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Abstract

Let G = (V, E) be a simple graph. A subset D of V(G)
is called a dominating set of G if for every v ∈ V - D, there
exists u ∈ D such that u and v are adjacent.The minimum
cardinality of the dominating set is called the domination
number and it is denoted by γ(G). The restrained
domination set of a graph is a dominating set in which
every vertex in V−D is adjacent. In this paper, k - γr

enresdowed graph is introduced in which every restrained
dominating set of cardinality k contains a minimum
restrained dominating set.
Key Words and Phrases: Restrained Domination,
enresdowed graphs.

1 Introduction

A dominating set of a graph G of cardinality k containing a minimum
dominating set of G is called a k γ - endowed dominating set of G. Let
k be a positive integer. A simple graph G is called a k - γr enresdowed
graph if every restrained dominating set of G of cardinality k contains
a minimum restrained dominating set γr of G.
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2 k - γr enresdowedness of graphs

Definition 2.1 Let G be a graph and v ∈ G. By attaching K3 to G
at a vertex v, we mean identifying the vertex v and any one vertex of
K3.

Theorem 2.2 There exist a non − Hamiltonian graph G with n
vertices, n is even is k − 2 enresdowed but not (k+1) − 2 enresdowed
for k ∈ 2Zn.

Proof. Consider the path P2, with the vertex set {v1, v2} . Without loss
of generality attach l/2 K′

3s, for even l ≥ 2 to the vertex v1 and for
2m - l ≥ 2, attach (m - l/2 ) K′

3s at v2 of P2. Then G is a graph
with 2m+2 vertices. Name the vertices which are adjacent to v1 as
u1, u2, u3, u4, . . . ., uk, . . . ., ul−1,ul, in which each pair uk, uk+1,
1 ≤ k ≤ l−1 are adjacent where uk, uk+1, v1 form a K3, and the vertices
which are adjacent to v2 as ul+1, ul+2, ul+3, . . . , ul+k, . . . , u2m, in which
each pair ul+k, ul+k+1, l ≤ k ≤ 2m − l are adjacent and ul+k, ul+k+1, v2

form a K3. Thus the vertex set of G is {u1, u2, u3, u4, . . . .., uk−1, uk} ∪
{uk+1, . . . , ul−1, ul, ul+1, ul+2, ul+3, . . . , ul+k, . . . , u2m, v1, v2} .The unique
γr set D of G is {v1, v2} .Hence G is 2 − 2 enresdowed.

Consider, a set D1 in such a manner that D1 = {v1, v2, us},
1≤ s ≤ 2m, then V− D1 set is {u1, u2, . . . , us−1, us+1, . . . ul−1, . . . , u2m} .
Thus us−1 is not adjacent with any vertex of V− D1.Therefore D1 is not
a restrained dominating set of G. By similar argument it is noted that
there exist no restrained dominating set of cardinality 3 which contains
D. Therefore G is not 3 − 2 enresdowed.

In general, consider D2 = {v1, v2, uα, uα+1, . . . ., uβ, uβ+1} ,
1 ≤ α, β ≤ 2m of cardinality k, k ∈ 2Zn. ClearlyD2 is a restrained
dominating set containing D. Therefore G is, k − 2 enresdowed. Hence
G is k − 2(i+1), enresdowed for k ∈ 2Zn. Consider
D3 = {v1, v2, uα, uα+1, . . . ., uβ, uβ+1, uγ} , 1 ≤ α, β, γ ≤ 2m of
cardinality k+1, k ∈ 2Zn is not a restrained dominating set. Similarly
D4 = {v1, v2, uα, uα+1, . . . ., uβ, uβ+1, uγ+1} , 1 ≤ α, β, γ ≤ 2m of
cardinality k + 1, k ∈ 2Zn is not a restrained dominating set. By similar
argument it is noted that there exist no restrained dominating set of
cardinality k+1 which contains D. Hence G is not (k+1) − 2(i+1),
enresdowed for k ∈ 2Zn. Therefore G is not (k+1) − 2 enresdowed.

Theorem 2.3 There exist a non−Hamiltonian graph G with even
number of vertices which is k −l enresdowed but not (k+1) −l
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enresdowed for l = 2(i+1) and k ∈ 2Zn - 2Zi where i ≥ 0 and
n ≥ 1.

Proof. Consider a path P2n. If suppose n = 2,then there exist a
path P4 with the vertex set {v1, v2, v3, v4}.Without loss of
generality attach l/2 K′

3s, for even l ≥ 2 to the vertex v1 and for
2m - l ≥ 2 attach (m - l/2 ) K′

3s at v4 of P4. Then G is a graph
with 2m + 4 vertices. Name the vertices which are adjacent to v1

as u1, u2, u3, u4, ., uk, ., ul−1, ul, in which each pair uk, uk+1,
1 ≤ k ≤ l − 1 are adjacent where uk, uk+1, v1 form a K3 and the
vertices which are adjacent to v2 as ul+1, ul+2, ul+3, . . . , ul+k,
ul+k+1 . . . , u2m, in which each pair ul+k, ul+k+1, l ≤ k ≤ 2m − l
are adjacent and ul+k, ul+k+1, v4 form a K3. Thus the vertex set
of G is {u1, u2, u3, u4, . . . , uk−1, uk, uk+1, . . . ., ul−1, ul, ul+1, ul+2}
∪ {ul+3, . . . , ul+k, ul+k+1, . . . , u2m, v1, v2, v3, v4}. In G there exist no
hamiltonian cycle. Hence G is non− Hamiltonian.The unique γr set
D of G is {v1, v4} . Hence G is 2 − 2 enresdowed.

Consider a set D1 in such a manner that D1 = {v1, v4, uk} then
1 ≤ k ≤ 2m. Then V − D1 set is {u1, u2, u3, u4, . . . , uk−1} ∪
{uk+1, . . . ., u2m, v2, v3} .Thus uk−1is not adjacent with any vertex
of V−D1. Therefore D1 is not a restrained dominating set of G. By
similar arguments it is noted that there exist no restrained
dominating set of cardinality 3 which contains D. Therefore G is
not 3 − 2 enresdowed.

In general, consider D2 = D ∪ {uα, uα+1 . . . , uβ, uβ+1} ,
1 ≤ α, β ≤ 2m of cardinality k, k ∈ 2Zn - 2Zi where i ≥ 0 and
n ≥ 1.Clearly D2 is a restrained dominating set containing D.
Therefore G is k − 2 enresdowed. Hence G is k − 2(i+1),enresdowed
for k ∈ 2Zn - 2Zi where i ≥ 0 and n≥ 1.That is G is k − l
enresdowed for k ∈ 2Zn - 2Zi where i ≥ 0 and n ≥ 1 and l = 2(i+1).
Consider D3 = D2 ∪ {uγ} , 1 ≤ α, β, γ ≤ 2m of cardinality k+1,
k ∈ 2Zn - 2Zi where i ≥ 0 and n ≥ 1 is not a restrained dominating
set. Similarly,D4 = D2 ∪ {uγ+1} 1 ≤ α, β, γ ≤ 2m of cardinality
k+1, k ∈ 2Zn - 2Zi where i≥ 0 and n ≥ 1 is not a restrained
dominating set. By similar arguments it is noted that there exist
no restrained dominating set of cardinality (k+1) which contains
D. Hence G is not (k+1) −2(i+1) enresdowed for k ∈ 2Zn - 2Zi

where i ≥ 0 and n ≥ 1. That is G is not (k+1) − l enresdowed,
k ∈ 2Zn - 2Zi where i ≥ 0 and n ≥ 1.

International Journal of Pure and Applied Mathematics Special Issue

217



If suppose n > 2,then consider three types of paths say, P6i, P6i+2,
P6i+4, i ≥ 1. Consider the path P6i, i ≥ 1 with the vertex set
{v1, v2, v3, . . . , v6i−3}∪{v6i−2, v6i−1, v6i} .Without loss of generality,
attach l/2 K′

3s, for even, l≥ 2 to the vertex v1 and for
2m - l ≥ 2 attach (m - l/2 ) K′

3s at v6i of P6i.Then G is a graph
with 2m+6 vertices.Name the vertices which are adjacent to v1 as
u1, u2, u3, u4, . . . ., uk, . . . ., ul−1, ul in which each pair uk, uk+1,
1 ≤ k ≤ l − 1 is adjacent where uk, uk+1, v1 form a K3 and
the vertices which are adjacent to v6i as {ul+1, ul+2, . . . , ul+k} ∪
{ul+k+1, . . . , u2m}in which each pair ul+k, ul+k+1, l ≤ k ≤ 2m− l are
adjacent and ul+k, ul+k+1, v6i form a K3.Thus the vertex set of G is
{u1, u2, u3, . . . , uk−1, uk, uk+1, . . . ., ul−1, ul, ul+1, . . . , ul+k, . . . , u2m}
∪ {v1, v2, v3, . . . .v6i−3, v6i−2, v6i−1, v6i} .Then there exist three
different γr set for G say D5, D6, D7 where
D5 = {v1, v4, v7, . . . , v6i−2, v6i−1, v6i} , D6 = {v1, v2, v5, . . . , v6i−1, v6i}
and D7 = {v1, v2, v3, v6, v9 . . . ., v6i} . Hence G is 2(i+1) - 2(i+1)
enresdowed for i ≥ 1.

Consider a γr set D8 in such a manner that D8 = {v1, v4, . . . , v6i−2}
∪{v6i−1, v6i, ut} , 1 ≤ t ≤ 2m. Then V− D8 set is {u1, u2, u3, . . . , ut−1}
∪{ut+1, . . . ., u2m, v2, v5, v8 . . . v6i−3} .Thus ut−1 is not adjacent with
any vertex of V− D8. Therefore D8 is not a restrained dominating
set of G. By similar arguments it is noted that there exist no
restrained dominating set of cardinality (2i+3) which contains D.
Therefore G is not (2i+3) −2(i+1), i ≥ 1 enresdowed.

In general, consider D9 = D5 ∪ {uα, uα+1, . . . , uβ, uβ+1} ,
1 ≤ α, β ≤ 2m. D9 is a restrained dominating set of cardinality
2(i+1) + 2s0, l/2 ≤ s0 ≤ m containing D5.Therefore G is
2(i+1+s0) − 2(i + 1) enresdowed for i ≥ 1. Hence G is
2(i+1+s0)− 2(i+1) enresdowed. That is G is k − l enresdowed for
l = 2(i+1) where k ∈ 2Zn − 2Zi where i ≥ 0 and n≥ 1.Consider
D10 = D9 ∪ {uγ} , 1 ≤ α, β, γ ≤ 2m is not a restrained dominating
set. By similar arguments any super set of D9 with cardinality
2(i+1)+2s0 + 1, l/2 ≤ s0 ≤ m is not a restrained dominating
set.Similarly consider D11 = D9 ∪{uγ+1} , 1 ≤ α, β, γ ≤ 2m is not a
restrained dominating set. Hence G is not 2(i+1) + 2s0+1−2(i+1),
enresdowed for k ∈ 2Zn − 2Zi where i ≥ 0 and n ≥ 1.That is G is
not (k+1)−l enresdowed where k ∈ 2Zn−2Zi where i≥ 0, n ≥ 1 and
l = 2(i+1),i ≥ 1.
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Consider a γr set D12 in such a manner that D12 = {v1, v2} ∪
{v5, . . . , v6i−1v6i, up} , 1 ≤ p ≤ 2m.Then V − D12 set is
{u1, u2, u3, u4, u5 . . . , , up−1} ∪{up+1, . . . , u2m, v3, v4, v6 . . . , , v6i−2} .
Thus up−1is not adjacent with any vertex of V−D12.Therefore D12

is not a restrained dominating set of G. By similar arguments it is
noted that there exist no restrained dominating set of cardinality
(2i+3) which contains D. Therefore G is not (2i+3)−2(i+1), i ≥ 1
enresdowed.

In general, consider D13 = D6 ∪ {uα, uα+1, . . . ., uβ, uβ+1} ,
1 ≤ α, β ≤ 2m. D13 is a restrained dominating set of cardinality
2(i+1)+2s0 , l/2 ≤ s0 ≤ m containing D6. Therefore G is
2(i+1+s0) − 2(i + 1) enresdowed for i≥ 1. Hence G is
2(i+1+s0) − 2(i + 1) enresdowed.That is G is k − l enresdowed
for l=2(i+1) where, k ∈ 2Zn − 2Zi where i≥ 0 and n≥ 1.Consider
D14 = D13 ∪ {uγ} , 1 ≤ α, β, γ ≤ 2m is not a restrained
dominating set. By similar arguments any super set of D13 with
cardinality 2(i+1) + 2s0 + 1, l/2 ≤ s0 ≤ m is not a restrained
dominating set.Consider D15 = D13 ∪ {uγ+1} , 1 ≤ α, β, γ ≤ 2m is
not a restrained dominating set. Hence G is not
2(i+1) + 2s0 + 1 − 2(i + 1) , enresdowed for k ∈ 2Zn-2Zi

where i ≥ 0 and n ≥ 1.That is G is not (k+1) − l enresdowed
k ∈ 2Zn - 2Zi where i ≥ 0 and n ≥ 1.

Consider a γr set D16 in such a manner that D16 = {v1, v2, v3}
∪ {v6, v9 . . . , ., v6i, ur} , 1 ≤ r ≤ 2m.Then V- D16 set is
{u1, u2, u3, u4, . . . , ur−1} ∪ {ur+1, . . . ., u2m, v4, v5, v7 . . . v6i−1} .Thus
ur−1is not adjacent with any vertex of V- D16. Therefore D16 is not
a restrained dominating set of G. By similar arguments it is noted
that there exist no restrained dominating set of cardinality (2i+3)
which contains D. Therefore G is not (2i+3) − 2(i+1), i ≥ 1
enresdowed.

In general,consider D17 = D7 ∪ {uα, uα+1, . . . , , uβ, uβ+1} ,
1 ≤ α, β ≤ 2m. D17 is a restrained dominating set of cardinality
2(i+1) + 2s0, l/2 ≤ s0 ≤ m containing D7. Therefore G is
2(i+1+s0) − 2(i + 1) enresdowed for i ≥ 1. Hence G is
2(i+1+s0) − 2(i + 1) enresdowed.That is G is k - lenresdowed for
l = 2(i+1) where k ∈ 2Zn − 2Ziwhere i ≥ 0 and n ≥ 1.Consider
D18 = D17 ∪ {uγ} , 1 ≤ α, β, γ ≤ 2m is not a restrained dominating
set.By similar arguments any super set of D17 with cardinality
2(i+1) + 2s0 + 1, l/2≤ s0 ≤ m is not a restrained dominating set.
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Consider D19 = D17 ∪ {uγ+1} , 1 ≤ α, β, γ ≤ 2m is not a restrained
dominating set.Hence G is not 2(i+1)+2s0 +1−2(i+1) enresdowed
for k ∈ 2Zn − 2Zi where i ≥ 0 and n ≥ 1.That is G is not(k+1)−l
enresdowed k ∈ 2Zn-2Zi where i ≥ 0 and n ≥ 1.

Consider the path P6i+2, i ≥ 1.Let the vertex set of P6i+2 be
P6i+2 = {v1, v2, v3, . . . , v6i−3, v6i−2, v6i−1, v6i, v6i+1, v6i+2} .Without
loss of generality attach l/2 K′

3s, for, even l ≥ 2 to the vertex v1

and for 2m - l ≥ 2 attach (m - l/2 ) K′
3s at v6i+2 of P6i+2.Then G

is a graph with 2m+8 vertices. Name the vertices which are
adjacent to v1 as, u1, u2, u3, u4, . . . ., uk, . . . , ul−1, ul, in which each
pair uk, uk+1, 1 ≤ k ≤ l−1 are adjacent where uk, uk+1, v1 form a K3

and the vertices which are adjacent to v6i+2 as ul+1, ul+2, . . . , ul+k,
ul+k+1 . . . , u2m, in which each pair ul+k, ul+k+1, 1 ≤ k ≤ 2m − l are
adjacent and ul+k, ul+k+1, v6i+2 form a K3.Thus the vertex set of G
is {u1, u2, u3, u4, . . . , uk−1, uk, uk+1, . . . ., ul−1, ul, ul+1, ul+2} ∪
{ul+3, . . . , ul+k, . . . , u2m, v1, v2, v3, . . . , v6i−2, v6i−1, v6i, v6i+1, v6i+2} .
Then there exist two different γr set for G say D20, D21,where,
D20 = {v1, v4, v7, v10, . . . v6i+1, v6i+2}and D21 = {v1, v2, v5, , . . . , v6i+2} .
Hence G is 2(i+1)− 2(i+1) enresdowed for i ≥ 1.

Consider a γr set D22 in such a manner that D22 = {v1, v4, v7}
∪ {v10, . . . , v6i+1, v6i+2, us} , 1 ≤ s ≤ 2m. Then V - D22 set is,
{u1, u2, u3, u4, . . . , us−1, us+1, . . . , u2m, v2, v3, v5 . . . v6i} .Thus us−1is
not adjacent with any vertex of V - D22.Therefore D22 is not a
restrained dominating set of G. By similar arguments it is noted
that there exist no restrained dominating set of cardinality (2i+3)
which contains D. Therefore G is not (2i+3)− 2(i+1), i≥ 1
enresdowed.

In general ,consider D23 = D20 ∪ {uα, uα+1, . . . , uβ, uβ+1} ,
1 ≤ α, β ≤ 2m. D23 is a restrained dominating set of cardinality
2(i+1) + 2s0, l/2 ≤ s0 ≤ m containing D20 .Therefore G is
2(i+1+s0) − 2(i + 1) enresdowed for i ≥ 1. Hence G is
2(i+1+s0) − 2(i + 1) enresdowed. That is G is k− l enresdowed for
l=2(i+1) where k ∈ 2Zn - 2Zi where i≥ 0 and n≥ 1.Consider
D24 = D23 ∪ {uγ} , 1 ≤ α, β, γ ≤ 2m is not a restrained dominating
set. By similar arguments any super set of D23 with cardinality,
2(i+1) + 2s0 + 1, l/2 ≤ s0 ≤ m is not a restrained dominating
set.Consider D25 = D23 ∪ {uγ+1} , 1 ≤ α, β, γ ≤ 2m is not a
restrained dominating set. Hence G is not 2(i+1)+2s0+1−2(i+1),
enresdowed for k ∈ 2Zn - 2Ziwhere i ≥ 0 and n ≥ 1 .That is G is
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not (k+1) − l enresdowed , k ∈ 2Zn - 2Zi where i ≥ 0 and n ≥ 1.
Consider a γr set D26 in such a manner that D26 = {v1, v2, v5}∪

{v8, . . . , v6i+2, uw} , 1 ≤ w ≤ 2m. Then V− D26 set is
{u1, u2, u3, u4, . . . , uw−1, uw+1, . . . , u2m, v3, v4, v6, . . . , v6i+1} .
Thus uw−1not adjacent with any vertex of V - D26.Therefore D26

is not a restrained dominating set of G. By similar arguments it is
noted that there exist no restrained dominating set of cardinality
(2i+3) which contains D. Therefore G is not (2i+3) − 2(i+1) i ≥ 1
enresdowed.

In general, consider D27 = D21 ∪ {uα, uα+1, . . . ., uβ, uβ+1} ,
1 ≤ α, β ≤ 2m.D27 is a restrained dominating set of cardinality
2(i+1)+2s0, l/2≤ s0 ≤ m containing D21. Therefore G is
2(i+1+s0) − 2(i + 1) enresdowed for i ≥ 1. Hence G is
2(i+1+s0) − 2(i + 1) enresdowed.That is G is k − l enresdowed for
l=2(i+1) where k ∈ 2Zn - 2Zi where i≥ 0 and n≥ 1. Consider
D28 = D27 ∪{uγ} , 1 ≤ α, β, γ ≤ 2m is not a restrained dominating
set.By similar arguments any super set of D27 with cardinality
2(i+1) + 2s0 + 1, l/2 ≤ s0 ≤ m is not a restrained dominating set
Consider D29 = D27 ∪ {uγ+1} , 1 ≤ α, β, γ ≤ 2m is not a restrained
dominating set.Hence G is not 2(i+1)+2s0+1−2(i+1), enresdowed
for k ∈ 2Zn − 2Ziwhere i ≥ 0and n ≥ 1.That is G is not(k+1)−l
enresdowed k ∈ 2Zn − 2Zi where i ≥ 0 and n ≥ 1.

Consider the path P6i+4, i ≥ 1. Let the vertex set be
P6i+4 = {v1, v2, v3, . . . , v6i−3, v6i−2, v6i−1, v6i, v6i+1, v6i+2, v6i+3, v6i+4}
Without loss of generality attach l/2 K′

3s, for even l ≥ 2 to the
vertex v1 and for 2m - l ≥ 2 attach (m - l/2) K′

3s at v6i+4 of
P6i+4.Then G is a graph with 2m+10 vertices. Name the vertices
which are adjacent to v1as u1, u2, u3, u4, . . . ., uk, . . . ., ul−1, ul, in which
each pair uk, uk+1, 1 ≤ k ≤ l−1is adjacent and uk, uk+1, v1 form a K3

and the vertices which are adjacent to v6i+4 as ul+1, ul+2, ul+3, . . . , ul+k,
ul+k+1 . . . , u2min which each pair ul+k, ul+k+1,1 ≤ k ≤ 2m − l are
adjacent ul+k, ul+k+1, v6i+4 form a K3.Thus the vertex set of G is
{u1, u2, u3, u4, . . . , uk−1, uk, uk+1, . . . , ul−1, ul, ul+1, ul+2, ul+3, . . . , ul+k}∪
{ul+k+1 . . . , u2m, v1, v2, . . . .v6i−3, v6i−2, v6i−1, v6i, v6i+1, v6i+2, v6i+3, v6i+4} .
Then there exist a γr set for G say D30, where D30 = {v1, v4, v7, . . . , v6i+4} .
Hence G is 2(i+1)− 2(i+1) enresdowed for i ≥ 1.

Consider a γr set D31 in such a manner that D31 = {v1, v4, v7}
∪ {v10, . . . , v6i+4, uy} , 1 ≤ y ≤ 2m. Then V - D31 set is
{u1, u2, u3, u4, . . . , uy−1, uy+1, . . . , u2m, v2, v3, v5, . . . , v6i+3} .
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Thus uy−1is not adjacent with any vertex of V- D31.Therefore D31is
not a restrained dominating set of G. By similar arguments it is
noted that there exist no restrained dominating set of cardinality
(2i+3) which contains D.Therefore G is not (2i+3) − 2(i+1), i ≥ 1
enresdowed.

In general, consider D32 = D30 ∪ {uα, uα+1, . . . ., uβ, uβ+1} ,
1 ≤ α, β ≤ 2m. D32 is a restrained dominating set of cardinality
2(i+1)+2s0, l/2 ≤ s0 ≤ m containing D30.Therefore G is
2(i+1+s0) - 2(i + 1) enresdowed for i ≥ 1. Hence G is
2(i+1+s0) - 2(i + 1) enresdowed.That is G is k −l enresdowed for
l=2(i+1) where k ∈ 2Zn - 2Zi where i ≥ 0 and n ≥ 1. Consider
D33 = D32 ∪ {uγ} , 1 ≤ α, β, γ ≤ 2m is not a restrained dominating
set. By similar arguments any super set of D32 with cardinality
2(i+1)+2s0 + 1, l/2 ≤ s0 ≤ m is not a restrained dominating set
Consider D34 = D32 ∪ {uγ+1} , 1 ≤ α, β, γ ≤ 2m is not a restrained
dominating set.Hence G is not 2(i+1) + 2s0+1−2(i+1), enresdowed
for k ∈ 2Zn - 2Ziwhere i ≥ 0 and n ≥ 1.That is G is not (k+1) −l
enresdowed k ∈ 2Zn - 2Zi where i ≥ 0 and n ≥ 1.Hence proved.
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