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Abstract 
Let G be a rooted product graph of path with a cycle graph with the 

vertex set V and the edge set E. Here nP   be a Path graph with n vertices 

and ( 3)mC m  be a cycle with a sequence of n rooted graphs 

1 2 3, , , ,m m m mnC C C C . Then by n ( )mP C we denote the graph obtained by 

identifying the root of miC with the ith vertex of nP . We call n ( )mP C  the 

rooted product of nP by mC and it is denoted by
n mP C . Every ith vertex of nP  

is merging with any one vertex in every ith copy of mC . So in
nG mP C  , nP  

contains n vertices and mC  contains (m-1) vertices in each copy of mC . In this 

paper we discuss some results on rooted product graph of path with a cycle 

graph. 

Key Words: Rooted product graph, signed dominating functions, signed 

domination number. 
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1. Introduction  

Graph theory is an important subject in mathematics. Applications in many fields 

like coding theory, Logical Algebra, Engineering communications and Computer 

networking. The rooted product graphs are used in internet systems for 

connecting internet to one system to other systems. 

Mostly Product of graphs used in discrete mathematics. In 1978, Godsil and 

McKay [3] introduced a new product on two graphs 1G and 2G , called rooted 

product denoted by 1 2G G . In 1977, Mitchell and Hedetniemi [7] have studied 

about “Edge domination in trees”. In 2001, Xu [2] have studied about “On signed 

edge domination numbers of graphs”.  Further we studied about signed edge 

domination in [1, 4, 5, 6]. Here we can find out signed edge domination related 

parameters on rooted product graph.   

2. Results on Signed edge domination 

Theorem 2.1: If m is divisible by 3 then the signed edge domination number of 

nG mP C  is
2

( ) 1 1
3

s

m
G n m

 
    

 
. 

Proof: Let nG mP C   be a rooted product graph and m=3k. Where k is a natural 

number set. 

We define a signed edge dominating function : [0,1]f E  as follows: 

1,for edges in each copy of C  in G,
( ) 3

1,otherwise.

m

m

f e




 


 

Then by the definition of the function. 

1 2 1( ) ( ) ( ) 1,

( ) 1,  if j 1(mod 3) ineachcopy of ,

( ) 1,  otherwise.

n

ij m

ij

f e f e f e

f h C G

f h

      

  



 

By the function definition, the values -1 is assigned to 
3

m
edges in each copy of 

Cm and +1 is assigned to remaining vertices in G. 

Case 1: If n ,  where 1,2, ,( 1)ie P i n    . 

If ( ) 5iadj e  then
[ ]

( ) 1 1 1 1 ( 1) ( 1) 2

ie N e

f e



         . 

If ( ) 6iadj e  then
[ ]

( ) 1 1 1 1 ( 1) ( 1) 1 3

ie N e

f e



          . 
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Case 2: If ; 1,2, , ; 1,2,3, ,ij mh C i n j m     . 

Subcase 1: Suppose ( ) 2ijadj h  , N ijh 
  , j=1,2,3,---,m there are no edges of nP and 

two edges of mC and there are two edges which are drawn from the vertices 

( 1) and uij i ju  of mC . 

Therefore
[ ]

( ) 1 ( 1) 1 1

ije N h

f e



     . 

Subcase 2: Suppose ( ) 3ijadj h  , N ijh 
  , j=1,2,3,---,m there are two edges of mC , 

one edge of nP  and there is an edge which are drawn from the vertices  

,i=1,2,---,n;j=1 or (m-1) and v , 1ij iu i or n . 

Therefore
[ ]

( ) ( 1) 1 1 1 2

ije N h

f e



      . 

Subcase 3: Suppose ( ) 4ijadj h  , N ijh 
  , j=1,2,3,---,m there are two edges of mC , 

two edges of nP  and there is an edge which are drawn from the vertices 

,i=1,2,---,n;j=1 or (m-1) and v , 1ij iu i or n . 

Therefore  
[ ]

( ) 1 ( 1) 1 1 1 3

ije N h

f e



       . 

From the above possible cases, we get
( )

( ) 1

e E G

f e



 . 

This implies f is a signed edge dominating function. 

Now the minimality check for of f. Define another function : { 1,1}g E   by 

1,for edges in each copy of C  in G,
3

( ) 1,if e=e for some k,

1,otherwise.

m

k n

m

g e P





  




 

Since strict equality not holds at an edge i ne P , it follows that g<f. 

Case 1: If n ,  where 1,2, ,( 1)ie P i n    . 

Sub case 1: Let [ ]k ie N e . 

If ( ) 5iadj e  then
[ ] 2

( ) 1 ( 1) 1 ( 1) 0

ie N e times

g e

 

       
. 

If ( ) 6iadj e  then
[ ] 2

( ) 1 ( 1) 1 ( 1) 1 1

ie N e times

g e

 

        
. 

Sub case 2: Let [ ]k ie N e . 
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If ( ) 5iadj e  then
[ ] 2

( ) 1 1 1 ( 1) 2

ie N e times

g e

 

      
. 

If ( ) 6iadj e  then
[ ] 2

( ) 1 1 1 ( 1) 1 3

ie N e times

g e

 

       
. 

Case 2: If ; 1,2, , ; 1,2,3, ,ij mh C i n j m     . 

Subcase 1: Suppose ( ) 2ijadj h  , N ijh   , j=1,2,3,---,m there are no edges 

of nP and two edges of mC and there are two edges which are drawn from the 

vertices ( 1) and uij i ju  of mC . 

Therefore
[ ]

( ) 1 ( 1) 1 1

ije N h

g e



     . 

Subcase 2: Suppose ( ) 3ijadj h  , N ijh   , j=1,2,3,---,m there are two edges of mC , 

one edge of nP  and there is an edge which are drawn from the vertices  

,i=1,2,---,n;j=1 or (m-1) and v , 1ij iu i or n . 

Let [ ]k ije N h then
[ ]

( ) ( 1) 1 1 ( 1) 0

ije N h

g e



       . 

Let [ ]k ije N h then
[ ]

( ) ( 1) 1 1 1 2

ije N h

g e



      . 

Subcase 3: Suppose ( ) 4ijadj h  , N ijh 
  , j=1,2,3,---,m there are two edges of mC , 

two edges of nP  and there is an edge which are drawn from the vertices 

,i=1,2,---,n;j=1 or (m-1) and v , 1ij iu i or n . 

Therefore
[ ]

1 ( 1) 1 ( 1) 1 1,  if e [ ]
( )

1 ( 1) 1 1 1 3,  if e [ ]
ij

k ij

k ije N h

N h
g e

N h


       
 

      
 . 

From the above possible cases, we get 

( )

( ) 1,  for some e

e E G

g e E



  . 

This implies g is not a signed edge dominating function. 

Hence f is a minimal signed edge dominating function. 

Now signed edge domination number is 

( )

2
( ) ( 1) ( 1) ( 1) 1 1.

3 3 3
e E G

n times

m m m
f e m n n m





     
               
     




 

Theorem 2.2: If m is not divisible by 3, that is m=3k+1 then the signed edge 

domination number of nG mP C  is 
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( ) 2 1 1
3

s

m
G n m

  
     

  
. 

Proof: Let nG mP C   be a rooted product graph and m=3k+1. Where k is a 

natural number set. 

We define a signed edge dominating function : [0,1]f E  as follows: 

1,for edges in each copy of C  in G,
( ) 3

1,otherwise.

m

m

f e




 


 

Then by the definition of the function. 

1 2 1( ) ( ) ( ) 1,

( ) 1,  if j 0(mod 3) ineachcopy of ,

( ) 1,  otherwise.

n

ij m

ij

f e f e f e

f h C G

f h

      

  



 

By the function definition, the values -1 is assigned to 
3

m
edges in each copy of 

Cm and +1 is assigned to remaining vertices in G. 

Case 1: If n ,  where 1,2, ,( 1)ie P i n    . 

If ( ) 5iadj e  then
[ ]

( ) 1 1 1 1 1 1 6

ie N e

f e



       . 

If ( ) 6iadj e  then
[ ]

( ) 1 1 1 1 1 1 1 7

ie N e

f e



        . 

Case 2: If ; 1,2, , ; 1,2,3, ,ij mh C i n j m     . 

Subcase 1: Suppose ( ) 2ijadj h  , N ijh 
  , j=1,2,3,---,m there are no edges of nP and 

two edges of mC and there are two edges which are drawn from the vertices 

( 1) and uij i ju  of mC . 

Therefore
[ ]

( ) 1 ( 1) 1 1

ije N h

f e



     . 

Subcase 2: Suppose ( ) 3ijadj h  , N ijh 
  , j=1,2,3,---,m there are two edges of mC , 

one edge of nP  and there is an edge which are drawn from the vertices  

,i=1,2,---,n;j=1 or (m-1) and v , 1ij iu i or n . 

Therefore
[ ]

( 1) 1 1 1 2, 1 [ ]
( )

1 1 1 1 4, 1 [ ]
ij

ij

ije N h

if N h
f e

if N h


      
 

     
 . 

Subcase 3: Suppose ( ) 4ijadj h  , N ijh   , j=1,2,3,---,m there are two edges of mC , 

two edges of nP  and there is an edge which are drawn from the vertices 
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,i=1,2,---,n;j=1 or (m-1) and v , 1ij iu i or n . 

Therefore
[ ]

( 1) 1 1 1 1 3, 1 [ ]
( )

1 1 1 1 1 5, 1 [ ]
ij

ij

ije N h

if N h
f e

if N h


       
 

      
 . 

From the above possible cases, we get
( )

( ) 1

e E G

f e



 . 

This implies f is a signed edge dominating function. 

Now the minimality check for of f. Define another function : { 1,1}g E   by 

1,for edges in each copy of C  in G,
3

( ) 1,if e=e for some k,

1,otherwise.

m

k n

m

g e P





  




 

Since strict equality not holds at an edge i ne P , it follows that g<f. 

Case 1: If n ,  where 1,2, ,( 1)ie P i n    . 

Sub case 1: Let [ ]k ie N e . 

If ( ) 5iadj e  then 
2[ ]

( ) 1 ( 1) 1 1 4

i
timese N e

g e


      . 

If ( ) 6iadj e  then 
2[ ]

( ) 1 ( 1) 1 1 1 5

i
timese N e

g e


       . 

Sub case 2: Let [ ]k ie N e . 

If ( ) 5iadj e  then 
2[ ]

( ) 1 1 1 1 6

i
timese N e

g e


     . 

If ( ) 6iadj e  then 
2[ ]

( ) 1 1 1 1 1 7

i
timese N e

g e


      . 

Case 2: If ; 1,2, , ; 1,2,3, ,ij mh C i n j m     . 

Subcase 1: Suppose ( ) 2ijadj h  , N ijh 
  , j=1,2,3,---,m there are no edges of nP and 

two edges of mC and there are two edges which are drawn from the vertices 

( 1) and uij i ju  of mC . 

Therefore
[ ]

( ) 1 ( 1) 1 1

ije N h

g e



     . 

Subcase 2: Suppose ( ) 3ijadj h  , N ijh 
  , j=1,2,3,---,m there are two edges of mC , 

one edge of nP  and there is an edge which are drawn from the vertices  

,i=1,2,---,n;j=1 or (m-1) and v , 1ij iu i or n . 
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Let
[ ]

( 1) 1 1 ( 1) 0, 1 [ ]
[ ] ( )

1 1 1 ( 1) 2, 1 [ ]
ij

ij

k ij
ije N h

if N h
e N h g e

if N h


       
   

      
 . 

Let
[ ]

( 1) 1 1 1 2, 1 [ ]
[ ] ( )

1 1 1 1 4, 1 [ ]
ij

ij

k ij
ije N h

if N h
e N h g e

if N h


      
   

     
 . 

Subcase 3: Suppose ( ) 4ijadj h  , N ijh 
  , j=1,2,3,---,m there are two edges of mC , 

two edges of nP  and there is an edge which are drawn from the vertices 

,i=1,2,---,n;j=1 or (m-1) and v , 1ij iu i or n . 

Let
[ ]

( 1) 1 1 1 ( 1) 1, 1 [ ]
[ ] ( )

1 1 1 1 ( 1) 3, 1 [ ]
ij

ij

k ij
ije N h

if N h
e N h g e

if N h


        
   

       
 . 

Let
[ ]

( 1) 1 1 1 1 3, 1 [ ]
[ ] ( )

1 1 1 1 1 5, 1 [ ]
ij

ij

k ij
ije N h

if N h
e N h g e

if N h


       
   

      
 . 

From the above possible cases, we get 

( )

( ) 1,  for some e

e E G

g e E



  . 

This implies g is not a signed edge dominating function. 

Hence f is a minimal signed edge dominating function, if m=3k+1. 

Now signed edge domination number is 

( )

( ) ( 1) ( 1) ( 1) 2 1 1.
3 3 3

e E G

n times

m m m
f e m n n m





          
                    

          




 

Theorem 2.3: If m is not divisible by 3, that is m=3k+2 then the 

function : [0,1]f E   is defined by 

1,for edges in each copy of C  in G,
( ) 3

1,otherwise.

m

m

f e




 


 

It becomes not a minimal signed edge dominating function of nG mP C  . 

Proof: Let nG mP C   be a rooted product graph and m=3k+2. Where k is a 

natural number set. 

We define a signed edge dominating function as in the hypothesis. 

Then by the definition of the function. 

1 2 1( ) ( ) ( ) 1,

( ) 1,  if j 0(mod 3) ineachcopy of ,

( ) 1,  otherwise.

n

ij m

ij

f e f e f e

f h C G

f h

      

  


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By the function definition, the values -1 is assigned to 
3

m
edges in each copy of 

Cm and +1 is assigned to remaining vertices in G. 

Case 1: If n ,  where 1,2, ,( 1)ie P i n    . 

If ( ) 5iadj e  then
[ ]

( ) 1 1 1 1 1 1 6

ie N e

f e



       . 

If ( ) 6iadj e  then
[ ]

( ) 1 1 1 1 1 1 1 7

ie N e

f e



        . 

Case 2: If ; 1,2, , ; 1,2,3, ,ij mh C i n j m     . 

Subcase 1: Suppose ( ) 2ijadj h  , N ijh 
  , j=1,2,3,---,m there are no edges of nP and 

two edges of mC and there are two edges which are drawn from the vertices 

( 1) and uij i ju  of mC . 

Therefore
[ ]

( ) 1 ( 1) 1 1

ije N h

f e



     . 

Subcase 2: Suppose ( ) 3ijadj h  , N ijh 
  , j=1,2,3,---,m there are two edges of mC , 

one edge of nP  and there is an edge which are drawn from the vertices  

,i=1,2,---,n;j=1 or (m-1) and v , 1ij iu i or n . 

Therefore
[ ]

( ) 1 1 1 1 4

ije N h

f e



     . 

Subcase 3: Suppose ( ) 4ijadj h  , N ijh 
  , j=1,2,3,---,m there are two edges of mC , 

two edges of nP  and there is an edge which are drawn from the vertices 

,i=1,2,---,n;j=1 or (m-1) and v , 1ij iu i or n . 

Therefore
[ ]

( ) 1 1 1 1 1 5

ije N h

f e



      . 

From the above possible cases, we get
( )

( ) 1

e E G

f e



 . 

This implies f is a signed edge dominating function. 

Now minimality check for of f. Define another function : { 1,1}g E   by 

1,for edges in each copy of C  in G,
3

( ) 1,if e=e for some k,

1,otherwise.

m

k n

m

g e P





  



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Since strict equality not holds at an edge i ne P , it follows that g<f. 

Case 1: If n ,  where 1,2, ,( 1)ie P i n    . 

Sub case 1: Let [ ]k ie N e . 

If ( ) 5iadj e  then 
2[ ]

( ) 1 ( 1) 1 1 4

i
timese N e

g e


      . 

If ( ) 6iadj e  then 
2[ ]

( ) 1 ( 1) 1 1 1 5

i
timese N e

g e


       . 

Sub case 2: Let [ ]k ie N e . 

If ( ) 5iadj e  then 
2[ ]

( ) 1 1 1 1 6

i
timese N e

g e


     . 

If ( ) 6iadj e  then 
2[ ]

( ) 1 1 1 1 1 7

i
timese N e

g e


      . 

Case 2: If ; 1,2, , ; 1,2,3, ,ij mh C i n j m     . 

Subcase 1: Suppose ( ) 2ijadj h  , N ijh 
  , j=1,2,3,---,m there are no edges of nP and 

two edges of mC and there are two edges which are drawn from the vertices 

( 1) and uij i ju  of mC . 

Therefore
[ ]

( ) 1 ( 1) 1 1

ije N h

g e



     . 

Subcase 2: Suppose ( ) 3ijadj h  , N ijh 
  , j=1,2,3,---,m there are two edges of mC , 

one edge of nP  and there is an edge which are drawn from the vertices  

,i=1,2,---,n;j=1 or (m-1) and v , 1ij iu i or n . 

Let [ ]k ije N h then
[ ]

( ) 1 1 1 ( 1) 2

ije N h

g e



      . 

Let [ ]k ije N h then
[ ]

( ) 1 1 1 1 4

ije N h

g e



     . 

Subcase 3: Suppose ( ) 4ijadj h  , N ijh 
  , j=1,2,3,---,m there are two edges of mC , 

two edges of nP  and there is an edge which are drawn from the vertices 

,i=1,2,---,n;j=1 or (m-1) and v , 1ij iu i or n . 

Let [ ]k ije N h then
[ ]

( ) 1 1 1 1 ( 1) 3

ije N h

g e



       . 

Let [ ]k ije N h then
[ ]

( ) 1 1 1 1 1 5

ije N h

g e



      . 
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From the above possible cases, we get
( )

( ) 1.

e E G

g e



 . 

This implies g is also a signed edge dominating function. 

Hence f is not a minimal signed edge dominating function, if m=3k+2. 
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