
{uy, g, Uz, .« U1, Wy Wi gy« v oy Wymq, Uy Uy gy« oy Wy - -+ 5 U |

U {V17 Vo,V3,....Vgi—3, V6i—2, Vgi—1, V6i} .Then there exist three
different v, set for G say Ds, Dg, D; where

Ds = {V1, V4, V7, .-+ V6i-2, V6i—1, V6i} D = {V1,V2, V5, e Vi1, VGi}

and D7 = {Vl,Vg,Vg,VG,Vg e .,Vﬁi} . Hence G is 2(1+1) - 2(1+1>
enresdowed for 1 > 1.

Consider a 7, set Dg in such a manner that Dg = {vy,vy,..., Ve 2}
U{vei_1, Vi, 0t} , 1 <t < 2m. Then V— Dg set is {uy, up, uz, ..., 01}
U{Ws1,- .- Uom, Vo, Vs, Vs . . . Vai_z } - Thus ug_q is not adjacent with

any vertex of V— Dg. Therefore Dg is not a restrained dominating
set of G. By similar arguments it is noted that there exist no
restrained dominating set of cardinality (2i+3) which contains D.
Therefore G is not (2i+3) —2(i+1), i > 1 enresdowed.

In general, consider Dg = D5 U {uq, Uas1, ..., Ug, Ugi1},
1 < a,8 < 2m. Dy is a restrained dominating set of cardinality
2(i4+1) + 2sp, /2 < sy < m containing Dj.Therefore G is
2(i+1+4s0) — 2(1+ 1) enresdowed for i > 1. Hence G is
2(i+1+4s0) —2(i+ 1) enresdowed. That is G is k — [ enresdowed for
| = 2(i+1) where k € 2Z, — 2Z; where i > 0 and n> 1.Consider
Dyp =Dy U{u,},1 <a,B,7 < 2m is not a restrained dominating
set. By similar arguments any super set of Dg with cardinality
2(i4+1)+2sp + 1,1/2 < sy < m is not a restrained dominating
set.Similarly consider Dy; = DgU{uy41},1 < a, 8,7 < 2m is not a
restrained dominating set. Hence G is not 2(i+1) + 2sp+1—2(i+1),
enresdowed for k € 27, — 27Z; wherei > 0and n > 1.That is G is
not (k+1)—1 enresdowed where k € 27, —2Z; where i> 0,n > 1 and
=2(i+1),i > 1.
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Consider a 7, set D5 in such a manner that Dy = {vy,vo} U
{V57 .+, V6i—1Vei, up} s 1 S p S 2m.Then V — D12 set is
{ul, Ug, Uz, Uy, U5 ...,, up,l} @) {up+1, ...,U2m,V3,V4,Vg ..., 7V6i72} .
Thus up_1is not adjacent with any vertex of V—Dis.Therefore Dy
is not a restrained dominating set of G. By similar arguments it is
noted that there exist no restrained dominating set of cardinality
(2i+3) which contains D. Therefore G is not (2i4+3)—2(i+1),1 > 1
enresdowed.

In general, consider D13 = Dg U {un, Uat1, .- -, Ug, Ugs1},
1 < a,8 < 2m. Dy3 is a restrained dominating set of cardinality
2(i+1)4+2s¢ ,1/2 < sp < m containing Dg. Therefore G is
2(i4+1+sp) — 2(1 + 1) enresdowed for i> 1. Hence G is
2(i+1+4s0) — 2(i + 1) enresdowed.That is G is k — [ enresdowed
for (=2(i+1) where, k € 27, — 27Z; where i> 0and n> 1.Consider
Dy =Dz U{uy},1 <a,f,7 <2m is not a restrained
dominating set. By similar arguments any super set of D3 with
cardinality 2(i+1) + 2so + 1,1/2 < sp < m is not a restrained
dominating set.Consider Dy5 = D13 U {u,41},1 < o, 8,7 < 2m is
not a restrained dominating set. Hence G is not
2(i4+1) + 2sp+ 1 —2(i+ 1) , enresdowed for k € 27,-27;
where i > 0 and n > 1.That is G is not (k+1) — [ enresdowed
k € 27, - 2Z; wherei > 0 and n > 1.

Consider a 7, set D1g in such a manner that Dig = {vy, vo, v3}
U{ve,Vg..., Ve, },1 < r<2m.Then V- Dyg set is
{ul, Ug, Uz, Uy, ... ,ur,l} U {ur+1, ..., U2m, Vg, V5, V7 .. .VGifl} .Thus
u,_1is not adjacent with any vertex of V- Dig. Therefore D¢ is not
a restrained dominating set of G. By similar arguments it is noted
that there exist no restrained dominating set of cardinality (2i+3)
which contains D. Therefore G is not (2i+3) — 2(i+1),1i>1
enresdowed.

In general,consider Dy7 = D7 U {uq, at1, .-, Ug, Ugs1},
1 < a,8 < 2m. Dy7is a restrained dominating set of cardinality
2(i4+1) + 2sp, 1/2 < sy < m containing D7. Therefore G is
2(i+1+4s0) — 2(i+ 1) enresdowed for i > 1. Hence G is
2(i+1+4s0) — 2(1+ 1) enresdowed.That is G is k - lenresdowed for
[ = 2(i+1) where k € 2Z, — 2Z;where i > 0 and n > 1.Consider
Dys =Di7U {u,}, 1 <@, 8,7 < 2m is not a restrained dominating
set.By similar arguments any super set of Dy; with cardinality
2(i4+1) + 2sp + 1, [/2< sy < m is not a restrained dominating set.
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Consider Dyg = D17 U {uy41},1 < o, 5,7 < 2m is not a restrained
dominating set.Hence G is not 2(i4+1)+2sy+1—2(i+1) enresdowed
for k € 27, — 2Z; where i > 0 and n > 1.That is G is not(k+1)—1{
enresdowed k € 27,-27; wherei > 0 and n > 1.

Consider the path Pgiio,1 > 1.Let the vertex set of Pgio be
Peivo = {Vv1, V2, Vs, ..., Vei—3, V6i—2, Vei—1, Vi, V6it1, Veira ) - Without
loss of generality attach [/2 Kjs, for, evenl > 2 to the vertex vy
and for 2m - [ > 2 attach (m - [/2 ) Kjs at vgio of Pgiro.Then G
is a graph with 2m+8 vertices. Name the vertices which are
adjacent to vy as, uy, us,us, Uy, . ..., Uk, ..., W_1,1;, in which each
pair uy, uxy1, 1 < k < [—1 are adjacent where uy, uxy1, v form a Ks
and the vertices which are adjacent to vgiro as w1, Wao, - - ., Wk,
U4kl - - -5 Uom, in which each pair uj ik, Waka1,1 < k < 2m — [ are
adjacent and W1k, Wike1, Veire form a Ks. Thus the vertex set of G
is {uy, ug, g, gy e vy Wi g, Wiy Wiy 1y - v v oy Wy, Ugy g, Upga p U
{Ul+3> <oy Wgky -+ -5 U2m, V1, V2, V3, oo, V6i—2, Vei—1, V6iy V6it+1, V6i+2} .
Then there exist two different v, set for G say Dgg, Doy, where,

Dyy = {Vl, V4,V7, V10, - - - V6itl, V6i+2}and Dy = {V1, V2, V5, .- 7V6i+2} .
Hence G is 2(i+1)— 2(i+1) enresdowed for i > 1.

Consider a 7, set Do in such a manner that Doy = {vq, vy, v}
U {V107 <oy V6it1, Veit2, us} y 1 <s< 2m. Then V - D22 set iS,
{uy,u9, u3, ug, ..., Us_1,Ust1,- .., Uom, V2, V3, V5 . .. Vgi } . Thus ug_;is
not adjacent with any vertex of V - Dgs. Therefore Dys is not a
restrained dominating set of G. By similar arguments it is noted
that there exist no restrained dominating set of cardinality (2i+3)
which contains D. Therefore G is not (2i+3)— 2(i+1), i> 1
enresdowed.

In general ,consider Dog = Dog U {ua, Ua1,- -+, Ug, Ugt1},
1 < a,8 < 2m. Doj is a restrained dominating set of cardinality
2(i4+1) 4 2sp,1/2 < sp < m containing Doy . Therefore G is
2(i4+1+4sp) —2(1 + 1) enresdowed for i > 1. Hence G is
2(i4+1+sp) —2(1+ 1) enresdowed. That is G is k— [ enresdowed for
[=2(i41) where k € 27, - 2Z; where i> 0 and n> 1.Consider
Doy = Doz U {u,},1 < a, 5,7 < 2m is not a restrained dominating
set. By similar arguments any super set of Dy3 with cardinality,
2(i+1) + 2s9 + 1,1/2 < sp < m is not a restrained dominating
set.Consider Dys = Do U {uy41},1 < @, 3,7 < 2m is not a
restrained dominating set. Hence G is not 2(i4+1)+2sp+1—2(i+1),
enresdowed for k € 27, - 2Zywhere 1 > 0 and n > 1 .That is G is
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not (k+1) — [ enresdowed , k € 2Z, - 2Z; where i >0 and n > 1.

Consider a 7, set Dag in such a manner that Dog = {vy, v, v5}U
{Vg7 -+« 5 Vgit2, uw} s 1 <w< 2m. Then V— D26 set is
{ul, Ug, U3, Uq, ..., Uyw—1, Uw+1y---5U2m, V3, V4, Vg, . .. ;V6i+1} .
Thus uy_inot adjacent with any vertex of V - Dyg.Therefore Dog
is not a restrained dominating set of G. By similar arguments it is
noted that there exist no restrained dominating set of cardinality
(2i+3) which contains D. Therefore G is not (2i+3) — 2(i+1)1 > 1
enresdowed.

In general, consider Doy = Doy U {ua, Uat1, ..., Ug, Ugt1},
1 < a,8 < 2m.Dyy is a restrained dominating set of cardinality
2(i41)+2s¢, 1/2< sy < m containing Dy;. Therefore G is
2(i4+1+sp) — 2(1 + 1) enresdowed for i > 1. Hence G is
2(i4+1+sp) — 2(i+ 1) enresdowed.That is G is & — [ enresdowed for
[=2(i4+1) where k € 27Z, - 2Z; wherei> 0and n> 1. Consider
Dog = Doz U{u,},1 <@, 3,7 <2m is not a restrained dominating
set.By similar arguments any super set of Dy; with cardinality
2(i4+1) 4 2sg + 1,1/2 < sp < m is not a restrained dominating set
Consider Dyg = Doz U {u,41},1 < @, 8,7 < 2m is not a restrained
dominating set.Hence G is not 2(i+1)+2sp+1—2(i+1), enresdowed
for k € 27, — 2Z;ywhere i > Oand n > 1.That is G is not(k—+1)—I
enresdowed k € 27, — 27; wherei > 0 and n > 1.

Consider the path Pgiy4,1 > 1. Let the vertex set be
Peitq = {V17 V2,V3, ..., V6i-3, V6i—2, V6i—1, V6is V6i+1s V6i+2) V6i+3) V61+4}
Without loss of generality attach /2 Kis, for even [ > 2 to the
vertex vi; and for 2m - [ > 2 attach (m - [/2) Kis at vg4 of
Pgira.Then G is a graph with 2m+10 vertices. Name the vertices
which are adjacent to vias uy, ug, us, Uy, . ..., Uy, .. . ., W_1, Uz, in which
each pair uy, g1, 1 < k < [—1is adjacent and uy, uy41, vy form a Kj
and the vertices which are adjacent to vgiy4 as Wy, Wao, Was, - - -, Uk,
U4kl - - -, Ugin which each pair uj ik, wika1,1 < k < 2m — [ are
adjacent u;yk, Wika1, Veira form a Kg. Thus the vertex set of G is
{uy, ug, Uz, Uy oy U1, Wiy Wi gy« vy Wy, Uy Wpq, Upgg, Wygg, v oy Wy fU
{uz+k+1 <oy U2m, V1, V2, ... . V6i—3, V6i—2, V6i—1, V6ir V6i+1s V6i+2s V6it3, V61+4} .
Then there exist a v, set for G say D3q, where D3g = {v1,v4, v7,. .., Veira} -
Hence G is 2(i+1)— 2(i+1) enresdowed for i > 1.

Consider a 7, set D3; in such a manner that D3y = {vy, vy, v}
U {V107 AN ,V6i+4,uy} s 1 S y S 2m. Then V - D31 set is
{ul, Uz, us, U4, ..., Uy—1, Uy41,--.,U2m, V2,V3, V5, ... ,V61+3} .
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Thus uy_,is not adjacent with any vertex of V- Dg;.Therefore Ds;is
not a restrained dominating set of G. By similar arguments it is
noted that there exist no restrained dominating set of cardinality
(2i4+3) which contains D.Therefore G is not (2i43) — 2(i+1),1>1
enresdowed.

In general, consider D3y = D3p U {ua, Uat1, .-, Ug, Ugsr},
1 < a,8 <2m. D3, is a restrained dominating set of cardinality
2(i4+1)+2s¢,1/2 < sy < m containing D3y.Therefore G is
2(i41+sg) - 2(i+ 1) enresdowed for i > 1. Hence G is
2(i+1+4s0) - 2(1+ 1) enresdowed.That is G is k —[ enresdowed for
[=2(i4+1) where k € 2Z, - 2Z; where i > 0 and n > 1. Consider
D33 = D3y U{u,},1 < a, 3,7 < 2m is not a restrained dominating
set. By similar arguments any super set of D3y with cardinality
2(1+1)+2sp + 1,1/2 < 89 < m is not a restrained dominating set
Consider D3y = D3o U{uy11},1 < a,B,7 <2m is not a restrained
dominating set.Hence G is not 2(i+1) + 2sp+1—2(i+1), enresdowed
for k € 27, - 2Z;where 1 > 0 and n > 1.That is G is not (k+1) —I
enresdowed k € 27, - 2Z; wherei > 0and n > 1.Hence proved. [J

References

[1] Anunchuen.N and Caccetta.L ,On Minimally k - Extendable
Graphs ,School of Mathematics and Statistics ,Curtin
University of Technology, GPO Box U1987, Perth 6001.

[2] Bondy .J.A and Murty U.S.R, Graph Theory with
Applications, The MacMillan Press, London,(1976).

[3] Domke.G.S,Hattingh.J.H,Hedetniemi.S. T, Laskar.R.C.,
Markus .L.R,Restrained domination in graphs,Discrete
Math.203(1999),61 - 69.

[4] Haynes.T.W,Hedetniemi.S.T .Slater.P.J.,Domination
in Graphs,The Theory,Marcel Dckker,New York,1998.

222



223



224



