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Abstract: Triangular Tile Rewriting Grammars (TTRG) are the recent class of
formal modelsfor the generation of triangular picture languages. They combined
the features of triangular tiling system (TTS) and array rewriting. Regional
hexagonal tile rewriting grammars are the hexagonal array generating devices
which employ replacement rules formalized by regional hexagonal tiling. In this
work we introduce Regional Triangular Tile Rewriting Grammars (RTTRG) for
the generation of triangular picture patterns. We compare this model with context
free triangular array grammars, TTS and TTRG.

Key words: Triangular Picture language, regional Tiling, grammar, Triangular
tiling system.

1. INTRODUCTION

TRIANGULAR picture patterns occur in several application areas especially, in
picture processing and image analysis [1], [4], [5]. To study the problem of

triangular picture generation where pictures are considered as connected,
finite arrays of symbols in a triangular grid, there has been sustained attention in
adapting techniques of formal string language theory for developing new grammar
models [4],[5]. Triangular tile rewriting grammars (TTRG) [5]are recently
introduced grammar models on triangular picture generation. They combined the
features of triangular tiling system (TTS) [5] and array rewriting grammars [2].
Regional hexagonal tile rewriting Grammars(RHTRG) [3] are the recent class
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ofgrammars on hexagonal picture processing where the derivation rules involve a
simple type of tiling named regional.

In the present work, we introduce Regional triangular tile rewriting grammars
(RTTRG) as a restriction of TTRG with regional tiling. We study the generative
power of RTTRG by comparing it with Context-free Triangular Array Grammars
(CF-TAG), TTS and TTRG.

2. PRELIMINARIES

Let = be a finite alphabet of symbols. A triangular picture (array) p over X is an
assembly of symbols taken from X in an equilateral triangularregion of two-
dimensional plane. A typical triangular picture is of the form

upper middle
vertex

lower left lower right
vertex vertex

A sample triangular picture over X = {t} is

>7.is the collection of all triangular pictures over the alphabet =. ¢\ triangular

language L over Tis hence any subset of X7 . Thetriad of axes X

determines the coordinates of position of each element of a triangular picture [5].
Given p € X7, let p be the triangular array obtained by bordering p with a

symbol # not in X.
For example,
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Given a triangular picture p e X7, each side of p has the same number of the

elements as the shape of p is an equilateral triangle and thus size of the triangular
picture is defined to be t, the number of elements in each side of p. For example
a
t=3forp= a a
a a a
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Given a triangular picture p of size t, for 2 <k <t we denote by Ty(p), the set of
all (equilateral) triangular subpictures of p of size k. Each member ofT,(p) is
called a triangular tile. We represent symbolically, the set of all triangular tiles
contained in a picture p by [[p]].

Definition 1.
Consider a triangle ABC. Extend A to D, B to E and C to F to get a triangle
DEF with |DA|=|BE|= 2|CF|and |DF| = |[EF| = |DE|.

F A
D A B E D A B E

ABC is the innermost boundary and DEF is the outermost boundary. Now remove
the side AB,wegettheupper cap (U) with vertex at F.Similarly we get cap for other
sides.Depending on the direction of a vertex, a cap is classified as right cap (R),
left cap (L) and upper cap (U) as in Figure.1 andthecorrespondingcap catenations

[5] are denoted as  , ® 0
(R) (L) (V)]
Figure.1 Types of Caps
Definition 2.

The triangular picture qe I'y of size t is called a projection of p € £; of same

size if there exist an injection p :EZ->I such  that
q(i, j, k) = 1 (p(i,j,k) be a triangular picture language. The projection by mapping
nof languageLc X s

M={q/q=p(p).vpel}cIy.

Definition 3.
A triangular picture language L = X7 is called local if there exists a finite set Q

of triangular tiles over U {#} such that L= {pe X; /T,(p)c Q}. If McT isa
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projection of a local language L overZ then M is known as a recognizable
triangular language.The family of local (recognizable) triangular picture languages
issymbolized asT oc (Trec)

Definition 4.

A triangular tiling system (TTS) T is a 4-tuple (£, T, Y, Q), where X and T are
two finite alphabets, p: T'—>X is a projection and Q is a set of triangular tiles over
v {#}.The class of all triangular picture languages recognizable by triangular
tiling system is denoted by x(TTS).

Definition 5.

A regular triangular array grammar (R-TAG)[5]is G = (V, |, C, R, S, L) where
V, I and C are finite non-empty sets of symbols known as variables, intermediates
and constants respectively. S €V is the start symbol. L = {Lg / Be 1} whereL, is
an intermediate regular language of caps (refer definition.1). R = RjUR; is a finite
non-empty set of productions where R; consists of starting rules of the forms:
HsS>T®U
(2)s>T U
@®s->T@®U
where UeV, U=S and T is a triangular array over C. The rules of R, are of the
forms:

(1) Ui»>B@& (2) Ui»>BUD
(3) U1»>BUD
where U, U,eV, Uy, Uy Sand Be |.

G is called CF-TAG (CS-TAG)if one of the intermediate languages in the above

definition is context-free(context-sensitive).

3. REGIONAL TRIANGULAR TILE REWRITING GRAMMAR

In this segment, we introduce a triangular tile rewriting grammar with a specific
set of tiling known as regional tiling. The following notions are similar to that of
[3] for the instance of triangular pictures andthe term picture represents
a(equilateral) triangular array.

Definition 6.

An entry p(i, j, k) of a picture p at the location (i,j,k) is a symbol of p present in
that location. If all the entriesof a picture p are indistinguishable to reZ, then p is
called r-uniform or r-picture. The field of a picture p of size t is the set f(p)
consists of all locations of entries in p. A subfield fy(p) of f(p) is a collection of
locations of entries in p characterizing a subpicture q of size t' if 1 <t'<t. If a sub
field is r-uniform thenr is called the label of the sub field.
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Definition 7.

A uniform division of a picture p is any separation p = {fy, fo, fa, ...,fs} of f(p)
into uniform subfields fs, fs,, ..., fs,. The atomic separation of p, atom(p), is the
uniform division of f(p) described by single entries. A uniform division is called
concrete if adjacent subfields composed of different labels. The unique
separations given by concrete uniform division of a picture p is o(p).

Definition 8.

A Triangular tile rewriting grammar, TTRG is a 4-tuple (Z, V, S, P), where X is
the terminal alphabet, V is a set of variable symbols. S e V is the initial symbol.
P is a set of rules of the following forms:

Even : B— ¢, where Be V, ¢ €X.
Uneven : B—v, where BeV and v is a finite set of triangular tiles over VU{# }
and T oc(v) allows a concrete uniform division for any p in it.

Definition 9.

A uniformdivisionof a picture p is regional division if distinct subfields of p
have different labels. A triangular picture language is regional if all its pictures are
regional.

Definition 10.

A regional TTRG (RTTRG) is a 4-tuple(Z, V, S, P) where X is the alphabet
constant symbols, V is the set of variable symbols. S € V is the initialsymbol and
P is the set of productions of the kinds:

Even : B— ¢, where A €V, ceX
Uneven : B—v, where BeV and v is a finite set of triangular tiles over VU{# }
and T oc(v) allows a regional division for any p in it

Picture derivation :

Consider a RTTRG, G = (=, V, S, P). Let p, qe(SUV)* be pictures of identical
size (where k denotes size of array). Let a, o’ be the uniform divisions of f(p) with
a = {fq, fo, ..., fn}. We say that (g, o') is derived in one step from (p, @), written
as (p, a) 2 (q, o) iff for some BeV and for some production rule r P with left

part B there exists a subfield f; in o called submission region such that

(i) qis derived by replacing the sub picture x at fs in p with a picture y of same
size defined as follows:
a) IfrisEven, theny=c
b) Ifris of Uneven, then yeT oc(V).

(i) o is a uniform division of f(p) into the subfields (o \ {f;}) L dispfsa’(y) where
dispfa’(y) denotes the displacement of concreteuniform division of y to the
position of f,.

1329



International Journal of Pure and Applied Mathematics

Definition 11.
The triangular picture language L(G) defined by regional triangular tile

rewriting grammar (RTTRG) G is a set of p e X7 such that <sP, f(p)>:;> ,

atom(p)) where ? is the transitive closure of = The family of triangular

languages generated by RRTRG is denoted by ¥ (RTTRG).

Example. 1

The language of triangular pictures whose elements along the circumradial lines
are a’s and other elements are b’s is generated by the RTTRG grammar G = (%, V,
S, P)where = = {a, b}, N={A, B, C, A", A", B', B", C', C", V1, V,, ...,,Vs} and P
consists of the following production rules:

T # #
# # # #
# \A # / # A #
# V, A # 4 v, v, #
# Vv, Vs Ve # 4 4 " " 4
E # # # # #
#
# #
# A #
A— # A #
# A # # #
# A A A A #
# # # # # # #11"
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7
# #
# # # #
# B # # C #
B— # B B # C— # c #
# B # B # # # # C #
# B # # B # # C C C C #
# # # # # # # # # # # # #

AB,C\Vy, Vy, V3, Vy, V5, Ve— a
A,, AII’ BVY BNY C!, CN_) b
This grammar is applicable to only pictures of odd size.

The derivations of the picture is given in the following sequel.

B
B B
B S
A S
A S C
A S S C
A A c c d
B B
B B = B B =
B S B B S B
A S S C A S S C
A S S S C A S S S C
A S S S S C A S S S S C

B B
B B = B B =
B S B B s B
b S S C b s s c
b S S S C b s s S c
A S S S S (o} b S S S S c

B
B B b b
B s B . b a b
b s 5 c = b b b b
b s s s c b b a b b
b S S S S Cc b a b b a b
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Example. 2.
The language L =

+ - - +
+ - + - +
+ - + + - +

is generated by the grammar G = {Z, V, S, P} where
>={+-},V={S, A A BDB,CC, D,D,D"EFE,E"}

#
# #
# A #
# A A #
# A A A #

B—
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D—

C—

E—
# E # # E #

# B # #  E  #
# E  # 4 B #
# B # 4 E #
# B # # B #
4 % # # o #

B/, B", EEE'—>+
c,Cc"D,D,D'">-.
This grammar is applicable only for pictures of even size.

4.COMPARISON RESULTS
In this segment we present the main results of the proposed grammar.

Theorem 1.

The family of CF-TAG languages is included in the family of RTTRG
languages.
Proof :

Consider CF-TAG, G in chomsky normal form. Then the right part of the rules
of G may involve three kinds of formsXY, &Y and P Then the @duction rules
of G, Z—XYare comparable t@tTTRG rules of the form.
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Z—XY@# corresponding to RTTRG rules of the form

Z— # Y X #

| # # # # # # #

This production rules Z—c, ceX are identical in both the grammars. The
language of the Example2 cannot be generated by ay CFTAG.

Suppose there exists a CFTAG grammar G = (V, I, C, R, S, LAl} where V
{S, S} 1={A}, C={1, 2}, R=RUR, where R, = {S - T®) S;} and P,
{Si>A DS, S1—> AFwith T= { a } and L, isan intermediate language

a a

corresponding to A;.

The other elements of the language of CF-TAG are constructed through the
upper cap catenation of first triangular array and hence first element of the
language must lie under the upper cap of the second element of the language and
S0 on but not yielding the pictures of Example 2. Similarly the proof can be made
if we use the left and right cap catenation in the grammar.

Theorem 2.

The family of Triangular Tiling System languages and the family of RTTRG
languages are incomparable.
Proof:

First we prove that both the families of languages are not disjoint.
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11

The language | _| P b b | is present in both the
1o b b b b

families.
If we consider the triangular tile set

# 0 # then

1 22 =L(4)

2 1 1 2
This implies L,eT oc. If we use the projection p as p(1)= p(2)=b. Then we get
L;=p (Ly). Thus the tiling system (X, T',l, A) where Z={b}, I'={1,2} accepts the
language L; Hence L; is TTS recognizable.
Consider the RTTRG grammar, G=(Z,V,S,P), where 2={b}, V={S,X,X".Y,Y’}

#
i #
##
s X s #0X #
R s X x s X #0X X #
s XY x4 #O0X  #X #
#0X Y Y X # #OOX F # X #
B4 & # & & # #o# 4 #
I #
0 #
Yy’
PV ; X, XY, Y'—b
Yo #Y Y #
#0Y  #Y #
Y # # Y ¢
\# & # # # 4]
Clearly this RTTRG grammar generates all elements of L.
Thus Y RTTRG)NY(TTS)#p

The set of all L- shaped palindromic left caps over the alphabet {a,b} is generated
by RTTRG, having the rules.
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- u . .
# # # #
# X # # R #
S— # X # X = # R #
# X # # # # R # # #
# X X X X" # # R R R R #
\# # # # # # # # # # # # # #
I # 1 #
# # / # #
# A # # B #
R— # R # # R #
# R # # # # R # # #
# R R R A" # # R R R B #
# O # # # # # #] # # # # # # #

A’,A”—>a, B’,B”—b, R—ab
This language is clearly not generated by any TTS as there is no native scheme
available for the corresponding palindromic alphabet locations.

Theorem 3.

Y(RTTRG) cy(TTRG)
Proof:

Since RTTRG grammar rules are inherited from TTRG rules with regional
restriction, every RTTRG rule is a rule in TTRG also. Therefore x(RTTRG)
cX(TTRG). Buty(RTTRG) # ¥(TTRG) as TTRG can generate triangular pictures
of odd or even size comprised of elements along the circumradial lines as a’s and
other elements as b’s but RTTRG cannot derive it.

5.CONCLUSION

Regional Triangular Tile Rewriting Grammars are thevariant form of triangular
tiling based array rewriting models. They are proved to be having higher
generative capacity than Context-free Triangular Array Grammar but weaker than
Triangular Tile Rewriting Grammar. We can further explore someclosure and
decidability properties of this model and also the practical applications.
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