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Abstract:

In a graph G = (V, E) let S be the subset of V. A set S < V is a hop dominating set of
G, if for every vertex v € V - S there exists u e S such that d(u,v) =2. Aset S < Vis anon
split hop dominating set of G if S is a hop dominating set and < V - S > is connected. The
minimum cardinality of non split hop dominating set is called non split hop domination number
of G and it is denoted by NSHD(G). In this paper we found NSHD number for cartesian product
of two distinct cycles.
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l. Introduction:

Let G be a simple graph. For any two graph G and H let G O H denotes the cartesian
product of G and H. | y |denotes the largest integer less than or equal to y. [y |denotes the
smallest integer greater than or equal to y. A subset S of V is called a Dominating set of G if
every vertex in V- S is adjacent to at least one vertex in S. y (G) is the minimum cardinality
taken over all dominating sets in G which is called the domination number of G. If <V-S >
is connected then S is said to be Non split dominating set of G. The minimum cardinality
taken over all non split dominating set is the non split domination number and is denoted by
7 ns(G) . C. Natarajan, S.K. Ayyaswamy introduced the concept of Hop dominating set[6]. A
set S < V of a graph G is a Hop dominating set of G if for every v e V- S there exists u
S such that d(u, v) = 2. The minimum cardinality of a hop dominating set is called a hop
domination number and it is denoted by yn(G) . A vertex u in a hop dominating set is said to
be hop dominate an another vertex v if d(u, v) = 2. G.Mahadevan, V. Vijayalakshmi, C.
Sivagnanam introduced the concept of Non split hop dominating set[4]. S < V is a Non
split hop dominating set of G if S is a hop dominating set and < V - S > is connected. The
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minimum cardinality of non split hop dominating set is called non split hop domination
number of G and it is denoted by NSHD(G).
Example 1.1:

From the above figure Nonsplit hop dominating set = {1,2,3}; NSHD- number = 3.

1. NSHD NUMBER FOR CARTESIAN PRODUCT OF TWO DISTINCT
CYCLES

In this section we found the exact value of the NSHD number for the product graph
Cn O Cn. Let Cn be a cycle with m vertices {x1, X,........ Xm}. By the definition of hop
domination, each x; can hop dominate exactly two vertices xiz» where 1 < i < n. Let the
vertices of Cm O Crbe X, X2 oo X, X5, X2 veeen X o XX XD

P] if n=03(mod4)
Proposition 2.1: NSHD(Cn O Cy) =
k—l+1 if n=212(mod4)

wherem=3,n >m.
Proof: Let S1 = {x, X :k =6,7(mod8),| =2,3(mod8)}

S, if n=0,3(mod4)
Now let S = 0 e
S,u{x/,x;} if n=12(mod4)

Clearly S is the NSHD set for Cn O C, wherem=3,n >m.

1220



International Journal of Pure and Applied Mathematics Special Issue

4—6n if n=0(mod6);

@H it n=1(mod6):

A0=2) o it n=2(mods);

6

p . . _ ]4(n-3) . . ,
roposition 2.2: NSHD(Cn O Cn = 5 +3 if n=3(mod6);m=4;
@M if n=3(mod6);m=>5;

@ if  n=4(mod6);

@ if  n=5(mod6);

wherem=4or5andn > m.
Proof: Let Sy = {x{,x} :k =1,2(mod 6),| = 4,5(mod 6)}

S, if  n=0,2,5(mod6);
S,u{xs} f n=1(mod6);
NowletS=4 S, U{x;} if n=3(mod6);m=4;
S, u{x;,x;} if n=3(mod6);m=5;

S, u{x;'} if n=4(mod6);

Clearly S is the NSHD set for Cm O Cn where m=4o0r5,n > m.

? if n=0(mod6):
M+ﬂ if n=1(mod6);

9 3
m+4) i n=2(mod6);

Theorem 2.1: For 6 <m <n, NSHD(Cw O Cpy = m(n9+3)

—9 if n=3(mod6);
@ if n=4(mod6);
w if n=5(mod6);

where m=0(mod 6) .

Proof:
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Let S1 ={x{,x; :i=3(mod6), j =0(mod6),k = 2,3(mod6),I =0,5(mod 6) 1<i, j <m1<k,I <n},
{x':i=0(mod6)1<i<m} S3

S
S4 =

Case 1: n=0(mod 6)

{x"*:i=3(mod6)1<i<m} , Ss
Se = {x :i=4(mod6),1<i<m}

In this case Si is the NSHD set of Cy O Ch.

Case 2: n=1(mod 6)

In this case S, US,US, is the NSHD set of Cn[Od Ch.

Case 3: n=2(mod 6)

In this case S, US, US;US, isthe NSHD set of Cn O Cn.

Case 4: n=3(mod 6)

In this case S, US, US, is the NSHD set of Cn O Ch.

Case 5: n=4(mod 6)

In this case S, US, S, isthe NSHD set of Cm O Ch.

Case 6: n=5(mod 6)

In this case S, US, is the NSHD set of Cm g Ch.

Now let S =

Sl
S,uUS;US,
S,uS,uS,US,
S,uS,uSs,
S,US,uUS,
S,us,

if
if
if
if
if
if

n =0(mod 6);
n=1(mod6);
n=2(mod®6);
n = 3(mod 6);
n=4(mod6);
n =5(mod 6);

It is clear that S is the NSHD set of Cr OOCn and hence
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mn

5 if n=0(mod6);
mn-H m . =1(mod6);
9 3
w if n=2(mod6);
NSHD(Cn O Cn) =
w if n=3(mod6);
w if n=4(mod6);
w if  n=5(mod6);
where m=0(mod 6) forall n >6.
Theorem 2.2: For 7<m <n,
(m—l)n+g if n=0(mod6);
(m— 1)(n 1)+EJ+“71 if  n=1(mod6);
(m- 1)(n+1)+ —2+m—1 if n=2(mod6);
NSHD(Cn O C) = 91 33 3
(m-D)n “3 m3 if n=3(mod6);
(m— 1)(n H, n-4 m-1 . n = 4(mod6);
9 3 3
(m—lg)(n +1) n;fl f n=5(mod6);

where m=1(mod 6) .
Proof:
Let S1 ={x,x J :i=1(mod6), j =4(mod6),k =0,5(mod6),l =2,3(mod6)1<i, j <ml<k,l<n},

S2 = {x*:i=lY(mod6)1<i<m} Ss = {x"*:i=4(mod6),1<i<m}
Sa={x :i=1(mod6),7 <i<m} Ss={x"":i=1(mod6)1<i<m}

Case 1: n=0(mod 6)
In this case S1 is the NSHD set of Cm O Ch.
Case 2: n=1(mod 6)

In this case S, US, US; is the NSHD set of Cn O Ch.
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Case 3: n=2(mod 6)

In this case S, US,US, US, —{x’} is the NSHD set of CnO Ch.

Case 4: n=3(mod 6)

In this case S, US, US, —{x’} is the NSHD set of Cm O Cn.

Case 5: n=4(mod 6)

In this case S, US, —{x7,x2}US, —{x' ™, x 3 {x} , x0} is the NSHD set of Cmg Ch.
Case 6: n=5(mod 6)

In this case S, US, is the NSHD set of Cm O Ch.

S, if  n=0(mod6);

S,uUS,uUS; if  n=1(mod6);

Now let S = S,US,US, US, —;(xf} ?f n=2(mod6);
S,uS,uUs, {x } if n=3(mod6);

S, US, —{xZ, x23u S, —{x' ", xIIO{x}, x"} if  n=4(mod6);

S,uS, if n=5(mod6);

Itis clear that S is the NSHD set of C, O C, and hence

(m—1)n g if n=0(mod6);
(m-— 1)(n 1){%}”71 if n=1(mod6);
(m- 1)(n+1)+ —2, M1 i = 2(mods);

NSHD(Cn m Cn) = ’ 33 P
(m— )n n; m3 if n=3(mod6);
(m- 1)(n 1) n-4 m-1 n =4(mod6);

9 3 3
(m-N)(n+1) n+1 if n=5(mod6);

9 3
where m=1(mod 6) for all n=>7.

Theorem 2.3: For § <m <n,
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(m+4)n

5 if  n=0(mod6);

(m+4)(n—1)+m—8+m if  n=1(mod6);

9 6 |6 '
<m+4)(n—2)+m—8+[mJ if n=2(mods);

NSHD(Cm O Cn) = J ’ °

(m+4)(n-3) m‘&{ﬂJ if n=3(mod6);

9 3 |3 '

(m+4)(n—l)+2(m6—8)_1 if n=4(mod6);

W_l if  n=5(mod6);

where m=2(mod 6) .

Proof:

Let S1 ={x,x] :i=1(mod6), j = 4(mod6),k =0,5(mod6),l = 2,3(mod6),L<i, j <mi<k,l<n},

S2 = {x:i=lmod6),7<i<m-2} , Sz = {x*:i=2(mod6),7<i<m-2}
Sa = X" :i=4(mod6)1<i<m} Ss = {x" :i=2(mod6),8<i<m}
Se = {x"':i=1l(mod6)8<i<m} | S = &, x),x) M i=2(mod6),2< j<n-3} |

Sg = {x :i=2(mod6),8<i<m}, So = {Xx":i=5(mod6),L<i<m}.
Case 1: n=0(mod 6)

In this case S, LS, is the NSHD set of Cm O Ch.

Case 2: n=1(mod 6)

In this case S, US;US, US,is the NSHD set of Crm O Ch.

Case 3: n=2(mod 6)

In this case S, US, US;US,US, is the NSHD set of Cm O Ch.
Case 4: n=3(mod 6)

In this case S, US, US, US,is the NSHD set of Cm O Ch.

Case 5: n=4(mod 6)

In this case S, S, US, US; isthe NSHD set of Cm O Ch.
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Case 6: n=5(mod 6)

In this case S, US,US, is the NSHD set of Cn O Ch.

S,uUS, if  n=0(mod6);
S,US,US, US, if  n=1(mod6);
S,uS,uS,uS,usS,; if n=2(mod6);
S,uUS,uUS,US, if n=3(mod6);
S,US, US, US, if n=4(mod6);
S,uUS,US, if n=5(mod6);

Now let S =

It is clear that S is the NSHD set of CmO Cin and hence

(m+4)” if n=0(mod6);
<m+4;(n 1) m-— S{GJ it n=1(mods6);
(m+4)(n-2) m- 8+H it n=2(mods);
NSHD(Cn O C) = 49 3 8 N
(m+4)(n-3) m- {EJ if n=3(mod6);
9 3
(m+49))(n—1)+2( ) if n=4(mod6);
w_l if n=5(mod6);
where m=2(mod 6) for all n >8.
? if n=0(mod6);
m(“_1)+ﬂ if  n=1(mod6);
9 3
mn+4) n=2(mod6):
Theorem 2.4: For 9 <m < n, NSHD(Cm O Cn) = m(n9+3)
5 if  n=3(mod6);
m‘”g* 2 it n=4(mods):
m(r;+1) if n=5(mod6);

where m=3(mod 6) .
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Proof:

Let S1 ={x*,x! :i=3(mod6), j =0(mod6),k = 2,3(mod6),l =0,5(mod6),1<i, j<ml<k,l<n},

[ |

S2 =  {¥:j=05(mod6)1<j<n} ., Sz = {x:i=0(mod6)l<i<m}
S¢ = {x2:i=0(mod6)l<i<m} | Ss = {x",x™, :i=4(mod6),1<i<m}
S¢ = {X':i=3(mod6)l<i<m} St = {x':i=0(mod6)l<i<m} , Sg =

{x"*:i=0(mod6),1<i<m}.

Case 1: n=0(mod 6)

In this case S, US, is the NSHD set of Cn[O Ch.

Case 2: n=1(mod 6)

In this case S, US,US, US; isthe NSHD set of CnO Ch.
Case 3: n=2(mod 6)

In this case S, US, US;US, USy isthe NSHD set of Cmg Ch.
Case 4: n=3,4(mod 6)

In this case S, US, US, US, is the NSHD set of CnOJ Cn.
Case 5: n=5(mod 6)

In this case S, US, US, U{x]'} is the NSHD set of CnO Ci.

S,uUSs, f  n=0(mod6);
S,uUS,US,uUS, if  n=1(mod6);
S,uS,uUS,uUS,US, if n=2(mod6);
S,US,US,US, if n=3,4(mod6);
S,US,uS; u{x"} if n=5(mod6);

Clearly S =

Itis clear that S is the NSHD set of CnO Cn and hence
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mn

o if n=0(mod6);
nO=D .M % h=1(mod6):
9 3

w if n=2(mods);

NSHD(Cn O € = @ if n=3(mod6);

w if n=4(mod6);

w if n=>5(mod6);
where m=3(mod 6) forall n >9.
Theorem 2.5: For 10 < m < n,

(m-In n if n=0(mod6);

9 3
(m-D(-1 ,m-1 n-1 ., n =1(mod 6);

9 3 3
(Mm-D0=2) 2m-1) N-2 1 & 1=2(mod6):

NSHD(Cn O Cy) = v 5 ’
(m—1g(n—3)+2(m3—1)+”;3+1 if n=3(mod6):;
(m—l)g(n+2)+”;‘2 if n=4(mod6);
(m—1g(n+1)+n;r1 if n=5(mod6);

where m=4(mod 6) .
Proof:

Let S1 ={x,x] :i =1(mod6), j = 4(mod6),k =0,5(mod6),| = 2,3(mod 6) 1<i, j <mi<k,l<n},
Sz = {X:i=lYmod6)l<i<m} | S3 = {x":i=1(mod6)1<i<m}
Sa={x"":i=4(mod6)1<i<m}, Ss={x :i=1(mod6),7 <i<m}.

Case 1: n=0(mod 6)
In this case S, is the NSHD set of Cm O Ch.
Case 2: n=1(mod 6)

In this case S, US,US, isthe NSHD set of Cm O Cn.

1228
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Case 3: n=2(mod 6)

In this case S, US,US, US, isthe NSHD set of Cn O Cn.

Case 4: n=3(mod 6)

In this case S, S, US, isthe NSHD set of CmO Ch.

Case 5: n=4(mod 6)

In this case S, US, US; is the NSHD set of Cn O Ch.

Case 6: n=5(mod 6)

In this case S, US, is the NSHD set of Cn O Cn.

S1
S,uS,us,
Now let S = S,US;,US,US,
S,US,US,
S,US,uUs,
S, US,;

Cm O Cy and hence

NSHD(Cn O Cn)

where m=4(mod 6) for all n > 10.

Theorem 2.6: For 11 < m < n,

if
if
if
if
if

n =0(mod 6);
n =1(mod 6);
n =2(mod 6);
n = 3(mod 6);
n = 4(mod 6);
n =5(mod 6);

It is clear that S is the

(m=1n wn

9 3
(m-D(n-1) . m—l+ n_1+

9 3 3
(m=-1)(n-2) N 2(m-1) N n-2

1

+1

9 3
(m-1)(n-3) N 2(m-1) N n-3

3
+1
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(m+2Dn

5 if  n=0(mod6);
W N g} if n=1(mod6);

Mm+Hn+4) o 2(mod6);

NSHD(Cm O Cy) = 9 |
(m+1)(n+3) if n=3(mod6);

; ;

(m+1)(n+2) if n=4(mod6);

] ;

Mm+D+D) 2 5(mod6);

: ;

where m=5(mod 6) .

Proof:

Let S1 ={x,x] :i =1(mod6), j = 4(mod6),k =0,5(mod 6),| = 2,3(mod 6) 1<i, j <mi<k,l<n},
S2 = {x?:i=1(mod6),1<i<m} , Ss = {x :i=1(mod6),1<i<m}

S4 = {x':i=1(mod6)l<i<m} Ss = {x"*:i=1(mod6)1<i<m}

S6 = {x":i =1(mod6)1<i<m} S7= {x*:i=4(mod6)l<i<m}.

Case 1: n=0(mod 6)

In this case S, is the NSHD set of Cm O Ch.

Case 2: n=1(mod 6)

In this case S, US, US, is the NSHD set of Cm O Ch.
Case 3: n=2(mod 6)

In this case S, US, US, US, isthe NSHD set of Cn O Cn.
Case 4: n=3(mod 6)

In this case S, uS,US, isthe NSHD set of Cm g Cn.
Case 5: n=4(mod 6)

In this case S, S, USy is the NSHD set of Cn O Ch.

Case 6: n=5(mod 6)
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In this case S, US; is the NSHD set of Cn O Cn.

S, if n=0(mod6);
S,uS,uUs, if  n=1(mod6);
S,uS,uS,us,; if n=2(mod6);
S,uS,uUs, if  n=3(mod6);
S,US;US, if  n=4(mod6);

Now let S = It is clear that S is the NSHD set of

S,US, if n=5(mod6);
CmO Cnand hence
@ if n=0(mod6);
(f“ﬂ“léﬁ 421 if  n=1(mod6);
M+DO+4 i = 2mods):
NSHD(Cn O C) = Dn+3
w if n=3(mod6);
W if n=4(mod6);
W if n=5(mod6):
where m=5(mod 6) for all n =11

The value of NSHD(C,, O C, ) for 6 <m,n <19 is shown in the following table:

m/n | 6 7 8 9 10 |11 |12 |13 |14 |15 |16 |17 |18 |19
6 4 6 8 8 8 8 8 10 |12 |12 |12 |12 |12 |14
7 9 10 |10 |10 |12 |12 |15 |16 |16 |16 |18 |18 |21
8 10 |10 |11 |15 |16 |17 |18 |18 |19 |23 |24 |25
9 14 114 |16 |16 |19 |22 |22 |22 |24 |24 |28
10 16 |16 |16 |20 |23 |23 |24 |24 |24 |28
11 16 |16 |20 |24 |24 |24 |24 |24 |28
12 16 |20 |24 |24 |24 |24 |24 |28
13 25 |28 |28 |28 |30 |30 |35
14 30 |30 |31 |35 [36 |39
15 34 |34 |36 |36 |41
16 36 |36 |36 |42
17 36 |36 |42
18 36 |42
19 49
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