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Abstract

For a connected graph G = (V, E) of order p > 2, aset S €V is called a
geodetic set of G if every vertex of Gis contained in a geodesic joining some pair
of vertices in S. The geodetic number g(G) of G is the minimum cardinality of its
geodetic sets. A geodetic set S of a connected graph G is said to be a complement
connected geodetic set if S = V or the subgraph(V — S) is connected. The
minimum cardinality of a complement connected geodetic set of G is the comple-
ment connected geodetic number of G and is denoted byg,. (G). The complement
connected geodetic number of certain classes of graphs is determined. Necessary
conditions for the complement connected geodetic number to be 2 are given. It is
shown that for a connected graph of order p and diameterd, g..(G) <p—d + 1.
Also, it is proved that for a treeT, g..(G) =p —d + 1lif and only if T is a
caterpillar. It is also proved that for every pair of integers a, b with 2 < a < b,
there exists a connected graph G with g(G) = a and g..(G) = b.

Keywords : geodetic number, complement connected geodetic set, complement
connected geodetic number.

AMS Subject Classification: 05C12
1 Introduction

We consider finite graphs with neither loops nor multiple edges. For any graph G, we denote
the vertex set by V (G) and the edge set by E(G). We denote the order of G by p = |V (G)|
and the size by ¢ = |E(G)|. For every vertex v € V , the open neighborhoodN (v) is the set
{u e G/uv € E(G)}and the closed neighborhood of v is the set N[v] = N(v) Uv. The
degree of a vertex v € Vis deg;(v) = deg(v) = |N(v)|. The minimum and
maximumdegrees of a graph G are denoted by § = 6(G) and A= A(G), respectively. The
subgraph induced by a set S of vertices of a graph G is denoted by (S) with V ({(S)) = S and
E((S)) = {uv € E(G):u,v € S}. For basic graph theoretic terminology we refer to [5].
For a vertex v of G, the eccentricitye(v) is the distance between v and a vertex farthest from
v. The minimum eccentricity among the vertices of G is the radius, radG and the maximum
eccentricity is its diameter, diamG of G. Two vertices x and y are antipodal if d(x,y) =
diamG. A vertex v is an extreme vertex of a graph G if the subgraph induced by its
neighbors is complete. If e = {u, v} is an edge of a graph G with d(u) = 1and d(v) > 1,
then we call e a pendant edge, u a leaf or end vertex and v a support.
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The distance d(u, v) between two vertices u and v in a connected graph G is the length of
a shortest uv path in G. An u — v path of length d(u,v) is called an u — v geodesic. It is
known that the distance is a metric on the vertex set V (G). The interval I[u, v]consists of all
vertices lying on some u — v geodesic of G. For €V , I[S] = Uy yesI[u,v].A set S of
vertices is a geodetic set if [S] = V , and the minimum cardinality of a geodetic set is the
geodetic number g(G). A geodetic set of cardinality g(G) is called a g - set . The geodetic
number of a graph was introduced in [2, 6] and further studied by several authors. In this
paper we study the complement connected geodetic number of a connected graph.

The following theorems are used in the sequel.

Theorem 1.1. ([3]) Every geodetic set of a graph contains its extreme vertices.

Theorem 1.2. ([3]) The geodetic number of a tree T is the number of end-vertices in .In fact,
the set of all end-vertices of Tis the unique minimum geodetic set ofT .

Throughout the following G denotes a connected graph with at least two vertices.

2  The Complement Connected Geodetic Number of a Graph

Definition 2.1. A geodetic set S of a connected graph G is said to be a complement connected
geodetic set if S = V or the subgraph(V — S) is connected. The minimum cardinality of a
complement connected geodetic set of G is the complement connected geodetic number of G
and is denoted byg,..(G), . A complement connected geodetic set of minimum cardinality is
called theg,. (G) - set of G.

Example 2.2. For the graph G given in Figure 2.1, the set S = {v,v3} isa g - set of G and
so g(G) = 2. Since the subgraphG[V — S] induced by V — S is disconnected, S is not a
complement connected geodetic set of G. Let §; = {vy,v,,v3}. Then S; is a complement
connected geodeticset of G and so g..(G) =3, Thus the geodetic number and the
complement connected geodetic number of a graph are different.

'3

Theorem 2.3.Each extreme vertex of a graph G belongs to every complement connected
geodetic set of G.

Proof.Since every complement connected geodetic set is a geodetic set, the result
followsfrom Theorem 1.1.
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Corollary 2.4.For the complete graph K, (p = 2), g..(K,,) = p.

Proof. Since every vertex of the complete graph K, (p = 2) is an extreme vertex, the vertex
set of K, is the unique complement connected geodetic set of K,,. Thus g..(K,) = p.

Theorem 2.5.For any tree T with k end vertices, g..(T) = k.

Proof. Let S be the set of all end vertices of . By Theorem 1.2, g(T ) = |S]. Since the
subgraph (V' — S) is connected, S is the unique minimum complement connected geodeticset
ofT. Therefore g..(T) = |S| = k.

Corollary 2.6.For any non-trivial path B,(p = 3), g..(P,) = 2.

Proof. This follows from Theorem 2.5.

Theorem 2.7.For a connected graph Gof order p, 2 < g(G) < g..(G) < p.

Proof. Any geodetic set needs at least two vertices and so g(G) = 2. Since every
complement connected geodetic set is also a geodetic set, g(G) < g..(G). Also, since V(G)
is a complement connected geodetic set, it is clear that g..(G) <p. Thus 2 < g(G) <

e (G) < p.

Remark 2.8. The bounds in Theorem 2.7 are sharp. For any non-trivial path P,, the set of two
end vertices is the unique geodetic set so that g(P,) = 2. For any non-trivial treeT, the set of
all end vertices is the unique geodetic set as Welr as unigue complement connected geodetic
set and so g(T) = g (T). For the complete graph K,, g. (K,)= p. Also all the
inequalities in the Theorem are strict. For the graph G given in Figure 2.2, S; =
{v1, V3, v6}and S, = {v,, v4, Ve Jare the only two minimum geodetic sets of G so that g(G) =
3. Also S = {vy,v,, v3,V4}iS @ minimum complement connected geodetic set of G so that
9ec(G) =4.Thus 2 < g(G) < gc(G) < p.

§+ 1,if p is even;

[g] +1,ifpis odd.

Proof. Case 1.Suppose that p is even. Let p = 2n. Let Cy,, : vy, V5, ....., Uay, V1 DE the cycle
of order 2n. Let S = {u, v} be a set of antipodal vertices of C,,,. Since every pair of antipodal
vertices of C,,, is a geodetic set of G, S is a geodetic set of G. Since the subgraph (V — S) is
disconnected, S is not a complement connected geodetic set of G. Let
S = {v1, V3 .., Vps1}. Then (V —S') is connected. It is evident that S'is a complement

connected geodetic set of C,, andso g..(G) =n+1= % + 1.

Theorem 2.9.For the cycle G = C,(p = 3),9..(G) =
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Case 2.Suppose that p is odd. Letp = 2n + 1. Let Cy, 41 * V1, Vg, ..., Vany1, V1 0E the
cycle of order 2n + 1. For any vertex u, let v and w be the antipodal vertices. Then
S ={u,v,w} is a geodetic set ofC,, ;. Since the subgraph (V — S) is disconnected, Sis not
a complement connected geodetic set of G. Let S = {vy, v, ....., Upy1, Uny2 ). It is Obvious

that S'is a complement connected geodetic set of G so that g..(G) = E] + 1.

n ifm=1n2=2;

Theorem 2.10.For the complete bipartite graphG = K, .9 (G) =4 3, if m=n=2; .
4, if2<m<n.

Proof. Let G =K, ,. Whenm=1andn =2, G =K,,, is a tree with n end vertices.
Therefore by Theorem 2.5, g..(Ky,) =n. When m=n =2, G = K,, is the cycle C,.
Hence by Theorem 2.9, g..(K,) =3. Now, let 2 <m <n. Let X = {x1,%xp, ..., X },
Y = {y1,¥2, ..., ¥} be a bipartition of G. Then S = {x;,x;,¥,,y;}, where i # j,r #s is a
minimum geodetic set of G. Since the subgraph(V — S) is connected, Sis a minimum
complement connected geodetic set of G and so g..(G) = 4.

Corollary 2.11.For thestar G = K;,_1,9c(G) =p — 1.

Proof. This follows from Theorem 2.10.
P
2 )

pz;l, ifpis odd.

if piseven;
Theorem 2.12.For the wheel W, = K; + C,_1,(p = 5), goc (W) =

Proof. Let G = W,. Let v be the vertex of K; and let vy, v, .....,v,_1, v be the cycle C,_;.
It is clear that any geodetic set of W}, (p = 5) is a subset of V(C,_,).
Case 1. Letp be even. Let S = vy, v3, ....., V2, v,1 be a set of % vertices of G.Then S is a

geodetic set of G. Also, since the subgraph (V —S) is connected, S is a complement
connected geodetic set of G. We prove that S is a minimum complementconnected geodetic
set of G. Suppose g..(G) = % Then there exists a complement connected geodetic set S’
such that|S'| > ’2—’. Since S" € V(C,-1),S" =S — {x} is a geodetic set of G for some x € 5.
Sincev ¢ S, (V — S") is connected and so S~ is a complement connected geodetic set of G,
which is a contradiction. Thus S is a minimum complement connected geodetic set of G so
that g..(G) = g.
Case 2. Let p be odd. Let S = vy, v3, ..., V,_4,V,_, be a set of pz;l vertices of G. By the
similar argument as in Case 1, we can prove that S is a complement connectedgeodetic set of
Gandso g..(G) = ”2;1.

Theorem 2.13.For a connected graph G, g..(G) = 2 if and only if there exists peripheral
vertices u and v such that any one of the following holds:

(i) every vertex of G is on a diametral path joining u and v.
(i) either u or v or both are extreme vertices.
(iif) degree of at least one vertex in (V — {u, v})is more than 3 in G.

Proof. Let u and v be peripheral vertices of G such that any one of (i), (ii) and (iii) holds.
Since g..(G) = 2and since P is a geodesic joining u and v such that each vertex of G is on a
geodesic joining u and v, S = {u, v} is a geodetic set of G. Also, since the subgraph (V —
S)is connected, we have g..(G) = 2. Conversely, let g..(G) = 2and let S = {u,v} be a
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geodetic basis for G. Then every vertex of G lies on a geodesic joining u and v. We claim
thatd (u, v) = d(G). If d(u,v) < d(G), then let x and y be two vertices of G such that
d(x,y) = d(G). Now, it follows that x and vy lie on distinct geodesics joining u and v. Hence

d(u,v) = d(u,x) + d(x, v) @
and

dw,v) = d(w,y) +d(y,v) )
By the triangle inequality,

d(x,y) <d(x,u) +d(u,y) 3)
Since d(u, v) < d(x,y), (3) becomes

d(u,v) < d(x,u) +d(u,y) 4
Using (4) in (1), we get d(x,v) < d(x,u) + d(u,y) —d(u,x) = d(u,y). Thus,

d(x,v) <d(u,y) (5)

Also, by triangle inequality, we have

d(x,y) <d(x,v) +dw,y) (6)

Now, using (5) and (2), (6) becomes d(x,y) < d(u,y) +d(v,y) = d(u,v). Thus, d(G) <
d(u, v)which is a contradiction. Hence d(u,v) = d(G) and since S = {u, v} is a geodetic
basis for G, it follows that each vertex of G is on a diametral path joining u and v satisfying
(i). Next we show that (V — S)is connected. If G is a path, then we are done. If G is not a path
and u and vare not extreme vertices and degree of all vertices in (V' — S) is less than or equal
to 2, then it follows that G is an even cycle which implies (V — S) is disconnected, which is a
contradiction. Therefore either uorv or both should be extreme vertices in G thus satisfying
(ii) or degree of at least one vertex in (V — {u, v})is more than 3 in G, satisfying (iii).

Corollary 2.14.For the hypercube@, (n = 3), g..(Q,) = 2.

Proof. Q,, has 2™ vertices, which may be labeleda,a,a; .....a,, where each a;(1 < i < n)is
either O or 1. It is easily seen that S = {(0, 0,0, .....,0),(1,1,1, ....., 1)}isa g(Q,,) set for
n = 3. Since the subgraph (V — S) is connected, S is a complement connected geodeticset of

Q- Henceg. (Q,) = 2.

Theorem 2.15.Let G be a connected graph with cut-vertices and S be a complement
connected geodetic set of G. If v is a cut-vertex of G, then every component of G — vcontains
an element of S.

Proof.Suppose that there is a component G; of G — v such that G; contains no vertex of S. By
Theorem 2.3, G; does not contain any end vertex of G. Let u € V (G;). Since S is a
complement connected geodetic set, there exists vertices x,y € S such that u lieson the
x — y geodesic P: x = ug, Uy, Uy, «eo.., U, ....., Uy = yin G. Let P; be a x — u subpath of P and
P, be a u — y sub path of P. Since v is a cut vertex of G, both P; and P, contain v so that P is
not a path, which is a contradiction. Thus every component ofG — v contains an element of S.

Theorem 2.16.No cut - vertex of a connected graph Gbelongs to any minimum complement
connected geodetic set of G.

Proof. Let S be a minimum complement connected geodetic set of G, and v € S be any

vertex of G. We claim that v is not a cut vertex of G. Suppose that v is a cut vertex of G. Let
Gy1,Gy, ....., G, (r = 2)be the components of G —v. By Theorem 2.15, each component
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G;(1 <i < r)contains an element of S. We claim that S; = S — {v}is also a complement
connected geodetic set of G. Let x be a vertex of G. Since S is a complement connected
geodetic set, x lies on a geodesic joining a pair of vertices u and v of S. Without loss of
generality, we assume that u € G;. Since v is adjacent to at least one vertex of each
G;(1<i<r), assume that v is adjacent to z in Gy, k # 1. Since S is a complement
connected geodetic set, z lies on a geodesic Q joining vand a vertex w of Ssuch that w must
necessarily belong to G,. Thus w # v. Now, since v is a cut certex of G, P U Q is a path
joining u and w in S and thus the vertex x lies on this geodesic joining two vertices u and w
of S;. Thus we have proved that every vertex that lies on a geodesic joining a pair of vertices
u and v of Salso lies on a geodesic joining two vertices of S;. Hence it follows that every
vertex of G lies on a geodesic joining two vertices of S;, and since the subgraph(V — S;) is
connected,S;is a complement connected geodetic set of G. Since |S;| =1|S|— 1, this
contradicts the fact that S is a minimum complement connected geodetic set of G. Hence
v & S so that no cut vertex of G belongs to anyminimum complement connected geodetic set
of G.

Theorem 2.17.1f G is a non complete connected graph such that it has a minimum cutest U
and (U) is connected, then g..(G) < p — k(G), where k(G)is the vertex connectivity of G.

Proof.Since G is non complete, it is clear that 1 < k(G) < p — 2. Let U = {uq, up, .., Uy }
be a minimum cutset of vertices of G. Let G4, G, ....., G, (r = 2)be the components of G —
Uand let S = V (G) — U. Then every vertex u;, (1 < i < k)is adjacent to at least one vertex
of G;,(1<j<r). Itis clear thatSis a geodetic set of G. Since (U)is connected, the
subgraph(V — U)is connected. Therefore S is a complement connectedgeodetic set of G so
that g..(G) < p — k(G).

Theorem 2.18.Let G be a connected graph with diameter d and order p. Then g..(G) <p —
d+1.

Proof. If G = K,,, then g..(G) = pso that the result is trivial. We assume that G is non
complete. Let u and v be two vertices of G such that d(u,v) = d> 2. Let P: u =
Vo, V1, Vg, .., Vg_1,Vqg = v be a diametral path in G. Let S =V —{v, vy, .., v4_1}
Thenevery vertex v;(1 < i < d — 1) lies on the u — v geodesic so that S is a geodetic set of
G. Since the subgraph (V — S)is connected, S is a complement connected geodetic set of Gso
that g..(G) <p—d+ 1.

Remark 2.19. The bound in Theorem 2.18 is sharp. For the cycle G = Cy4,9..(G) = 3.Also
d=2,p=+4%andp—d +1 =3.Thusg..(G)=p—d + 1.

Theorem 2.20.For every non-trivial tree T,g..(T)= p—d + 1 if and only if T is a

caterpillar.

Proof. Let T be a non-trivial tree. Let d = d(u,v) andlet P: u = vy, V1, ..., V4_1,Vq =
vbe a diametral path in . Let k be the number of end vertices in T. Let [ denote the number of
internal vertices in T other than vy, v,,.....,v4_1. Thend —1 + | + k = p. By Theorem

2.5, 9..(T)=kandso g.(T)=p—d + 1—1. Hence g..(T) = p— d + 1if and only
if | = 0, if and only if all the internal vertices of T lie on the diametral path P, (i.e.)if and
only if Tis a caterpillar.

Theorem 2.21.Let G be a connected graph. Then g..(G) = pifand only if G = K,,.

Proof.Let G = K,. Then by Corollary 2.4, g..(G) = p. Conversely, let g.(G) =p. If
G+K, then d>2and by Theorem 218, g.(G)<p-—1, which is a
contradiction.Therefore G = K,.
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Theorem 2.22.Let G be a connected graph with diameter d. If g..(G) = p — 1,thend = 2.

Proof.Let g..(G) = p — 1. Since G is a connected graph with diameter d, by Theorem 2.18,
we have g..(G) < p —d + 1. Thisimpliesthatd < 2.1fd = 1, then ¢ = K,,. Therefore by
Theorem 2.21,g..(G) = p, which is a contradiction to our assumption.Thus d = 2.

Theorem 2.23.Let G be a connected graph of order p with exactly one vertex of degree
p — 1 which is not a cut vertex. Then g..(G) < p — 2.

Proof. Let x be the vertex of degree p — 1 which is not a cut vertex of G. Since (N (x)) is non
complete, there exist at least two non adjacent vertices say y and z such that y and zbelong to
(N(x)). Let x; be a vertex in y — z geodesic. Then S = V — {x, x;} is a geodetic set of G.
Since the subgraph (V — S) is connected, S is a complement connectedgeodetic set of G so
that g..(G) <p — 2.

Remark 2.24. The bound in Theorem 2.23 is sharp. For the graph G given in Figure 2.3,
S = {vy, v3,v4}is @ minimum complement connected geodetic set of Gso that g..(G) = 3 =

p—2.
Theorem 2.25.Let G be a graph of order p 3. If G contains a cut vertex of degree p — 1, then
Ycc (G) =p- 1.

Proof. Let v be the cut vertex of degree p — 1 in G and S be a minimum complement
connected geodetic set of G. By Theorem 2.16, v & S. Since v is a full degree cut vertex,it is
clear that g..(G) =p — 1.

In view of Theorem 2.7, we give the following realization result for the geodetic number
and the complement connected geodetic number of a graph.

Theorem 2.26.If a and b are positive integers such that 2 < a < b, then there exists a
connected graph G with g(G) = a and g..(G) = b.

Proof. Case 1.a = b. For a = 2, let G = B, be a non-trivial path. By Theorem 1.5,
g(G) = 2 and by Corollary 2.6, g..(G) = 2. Now let 3 < a = b. Let G be a tree with a
end vertices. By Theorems 1.2 and 2.5, we have g(G) = a and g..(G) = a.
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Figure 2.4

Case 2.2 < a < b. Let G be the graph in Figure 2.4 obtained from the path on three

vertices P : vy, vy, v3 by adding b — 2 new vertices wy, Wy, ....., Wy_g, U1, U, wweee,Ug_2
and joining each u; (1 < i < b — 2)with v, and joining each w;(1 < i < b — a) with v; and
v3. Let U = {uq,uy, .....,u,_,} be the set of all end vertices of G. By Theorem 1.1, U is a

subset of every geodetic set of G. Sincel[U] # V(G), U is not a geodetic set of G. It is clear
that S = U U {v;, v3}isageodetic set of Gsothat g(G) = a—2 + 2 = a.

Since the subgraph(V — S)is disconnected, S is not a complement connected geodetic set of
G.LetS =SU{w;,wy, ..., wy_}. Then S is a complement connected geodeticset of G
sothat g..(G) =a + b—a = b.
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