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by Katsaras, A [2] is extended to fuzzy soft
topological spaces in two different ways. It is
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I. INTRODUCTION

In 1965, Zadeh [12] introduced the concept of
fuzzy set theory which provides us with an intuitively
pleasing method of representing one form of
uncertainty. In 1968, Chang [1] defined fuzzy
topology and later in 1976, Lowen [3] redefined
fuzzy topology in a different way. In 1999,
Molodstov [6] initiated a novel concept of soft set
theory, which is completely a new approach for
modeling vagueness and uncertainty. Shabirand Naz
[9] defined soft topology. In recent years researchers
have contributed a lot towards fuzzification of soft set
theory. In 2001, Maji et al. [4] initiated the concept
of fuzzy soft set with some properties regarding
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union, intersection and complement of a fuzzy soft
set, De Morgan’s law etc. In 2011, Tanay and
Kandemir [10] initially gave the concept of fuzzy soft
topology using fuzzy soft sets and gave the basic
notions of it by following Chang. Pazar Varol and
Aygun [7] defined fuzzy soft topology in Lowen’s
sense.

In section Il of this paper, preliminary definitions
regarding fuzzy set, soft set and fuzzy soft set are
given.

In section Il of this paper, the definition of the
fuzzy separation axiom “Hausdorff’ introduced by
Katsaras, A [2] is extended to fuzzy soft topological
spaces in two different ways. It is shown that these
two concepts are hereditary and productive.

Throughout this paper, X denotes initial universe
and E denotes the set of parameters for the
universe X.

I. PRELIMINARY DEFINITIONS

Definition: 2.1 [12]
A fuzzy setin X is amap f: X —> [0, 1] = I. The
family of fuzzy sets in X is denoted by 1X. Following

are some basic operations on fuzzy sets. For the fuzzy
sets fand g in X,
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1) f=gof(X) =g(¥ forallx e X.

2) f<ge f(X) <g(X forall x e X.

3) (Fvg)(® =max {f(x), g(¥} forall x € X.

4) FAg)(® =min {f(x), g(¥} forall x e X.

(5) () =1 - f(X) for all x e X. Here f° denotes
the complement of f.

(6) For a family {f, / A € A} of fuzzy sets
defined on a set X.
(i) (Maen £) (9 = Vien £
(i) (Aren H) (9 = Asen T

(7) Forany ae I, the constant fuzzy set a in X'is
a fuzzy set in X defined by a(X) = o for all
X € X. 0 denotes null fuzzy set in X and
1 denotes universal fuzzy set in X.

Definition: 2.2 [12]

Let f and g be fuzzy sets in X and Y respectively.
The cartesian product f ® g of fand g is a fuzzy set
on X x Y defined by (f ® g) (x y) = f(x) A g(x) for
each (X, y) e X xY.

Definition: 2.3 [1]

A fuzzy topological space is a pair (X,t) where X
is a non empty set and t is a family of fuzzy sets on X
satisfying the following properties:

(1) The constant functions 0 and 1 belongs tot.

(2) f,getimplies fager

(3) f, e tforeach A e Aimplies Vyep Ty € 1.

Then t is called a fuzzy topology on X. Every

member of t is called fuzzy open. g is called fuzzy
closed in (X, 1) if g€ e .

Definition: 2.4 [11]

X x Y is the fuzzy topology having the collection
{f ® g/fety,gety}asabasis.

Definition: 2.5 [11]

Let {(Xyt) / AeA} be a family of fuzzy
topological spaces and X = IT)cn X;. The product
topology on X is the one with basic fuzzy open sets
of the form IT,ca f, where f,et; and f, = 1 except for
finitely many\’s.

Definition: 2.6 [2]

A fuzzy topological space (X, t) is said to be fuzzy
Hausdorff or fuzzy K - Hausdorff if V x y e X,
x # Y, there exist f, g et such that f(X) >0, g(x) >0
andfAg=0.

Definition: 2.7 [6]

Let A c E. A soft set fo over X is a mapping from
E to P(X) i.e., fa : E - P(X) where P(X) is the power
set of X.

Definition: 2.8 [4,8]
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Let A c E. A fuzzy soft set i\ over X is a mapping
from E to IXie., ?A: E — X where FA () %0 if

ecAcEand f,(e) =0ife ¢ A The family of
fuzzy soft sets over X is denoted by FS(X, E).

Definition: 2.9 [8]

The fuzzy soft set f,e FS(X, E) is called null
fuzzy soft set denoted by 0 ifforalle e E,

FA (e)=0.
Definition: 2.10 [8]

The fuzzy soft set fA e FS(X, E) is called
universal fuzzy soft set denoted by 1 if for all
e e E fA(e) =1.

Definition: 2.11 [8]

Let f,, dse FS(X, E). f,is called a fuzzy soft
subset of g if fa(e)< gg(e) forevery e e Eand
we write f, & .

Definition: 2.12 [8]

Let f,, Gge FS(X, E). 5 and ggare said to be
equal denoted by f, =g if fo & g and
Gs < Ta-

Definition: 2.13 [8]

Let f,, Gge FS(X, E). The union of f, and
Jiis also afuzzy soft set h. defined by
ﬁc(e) = FA(e) vgg(e) for all e € E where
C =AU B. Here we write h.= f, O Gp.
Definition: 2.14 [8]

Let fA, gge FS(X, E). The intersection of FA
and ggis also a fuzzy soft set Ec defined by
ﬁc(e) = FA(e) AQg(e) for all e € E where
C=An B. Here we write he = f, A Gg.
Definition: 2.15 [8]

Let fA € FS(X, E). The complement of fA
denoted by FA'C is a fuzzy soft set defined by
£C(e) =1 f,(e)forevery e € E. Clearly
(FS)° =F,, 1= 0 and 0° = 1.

Definition: 2.16 [10]
A fuzzy soft topological space is a triple
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(X, E, T) where X is a nonempty set, E is a parameter
set and Tis a family of fuzzy soft sets over X
satisfying the following properties:

@) 0,1e%

) FA, gge T then FA AggeT

(3) If fo e TV ieAthen Tynfy €7

Then T is called a fuzzy soft topology over X. Every
member of T is called fuzzy soft open. ggis called

fuzzy softclosedin (X, E, T)if g5e 7.

Definition: 2.17 [14]

Let (X, E, T) be a fuzzy soft topological space and
Y be a nonnull subset of X. Then the fuzzy soft

subset of FA over Y denoted by (?A)Y is defined as
follows: (?A)Y (e) =1n fA (e),forallecE.

In otherwords, (f4)y =1 A fu

Definition: 2.18 [14]

Let (X, E, 7) be a fuzzy soft topological space
and Y be a nonnull subset of X. Then

(3y) ={(fa)y: T, € T}is said to be relative fuzzy
soft topology over Y and (Y, E (Ty)) is called a
fuzzy soft subspace of (X, E, 7).

Definition: 2.19 [7]

Let FS(X, E) and FS(Y, E') be two families of
fuzzy soft sets over X and Y with respect to E and E’
respectively. Let f, € FS(X, E) and gge FS(Y, E).
The cartesian product of FA and ggdenoted by
FA ® gg is a fuzzy soft set over X x Y with respect
to the parameter set E x E' defined as
fa ® gg:ExE > 1Y,

(fo ® Gg) (@ ) = TA(e) ® Gg(e') such that
FA(e) ® gg(e) is afuzzy product of fuzzy sets
FA(e) and gg(e") where

fA(6) ® Ga(e): X x Y - land

(Ta(e) ® a(e)) (x Y)= Ta(€) 09 A (Ta(e) )
Remark : 2.20 [7]

Let FS(X, E) and FS(Y, E') be two families of
fuzzy soft sets over X and Y with respect to E and E’

respectively. Let f, e FS(X, E) and gge FS(Y, E).
Then
@) 1 @I =1 denotes the universal fuzzy soft
set over X x Y with respect to E x E'.
2) FA®5 =0 ®§B =0=080
(3) YeeE e'eFE,
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(FAa ® 1) (e ) (5 ¥) = (fale) ®,
(1 ®Fg) (e &) x V)= (Fg(e) )
where X € Xandy € Y.

Definition: 2.21 [7]

Let (X1, E1, T,) and (Xp, Bz, 7,) be two fuzzy soft
topological spaces. The fuzzy soft product topology
T, ® T, over Xix X, with respect to Eyx E; is the
fuzzy soft topology having the collection
{(fA ® Gg)/ fa€ T, g € T,}as abasis.

Il. FUZZY SOFT K-HAUSDORFF SPACES

Definition: 3.1

A fuzzy soft topological space (X, E, 7)is said to
be fuzzy soft K-Hausdorff space of type 1 denoted
by (FK-H), if for every e, e,e E, e;# e, there exist
fa, Oz € T suchthat f,(e;) > 0, Gg(e,) > Oand

famds=0.
Definition: 3.2

For a fixed e € E, a fuzzy soft topological space
(X, E 7T) is said to be fuzzy soft K-Hausdorff

space of type 2 denoted by (FK-H), if for every x y
e X, x #y there exist T, §g € T such that

Ta(®) (9 >0, Go(6) () >0and T A Gg= 0.

Theorem: 3.3
(i) Fuzzy soft subspace of a (FK — H); space is
(FK = H);.
(ii) Fuzzy soft subspace of a (FK — H), space is
(FK — H),.
Proof:

(i) Let (X,E, 7) is a (FK-H); space. Let Y be a
nonnull subset of X.
Let (Y,E (T)y) be a fuzzy soft subspace of (X,E T)

where  (T)y :{(FA)Y :FA eT}is the relative
fuzzy soft topology over.
Consider eq, e, EE, e1 # e».

Since (X, E,T) is (FK-H)y, there exist f,, §ge T
such that fa(e,) >0, Gg(e,) >0and fs ™ gg=0 .
Therefore (fa )y, (3g)y € (F)y
Also (Ta)y (&)= (1ATa)(e)

= 1(e;) A faley)
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= FA(el) >0
. (f)y(e)> 0
Similarly  (gg)y(e,) >0
((Fa)y & (Te)v)(e)(x)
= (1A ALA Gg))(E)(X)
= (1AF)EM A(LATs)()(X)

(1E () Afa @ () A (1()(X) AGs (e)(X))
= fA~(e)(X)/\ gs (e)(x)
- (fa A32)@(
- 3@ )
s (Fa)y F\(as)Y =0
Hence (YE (7)y) is (FK — H),.
(i) Let (X, E, 7) isa(FK-H), space.Let Y bea
nonnull subset of X.
Let (Y,E. (t)y) beafuzzy softsubspaceof(X,E 7).

Fix e € E Considerxy €Y, x#y
Therefore xy € X.

since (X, E, T) is (FK-H),, there exist f, gge T
such that f, (e)(x) >0, Gg(e)(x) > 0and
FA A 53: 0.
Therefore (fa )y, (Gs)y € (B)y
Also (Fa)y(e)®) = (1ATA)(e) (¥
= 1(e)() A Fa(e)(X)
= fa(e)(x) >0
. (Fa)y (e)() >0
Similarly  (gg)y (€)(x) >0
((Fa)y A (@s)v)(e)(x))
=((TATA) A (TATe))(E)(X)
= (1AM A(LATs)(E)(X)

= (1)) Afa @) ())A(L(€)(X) AT (€)(X))
= fa@MA Gs(e)(X

= (fa " 3s) (O

= 0(®)(%)

o (Fa)y A (Gg)y = 0

Hence (YE (7)y) is (FK — H),.

Definition: 3.4

Let (X, E, ?) be a fuzzy soft topological space and
G c E Then (X, G, ?G) is called a fuzzy soft

p - subspace of (X, E, T) relative to the parameter
set Gwhere Ty= {(f,)/G: foe T}and (f,)/Gis
the restriction map on G.
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Theorem: 3.5

(i) Fuzzy soft p — subspace of a (FK-H); space
is (FK-H);.
(ii) Fuzzy soft p — subspace of a (FK-H), space
is (FK-H)..
Proof:
(i) Let (X, E T) isa(FK-H); space.
Let Gc E
Let (X, G, (T)g) be afuzzy soft subspace of

(X, E, T)where (F)g = {(fa)/ G: T, T} relative
to the parameter set G.
Consider g, g, G such that g; #g; then g4, g,€ E

there exist f,, gge 1 such that f,(g;) > O,
gg(g,) > Oand i;A N Og= 0
Therefore (fo)/ G, (0g)/ G € (T)g)
Also ((fa)/G) @) = fa(@) >0
((98)/06) (92) = gg(g,) >0
and ((fa)/G) A ((§s)/G) ) (@) (%)
= (FA)/G)@) (M) A (@s)/G)(@)(X)
= (fA) @) A @)@ X
= (fa " 3:) @ X)
= 0(9)(¥)
+ ((fA)IG) A (@)/G) =0
Hence (X, G, (T)g) is (FK-H);.
(i) Let (X, E, T) isa(FK-H), space.
Let G E Let( X, G, (T)g) be afuzzy soft
p - subspace of (X, E, T)
FixgeG=gekE
gonsider Xy e X sugh that x=y, then there exist

fa, Gg € T such that f,(g) (9 >0, Gg(9) &) >0

and f, N gg=10

Therefore (f,)/G, (§g)/G € (F)g

Also ((f)/G) @K = fa(@(x) >0
(@e)/ 0 @©F = Fa@x) >0

and ((fA)/G) A ((Gs)/G) ) (@) (¥)

(FA)/G)@) () A (@8)/G) (@) ()

@) A @)@ X

(fa A 38) (@ (X)

= 0(g)(¥)

. (FA)IG) A (@s)/G) =0

Hence (X, G, Tg)is (FK-H),.

Theorem: 3.6
(i) Product of two (FK-H); spaces is (FK-H);.
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(ii) Product of two (FK-H), spaces is (FK-H),.

Proof:
(i) Let (Xi, E1, T)and (Xp, E, 7,)be two
(FK-H); spaces.
Consider two distinct points (es, ki), (e2, kz) € E x k.
Either e # e, or ky# k.
Assume e;#e;. Then f,, g e T, such that
fa(e1) > 0, Gg(e;) > 0and o M Gg= 0
Therefore f, ® 1, §o ®1e T ® %,
(fa ® 1)1 k) = faley) ® 1(ky) > 0.
G ® 1) ez ko) = Gale,) ® 1(k;) > 0.
o Gs=0
= (fa A 3g)(€)(x) =0 for all e € E, for all x e X
= T2 €)(X) AJg (©)(x) =0 for all ee E
for all xe X
= either T, (6)(x) =0 or Jg (€)(x) =0
for all e € E,for all x € X
= either FA(e) ® AL(K)(y) #0 or
gg(e) ® /\I(k) (y) =0 for all e € E,for all ke K,
forall x € Xand forally e Y
= either (f, ® 1) (e, k) (x y)=0 or
@ ® 1) (e, k) (x y)=0forall (ek) € ExK
forall (x, y) e Xx Y.
S (A, ®D) A (G ®1) =0
The proof in the other case is similar.
Hence (X xY, Ex K, T, ® T,) is a (FK-H)s.
(i) Let (X1, E, T)and (X, Ep, T,)be two
(FK-H), spaces.
Fix (e, k) € Ex Kwheree €E, k € K.
Consider two distinct points (X, Y1), (%, Y2) € X x Y.
Either x,# X ory;#Yyo.
Assume x, #%. Then f,, §g e T such that
fA(@)(X) >0, Ga(€)x) >0and fo A Gg=0
Therefore T, ® 1, Gz ®1e T, ® 7,
(fa ® 1) (e, K0ay1) = fa()(x) AL(K)(Y2)
= Ta©)(x,) >0
(G:® L) @R)0eY2) = Gg(€)(X2) AL(K)(Y,)
= gg(e)(xp)>0
fangs= 0
= (fa A 3g)(€)(x) =0 for all e e E,for all x e X
= T, (€)(X) AGg (©)(x) =0 forallee E
forall xe X
= either T, (6)(x) =0 or Gg (6)(x) =0
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for all e € E,for all x e X
= either f,(e) ® AL(k)(y) =0 or
Fs(€) ) AL(K)(y) =0 for all e € E, for all ke K ,
forall x e Xandforally e Y
= either (f, ® 1) (e, k) (x y)=0 or
Gz ® 1) (&, k) (x y)=0forall (k) €E xK
forall (x y) e XxY
S (f,®D) A @G ®1) =0
The proof in the other case is similar.

Hence (X x Y, Ex K, T, ® T,) is a (FK-H), space.

Definition: 3.7
Let {(X,, Ex, 7,)/ AeA} be families of fuzzy soft
topological spaces. Let X = A X; and

E = en E). The fuzzy soft product topology T over
(X, E) is the one with basic fuzzy soft open sets of the

form Ien fo, where fy e 7, and fa, = 1 except for
finitely many A’s. Here

((Menfa, ) (@DeN) (Xi)sen= Arenfa, (€1 (%)

for every (%)xen€llen X; and

for every (e))sen € Ihen By

Theorem: 3.8

(i) Arbitrary product of (FK-H); spaces is
(FK-H),.

(if) Arbitrary product of (FK-H), spaces is
(FK-H)..

Proof:
0) Let (X, By T,)/ AeA} be a collection of

(FK-H); spaces. _
Let X = Ien X, and E = Tyep By and © = Ihen T, .

Consider two distinct points
@hen, (Kren € Then B
Assume e, =k, forsome pe A, there exist

fa, Gs, € T, such that f, (e,) >0, gg (k,) >0
and FAu N s, = 0.

Let FA: ITen FA;. where ]?A;. = 1forh= p and

= Mcn Qg Where gg = 1 for h# .

Then fo, Gge T = e T,.

Also

fa(@)er) = (Menfa) @Den )
= Nienfa, @)
= ¥A» (e,)>0
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o Fa(@)en) >0
Similarly g (Kwer) > 0
((?A A0g) @ren) ()2en
= (Merfa) A (MeaTs,)) @)en (6)e
= (Men o, ) @Den) (01en) A (Then T, ) @2en)
_ (X%)ke/\)
= fa, (€0) (6) A gy (60) (4)
= ((fa, M Ga) @) (%)
= (0w (%)
= (Mer0)E@drer ($ren
= 6 (el)ke/\ (Xl)ke/\
fags = 0
Hence Arbitrary product of (FK-H); spaces is
(FK-H),.
(i) Let {(X;, E; ?k)/}»eA} be a collection of

(FK-H), spaces.
Let X =ITen X3, E = 1Then By and 1 = [Then :Ek'
Fix (&ren€ E =1Iien E where e, € E, .

Consider two distinct points

(%dren » (Yiden € X = Iien X
Assume X, =Y, forsome peA, there exist

fa,r Os, € 7, such that fa, ) (%) >0,
Gs, (6) () >0and f A Gg = 0.
Let FA= IThen 'fwA;‘ where FA;. = 1forr# pand
0= IMien G, Where Qg = 1forh #p
Then FA, Jge T =1 T,. Also
(Fa @)1en) 02 = (Maen T ) €01) (6ren
= Nuenfa, (€ ()
= fa, (60 () >0
(@5 @Xer) (Den = (MaenTs, ) ©€D1en) (en
= NoenGs, (&) (%)
= s, (&) (%) >0
((FA A Gg) (€)5en) ()ren
= (Meafa,) A (Mens, ) @Dren (6Dien
= (Men Ta, ) @Der) (D) A (enTs,) @en)
3 (0Dren)
= fa, () (%) A T (0 (%)
((Fa, M Ga) (€0)) (%)
(0 (e) (%)
= ([en0)@den (5ren

728

= 0 (edren (oren
fa~ds = 0
Hence (X, E, 7T)is (FK-H), space.

IV. CONCLUSIONS

In this paper, the concept fuzzy soft K - Hausdorff
is introduced and some basic properties regarding this
concept are proved.
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