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Abstract

This article determines sucient conditions for existence
and uniqueness of solution for impulsive fractional integro-
dierential system with classical and non-local condition on
Banach space using xed point theorem. The system taken
by the authors is more general system taken so far, as it is
more relavent to physical system encountered. An example
is added to illustrate the ecacy of the method.
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1 Introduction

There are various problems in science and engineering like seepage
ow in porous media [1], anomalous diusion [2, 3], and transport
[4], the nonlinear oscillations of earthquake [5], uid dynamics trac
model [6] etc are well modeled in fractional dierential equations.
This is because of its non local property [8] which mean, that the
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next state of the system depends upon its entire historical states.
Due to this nonlocal property fractional dynamical systems are con-
sidered as an alternative model for highly nonlinear integer order
systems [7]. Using xed point theory existence and uniqueness of
fractional dynamical semilinear and nonlinear systems have been
studied by Delbosco and Rodino [5], Cheng and Guozhu [8] and
El-Borai [9]. Byszewski [10] initiated study of existence of non-
localCauchy problem using xed point theorem and extended it by
various researchers [11]. The study of existence and uniqueness of
mild solution of nonlocal Cauchy problem of fractional dynamical
systems with xed point theory was initiated by N Guerekata [12]
followed by Balachandran and Park [13].

On the other hand, rapid development of impulsive dierential
equations played very important role in modeling of many prob-
lems of population dynamics, chemical technology and biotechnol-
ogy [14]. This motivates many researchers to study existence and
uniqueness solutions of the impulsive dierential equations [15]. De-
termination of sucient conditions for existence and uniqueness of
mild solution of impulsive fractional Cauchy problem with classical
conditions with the use of xed point theory and semigroup theory
given by Benchohra and Slimani [16], Mophou [17], Ravichandran
and Arjunan [18]. Sucient conditions for the mild solution for semi-
linear impulsive fractional nonlocal Cauchy problem using various
xed point theorem was studied by Benchohra and Slimani [16]. Bal-
achandran et. al. [19, 20] and Gao et. al. [21] studied existence and
uniqueness of mild solution of impulsive fractional nonlocal quasi-
linear Cauchy problem with nonlocal conditions. Motivated by the
work of Balachandran et. al. [19] this paper presents the existence
and uniqueness of solutions of the quasilinear impulsive fractional
order Volterra-Fredholm kind of integro-dierential equation of the
form over the interval [0,T].

D(t) = All,@)z(l) + (L a(t), Te(t), Se(t)) (#le E=1,2,---,p
Ax(te) = le(@(le)), t=te, k=1,2,---,p
z(0) = xp— glz),
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2 Preliminaries

Some basic denitions and properties of fractional calculus and frac-
tional dierential equations used in this article, are as follows:
Denition 2.1. [19, 20] The Riemann-Liouville fractional integral
operator of a > 0, of function f ¢ L1(IR+) is dened as

Iy (1) = Tlﬂ} [-,{1 — )" [(s)ds,

where I'() is gamma function. Denition 2.2. [19, 20] The Riemann-
Liouville fractional derivative of order a > 0, nl < a < n, n €N, is
dened as

1 d"

DE () = ———
64/ () (e — ) di™

[ ot isyas,
L]

2

where the function f(t) has absolutely continuous derivatives up
to order (nl).

This derivative has singularity at zero and also requires special
initial condition which lacks physical interpretation. To overcome
this diculty, Caputo [22] interchanged the role of operators and
dened the fractional derivatives as follows:

Denition 2.3. [19, 20] The Caputo fractional derivative of
order a > 0, nl < a < n, n €N, is dened as

e Fiey 1 ! sn—act @ f(s) <
Dy, (1) = m 1: (t—s) W(E. ,

where the function f(I) has absolutely continuous derivatives up lo order (n— 1).

Moreover if () < e << 1, then

D ) — — L TR IOF
D f(t) = = £ (t—s) is ds.
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The Riemann-Liouville integral I, and Caputo derivative °Dg,
satises following properties which is mentioned in Kilbas et. al. [23]
and Samko et. al. [24].

Theorem 2.1. For o, § > 0 and f has absolutely continuous deriva-
tives up to suitable order then

(g I, J(8) =I5 f (1)

@V A5 S () = T3, 18, S (1)

(B () + (1) = g, F(1) + I, (2)
(I, Dy f(t) = [(t) = f(0), D<a<l
(5)°Dg Ig, F(1) = (1)

(6)°Dg, [(1) = I, ['(1), D<a<]
(T)°Dg, =D, J(t) #° Dt 1(t)

(8)°Dg, “Dy, S (t) # Dy, “Dg, [(t)

2.1 Notations

(N1) X = Banach space.
(N2) R, = [0, 00)
(N3) C([0,Ty], X) = {=: [0,70] = X/z is continuous} with norm ||z]| = sup||z(t)||

(N4) PC([0,To], X) = {&: [0,T0] = X;2 € Cltx1.tx), X), and x(t,) and =(t)) exist,
k=1,2,--+ pwith z{t;) = z(t) } with norm ||z||pec = supepm)||=(t)]]

(N5) AC([0,Ty], X) = {z : [0,Ty] — X/ is absolutely continuous} with norm |[z|| =
supy||z(2)]|

(N6) B(X)={A:X —» X/Aisbouncded and lincar } with norm ||A]|px) = sup{||A(y)|;y €
X&llyl| < 1}

For convenience, “Df, is taken as °D® and with these denitions
and properties, sucient conditions for existence and uniqueness of
solutions are derived as follows:

3 Equation with classical condition
This section presents the study of the existence and uniqueness of

the solution of impulsive fractional dierential equation with classical
condition of the form
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eDex(t) = A(L,z)a(t) + [t (t), Tx(t), Sn(t)) t# te, k=1,2,---p
/A.L'[f.k) = fk(..!:(f;_}} L= f.k, k= 1_.2, AR 1 (.;1}
z(0) = g

over the interval [0, T]. Where A is bounded lnear operator on X and [ : [0,T] x
XxXxX 5 X, 1,8 X - X are deined by Trft) = [[ L5, o(s))ds and Sz(t) =
f[rk(r',,s,:n(.‘;))ds. Where h: Dyx X + X, Dy={(,8);0<s <t <Thand k: Dyx X +
X, Dy ={(t,8);0 <1, < T} are continuous,

This type of nonlinear equations arise in many physical situation
like mathematical problems concerned with heat ow in materials
with viscoelastic problems [25].

Applying fractional integral operator both side of the equation
(3.1) to get

%o+ g Locaet. :: (b= 3) " Afs, 7{s))a(s)ds + 1 .ﬁ:,(’- — 8)" T A(s, 2(s))ds
o(t) = -I-I.{]—") Lt J;i*_l(ih — 8)*71 f(s, 2(s), Tx(s), S(s))ds
o L ) 525 Ts), S + o)
(32)

The following conditions are assumed to show the existence and
uniqueness of the solution (3.1).

(H1) A= [0,7]x X -+ X is continuous bounded linear operator and there exists a positive
constant M, such that || A(L,z) - AL )l lagy € Mz, for all 2,y € X.

(H2) [:[0,T % X x X x X =+ X i continuous and there exists positive constants L, L
and Ly, such that ||f(¢, 21,23, 23) = (6 yn, oy )| < Lal |1 = 3]+ Ly = ol +
L2y — | for all 2y, 23, 23,11, 1 and g in X.
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(H3) h: Dy x X = X and k : Dy x X — X are continuous and there exists positive
constants H and K, such that [|h(t,s,z) — h(l,s,y)|| < H||z — y|| and ||k(L, s,z)
k(t,s,9)|| < Kljz — y|| for all z and y in X.

(H4) The hinctions I : X —+ X are continuous and there exist positive constants I} for
all k=1,2,---,p, such that ||Iyz — Iy|| < ||z — || for all  and y in X.

Set, v = | 5 _ and further assume that,
(H5) q:q[{p F UM+ Ly + THLy | TKL-J]] [ E.‘;} <1

Define ¥ : PC([0,T],X) — PC([0,T], X) by

“y 5 Daci ,k b ) Al el + g 10 514G, (ol
F(t) gm,{, (b= 8) (s, 5(5), T(s), Sn(s) s
) Ll a lf " Iis ) T'r( ) ( ))“I" | El]c’lk\lh‘r( )
(33)

Then equation (3.2) has unique solution if F dened by (3.3) has
unique xed point. This means F is well dened bounded operator on
PC(]0,T],X) and F is contraction [26].

Lemma 3.1. If the operators A,fT,S and I for k = 1,2, ,p are
continuous then F is bounded operator on PC([0,T]X).

Proof. Let a sequence {z,} be converges to z in PC([0,T], X). Therefore ||z, - z|| -+ 0
as 1 — oo. Consider,

([F2n— Fellpc < E[ (ts —8)" (| (s, 7a(8))a(5) — Als, 2(s) o (s)]|ds

U«'l <i

]
" Tl) f (1= 8" AL, an(8)ls) — Als,2(5))o(s) s

E [ 31" 11f(s, (). Tials), Sza(s) ~ f(5,2(s), Tx(s), Sx(s) s

+1('a) 167 05,8505 -9, s
+ E [l katy) — Te(ty )|
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Assuming the continuity of A,f;T,S and I for k = 1,2, ,p the
right side of above expression tends to zero as n — oo. Therefore
F is continuous on PC([0,T],X) and hence F is bounded.

Now we derive sucient conditions for existence and uniqueness
of the solution of equation (3.1).

Theorem 3.2. If the hypotheses (H1)-(H5) are satised, then the
fractional quasi-linear impulsive integro-differential equation (3.1)
has unique solution in PC([0,T],X) for 0 < o < 1.

Proof. To show equation (3.1) has unique solution it is sucient
to show F dened (3.3) is contraction. Let x and y in PC(]0,T],X)
and consider,

[[Fz~ Fylpe € ), Z] (b= 3)""|A(s,2(s))a(s) — Als, yls)ly(s) s
|
(a
1
(a :E

Dety=t
i

) [ (-3 Al l5)ls) - As o
] (ts~ 8)""[(s,2(5), T(s), Sa(s) ~ f(s,p(s), Ty(s), Syls)) s

(|
1

T ] (6 915 0 (), S0) - b Tl St

Y healty) - iyl

Otk
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Applying hypotheses (H1)-(H4) we obtain,

1
Fr—Fy|| < —
[| £z yll_l.(ﬂ,) E fr

L 1 1

(b — 8)" ' M|z — y||ds + —f (t—8)" " M||z —y]|ds
-1 ty
13

Dety<t ¥l ! (“}
1 k
o= f (e —8)" Ly + THLy + TK Ly } | — y|ds
I {“) Dectyt ® el

Dety<t

L
Sa—la 07 - i .. .
m/ﬁ;{i s) d,'.[L| [ THLy TKL3}||1- yllds 4 Z ||z |
o

p—— ——,
—
—
=) -
—
—

Yo+ DM+ L+ THL, + TKL] + 1;}“,; —y

Assuming hypotheses (H5) to obtain, ||[Fz — Fy||pe < ql|z — y|| with g < 1. Hence by
Banach fixed point theorem the equation (3.1) has unique solution.

4 Equation with nonlocal condition

This section determines sucient conditions for existence of mild so-

lution of fractional impulsive system with nonlocal condition of the
form

Dp(t) = A(L, x)x(t) + f(E,z(), To(t), Sz(t)) t# e, k=1,2,---,p
Axty) = Lix(ig)), t=ty, k=12,---,p (4.1)
x(0) = @y — g(x)

over the interval [0,7]. Where A is bounded linear operator on X and [ : [0,7] x X x
XxX = X, T,5: X = X are defined by Tx(t) = j;: h(t, s, z(s))ds and Sz(t) =
_ﬁ?k{t,s‘w{x})d& Where h @ Dy x X — X, Dy = {(1,8);0 < s <t < T} and k :

Dy x X = X, Dy = {{{,s);0 < t,s £ T} are continuous and g : X —+ X is given
funetion.

The equivalent integral equation of (4.1) is given b
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ancr J“‘ ((ty = 8)" Afs, 2(s) e s)ds + ]J (L= 8)™ A(s, x(s))ds
o) = l:;E.M,‘\,f,’: s[5, ()Tz() Si(s))ds

el f-‘*"“fﬂ()ﬁ() (5))ds + Vet 20
(1)

The following hypotheses are to be assumed.

(H6) g: X —» X is continuous and there exist a positive constant g*, such that ||g(z)
a(y)|| < g*|lz — yl| for each x and y in X.

(HT) ¢* = g* + 7[(p + DM + Ly + THLy + TKLyJ] + 0 < 1.
Define G = PC([0,T], X) — PO([0,T], X) by

~glo) + Enom i =) A )l + g J (1= )% Als, o))
Gia(l) *I(DJ Ewyr o (b = )" [(s,2(s), T(s), Sx(s))ds
I(nJ-rtk 5)" (s, a(s), T, S ”Eucwiﬁf
(1)

Lemma 4.1. If the operators AfT,S and I, for k = 1,2, p are
continuous then G is bounded operator on PC([0,T],X).

Proof. Leb a sequence {z,} be converges to z in PC([0,T], X). Therefore |z, — || =0
as 1 — oo. Consider,

el < )~ )
R [ (1= 91" A5, o)) an(s) — Als, (6))a(s) s

Dtp<t

+T1“)[[5 8)" 1A, 2a(5)7al(5) — Als, 2(3))a(s) | ds
Z [ )11 (s, 2a(s), Tzals), Szals)) = [(s,2(s), Ta(s), Sax(s))llds

fk’f;‘ﬂ,f
: ﬁ ] (t )15, 20(5) Ta(s) S5  £(5,2(5), To(s), Sa(s)ls
+ Y eralty) — Tealty)
Dtyect
9
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Assuming the continuity of A,f,T,S,g and I, for k = 1,2, ,p the
right side of above expression tends to zero as n — oo. Therefore
G is continuous on PC(]0,T],X) and hence G is bounded.

Now the sucient conditions are derived as under for existence
and uniqueness of the solution of equation (4.1).

Theorem 4.2. If the hypotheses (H1)-(H4) and (H6)-(H7) are
satised, then the fractional quasi-linear impulsive integro-dierential
equation (4.1) has unique solution in PC([0,T],X) for 0 < o < 1.

Proof. To show equation (4.1) has unique solution it is sucient
to show F dened in (4.3) is contraction. Let x and y in PC(]0,T],X)
and consider,

Ik
6~ Golr < o)~ sl + o Z[ (b~ 17 A, ()l ~ Als, )l

04 ol
1

i
-I-—}/u!—#"]HA‘u $))x(s) - A u(s)|ds

I
1 1
[z[:rmrwmmmwrmwﬂ(wm

Dt <t

' T‘“} /’ (1= 8) (s, (), Ta(s), So(s) (s, 9(s) Tu(s), Suls)) s

+ ) [Hielty) - L)

D<ty<t

Applying hypotheses (H1)-(H4) and (H6) the result is,

10
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| i [
ezl <glle-ol +— ¥ ] =8 Ml - glis+ [ (=) M- s

Ie) Oetpet ) [e) ),
I

I
b= ) [ b= Ly 4 THI + TRy

|(”) Dttt

l [
+|—/“ W)"'J‘{:H‘ «g+ |I—U|| "+E |J l

l (”) (0 fetet

T ’
<fy gl i wz -

Ll

Assuming hypotheses (H7) to obtain, [|Gz = Gy||pe < ¢'|[2 - yl| with ¢ < 1. Hence by
Banach fixed point theorem the equation (4.1) has wnique solution,

- [g* ‘I'"{H}’)‘}' DM+ Ly+ THLy+ TK

Example 4.2.1. Consider the following fractional integro-dierential
equation with the impulsive condition,

- 1 I AT
r”’rg,’l = —cosz(t)z(l L T 8¢ - [ = iJl(h]t.

i) gwu(m)+(H3)4|+|m|+9/”« ! +9]“( e
Ay - UL (14)

18+ ]2(1/2)|
T
.‘L'(U)—!n—ﬁ
11
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where 0 < e < 1 over the interval [0, 1].

| Since, A(t,z) = $cose] therefore [[A(t, )z — A(t, y)y|| < §|(coszl)x ~ (cosyl)y|| <
gllz =yl I

. m ol 7(s (s | y N (s
17z = Tyll < 5 fyslle™ = < gille = oll, 182 = Syll < 5 Jy 1= s)lle™ -
¢ lds < ille =l 11(6,, T2, S2) = 18,9, Ty, S| < glle =l lo(e) - glw)ll <
Lz —ylland ¢ = g" +[(p+ DM + Ly + THLy + TKLy|) + Y1 = £ 4948 + L.
Choose a = 1/2 then ¢* = 0.57 which is less than 1. Therefore by existence theorem the
given system has unique solution in the interval [0,1].

5 Remark

1. This method suggest not only the existence and uniqueness
about the solution but it also suggest method to nd approximate
solution of impulsive fractional dierentialequations (3.1) and (4.1).
2. This condition is not necessary condition this means equations
(3.1) and (4.1) may have solution if one of the (H1) to (H7) not
satised.

6 Conclusion

The system taken by Balachandran et. al. [19] is a special case of
the system taken in this paper because of inclusion of the nonlinear
Fredholm operator in the system which is more relevant in many
physical situations.
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