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Abstract 

In  this paper, the cube graceful labeling of the path, the star, bistar, 

coconut tree, comb, the subdivision of the edges of stars,  the subdivision of  

the central edge  of the bistar, the subdivision of the edges of stars of the 

bistar  and the subdivision of the edges of the bistar  graphs are studied. 
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1. Introduction 

The graphs considered in this paper are finite, undirected and without loops or 

multiple edges. Let 𝐺 =  𝑉, 𝐸  be a graph with 𝑝 vertices and 𝑞 edges. Terms 

not defined here are used in the sense of Harary [3].  

A graph labeling is an assignment of integers to the vertices or edges or both 

subject to certain conditions.  

There are several types of graph labeling and a detailed survey is found in [1]. 

Rosa [5] introduced β-valuation of a graph and Golomb [2] called it as graceful 

labeling. Several authors worked on graceful labeling, odd graceful labeling, 

even graceful labeling, super graceful labeling and skolem-graceful labeling. 

Recently the concept of square graceful labeling was introduced by Tharmaraj 

et al. [6], [7]. They studied the square graceful labeling of various graphs. In [4] 

square graceful labeling of some other graphs is studied. 

In this paper, cube graceful labeling is introduced. Cube graceful labeling of 𝑃n , 
 𝐾1,n  , 𝐵m,n  , 𝑚𝐾1,n  , coconut tree  , 𝑃nʘ𝐾1 , the subdivision of the edges of stars 

 𝐾1,n  ,  the  

subdivision of  the central edge of the bistar 𝐵m,n , the subdivision of the edges 

of stars of the bistar 𝐵m,n and the subdivision of the edges of the bistar 𝐵m,n 

graphs are studied. 

The following definitions are necessary for the present study. 

Definition 1.1: The coconut tree graph is obtained by identifying the central 

vertex of 𝐾1,n with a pendant vertex of the path 𝑃m. 

Definition 1.2: A subdivision of a graph G is a graph that can be obtained from 

G by a sequence of edge subdivisions. 

2. Square Graceful Graphs 

Definition 1.3:  A   𝑝 , 𝑞    graph 𝐺 =   𝑉 , 𝐸   is   said  to  be  a cube  graceful  

graph  if   there exists an injective function 𝑓 ∶ 𝑉  𝐺  →  { 0 ,1 ,2 ,3 , …  𝑞3 }  

such that  the  induced  mapping 𝑓p : 𝐸(𝐺)  →  {13, 23, 33, … 𝑞3} defined by 

𝑓p(𝑢𝑣) = |𝑓(𝑢) − 𝑓(𝑣)| is an injection. The function 𝑓 is called a cube 

graceful labeling of 𝐺. 

3. Main Results 

Observation 1.4: In any cube graceful graph 𝐺 , the vertices with labels 0 and 

𝑞3
 are always adjacent. 
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Proof: To get the edge label 𝑞3
, 0 and 𝑞3

 must be the labels of the adjacent 

vertices. 

Theorem 1.5: 𝑃n is  cube graceful for all 𝑛 > 1. 

Proof: Let 𝑉(𝑃n) =  {𝑢i ,  1 ≤  𝑖 ≤  𝑛} 𝑎𝑛𝑑 

𝐸 (𝑃n) = { 𝑢i𝑢i+1 , 1 ≤  𝑖 ≤  𝑛 − 1} 

Then 𝑃n  has 𝑛 vertices and (𝑛 − 1) edges.  

Let 𝑓 ∶  𝑉( 𝑃n)  → {0, 1, 2, . . .  𝑛 − 1 3} be defined as follows 

𝑓 (𝑢1) =  0 

𝑓 (𝑢i) =  
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Let 𝑓* be the induced edge labeling of 𝑓. Then,  

𝑓*(𝑢i𝑢i+1)  = (𝑛 − 𝑖)3
 , 1 ≤  𝑖 ≤ 𝑛 − 1  

The induced edge labels are 13, 23, 33, . . .  𝑛 − 1 3, which are distinct. Hence, the 

path 𝑃n is cube graceful for all 𝑛 > 1. 

Theorem 1.6:  𝐾1,n is cube graceful for all 𝑛. 

Proof: Let 𝑉( 𝐾1,n) =  {𝑣, 𝑣i , 1 ≤  𝑖 ≤  𝑛} and 

𝐸 (𝐾1,n) = { 𝑣𝑣i ;  1 ≤  𝑖 ≤  𝑛} 

Then 𝐾1,n  has ( 𝑛+1 ) vertices and 𝑛 edges.  

Let 𝑓 ∶  𝑉( 𝐾1,n)  →  {0, 1, 2, . . . 𝑛3} be defined as follows 

𝑓 (𝑣) =  0 

f (𝑣i) = 𝑖3
 ; 1 ≤  𝑖 ≤  𝑛 

Let 𝑓* be the induced edge labeling of 𝑓. Then,  

𝑓*(𝑣𝑣i) = 𝑖3
 ; 1 ≤  𝑖 ≤ 𝑛  

The induced edge labels are 13, 23, 33, . . . 𝑛3, which are distinct. Hence, the star 

𝐾1,n is cube graceful for all 𝑛. 

Theorem 1.7: 𝐵m,n is cube graceful for all 𝑚, 𝑛 ≥ 1. 

Proof: Let 𝑉(𝐵m,n) =  {𝑢, 𝑢i, 𝑣j  ;  1 ≤  𝑖 ≤  𝑚,  1 ≤  𝑗 ≤  𝑛} 𝑎𝑛𝑑 
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𝐸 (𝐵m,n) = { 𝑢𝑢i, 𝑢𝑣, 𝑣𝑣j  ; 1 ≤  𝑖 ≤  𝑚, 1 ≤  𝑗 ≤  𝑛} 

Then 𝐵m,n  has (𝑚 + 𝑛 + 2) vertices and (𝑚 + 𝑛 + 1) edges.  

Let 𝑓 ∶  𝑉( 𝐵m,n)  →  {0, 1, 2, . . . (𝑚 + 𝑛 + 1)3} be defined as follows 

𝑓 (𝑢) =  0 

f (𝑢i) = [𝑚 + 𝑛 + 1 − (𝑖 − 1)]3
 ; 1 ≤  𝑖 ≤  𝑚 

f (𝑣) = (𝑛 + 1)3
 

f (𝑣j) = 𝑓 𝑣 − (𝑛 + 1 − 𝑗)3
 ; 1 ≤  𝑗 ≤  𝑛 

Let 𝑓* be the induced edge labeling of 𝑓. Then,  

𝑓*(𝑢𝑢i) =  𝑚 + 𝑛 + 1 −  𝑖 − 1   3 ; 1 ≤  𝑖 ≤ 𝑚  

𝑓*(𝑢𝑣)  =  (𝑛 + 1) 3  

𝑓*(𝑣𝑣j) =  𝑛 −  𝑗 − 1   3 ; 1 ≤  𝑗 ≤ 𝑛  

The induced edge labels are 13, 23, 33, . . . (m + n + 1)3, which are distinct. 

Hence, the bistar 𝐵m,n is  cube graceful for all 𝑚, 𝑛 ≥ 1. 

Theorem 1.8: 𝑚𝐾1,n is cube graceful for all 𝑚 and 𝑛. 

Proof :Let 𝑉(𝑚𝐾1,n) = {𝑣i , 𝑣ij;  1 ≤  𝑖 ≤  𝑚, 1 ≤  𝑗  𝑛}  𝑎𝑛𝑑 

𝐸 (𝑚𝐾1,n) = { 𝑣i𝑣ij ;  1 ≤  𝑖 ≤  𝑚, 1 ≤  𝑗 ≤  𝑛 } 

Then 𝐺  has 𝑚(𝑛 + 1) vertices and 𝑚𝑛 edges.  

Let 𝑓 ∶  𝑉( 𝐺)  → {0, 1, 2, . . .  𝑚𝑛 3} be defined as follows 

𝑓 (𝑣i) =  𝑖 − 1 , 1 ≤  𝑖 ≤ 𝑚  

𝑓(𝑣ij) =   𝑚 − (𝑖 − 1) 𝑛 −  𝑗 − 1   3+ 𝑖 − 1  ; 1 ≤  𝑖 ≤ 𝑚, 1 ≤  𝑗 ≤ 𝑛  

Let 𝑓* be the induced edge labeling of 𝑓. Then,  

𝑓*(𝑣i𝑣ij)  =   𝑚 −  𝑖 − 1  𝑛 −  𝑗 − 1   3  ; 1 ≤  𝑖 ≤ 𝑚,  1 ≤  𝑗 ≤ 𝑛  

The induced edge labels are 13, 23, 33, . . . (𝑚𝑛)3, which are distinct. Hence, the 

graph 𝑚𝐾1,n is a cube graceful graph for all values of 𝑚 and 𝑛. 

Theorem 1.9: Coconut tree is cube graceful for all 𝑛 ≥  1 and 𝑚 > 1. 

Proof: Let G be the coconut tree. 
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Let 𝑉(𝐺) =  {𝑣, 𝑣i , 𝑢j ;  1 ≤  𝑖 ≤  𝑛, 2 ≤  𝑗 ≤  𝑚} 𝑎𝑛𝑑 

𝐸 (𝐺) = {𝑣𝑣i, 𝑣𝑢2,𝑢j𝑢j+1 ;  1 ≤  𝑖 ≤  𝑛, 2 ≤  𝑗 ≤  𝑚 − 1 } 

Then 𝐺  has (𝑛 + 𝑚) vertices and (𝑛 + 𝑚 − 1) edges.  

Let 𝑓 ∶  𝑉( 𝐺)  → {0, 1, 2, . . .  𝑛 + 𝑚 − 1 3} be defined as follows 

𝑓 (𝑣) =  0 

𝑓(𝑣i)  = (𝑛 + 𝑚 − 𝑖)3
 , 1 ≤  𝑖 ≤ 𝑛 

𝑓(𝑢2)  = (𝑚 − 1)3 

𝑓 (𝑢j) =  
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Let 𝑓* be the induced edge labeling of 𝑓. Then,  

𝑓*(𝑣𝑣i)  = (𝑛 + 𝑚 − 𝑖)3
 , 1 ≤  𝑖 ≤ 𝑛  

𝑓*(𝑣𝑢2)  = (𝑚 − 1)3
   

𝑓*(𝑢j𝑢j+1)  = (𝑚 − 𝑗)3
 , 2 ≤  𝑗 ≤ 𝑚 − 1  

The induced edge labels are 13, 23, 33, . . . (𝑛 + 𝑚 − 1)3, which are distinct. 

Hence, the coconut tree is cube graceful for all 𝑛 ≥  1 and 𝑚 > 1. 

Example: The Cube Graceful Labeling of the Coconut Tree Graph 𝑇(3, 5) is 

Given in Figure 1 

 

Figure 1: Coconut Tree Graph T(3, 5) 

Theorem 1.10: 𝑃nʘ𝐾1 is cube graceful for all 𝑛 ≥ 2. 

Proof: Let 𝑉(𝑃nʘ𝐾1) =  {𝑢i , 𝑣i ;  1 ≤  𝑖 ≤  𝑛} 𝑎𝑛𝑑 
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Then 𝑃nʘ𝐾1  has 2𝑛 vertices and (2𝑛 − 1) edges.  

Let 𝑓 ∶  𝑉( 𝑃nʘ𝐾1)  → {0, 1, 2, . . .  2𝑛 − 1 3} be defined as follows 
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 , 1 ≤  𝑖 ≤ 𝑛 

𝑓(𝑣i)  = 𝑓(𝑢i) + [2𝑛 − 1 − (𝑖 − 1)]3,  1 ≤  𝑖 ≤  𝑛 

Let 𝑓* be the induced edge labeling of 𝑓. Then,  

𝑓*(𝑢i𝑢i+1)  = 𝑖3
 , 1 ≤  𝑖 ≤  𝑛 − 1 

𝑓*(𝑢i𝑣i)  = [2𝑛 − 1 − (𝑖 − 1)]3
 , 1 ≤  𝑖 ≤ 𝑛  

The induced edge labels are 13, 23, 33, . . . (2𝑛 − 1)3, which are distinct. Hence,  
𝑃nʘ𝐾1 is cube graceful for all 𝑛 ≥ 2. 

Theorem 1.11: The graph obtained by the subdivision of the edges of the star 

 𝐾1,n is cube graceful for all 𝑛. 

Proof: Let 𝑉( 𝐺) =  {𝑣, 𝑣i, 𝑢i  ;  1 ≤  𝑖 ≤  𝑛} 𝑎𝑛𝑑 

𝐸 (𝐺) = { 𝑣𝑣i ,  𝑣i𝑢I  ; 1 ≤  𝑖 ≤  𝑛} 

Then 𝐺  has (2𝑛 + 1) vertices and 2𝑛 edges.  

Let 𝑓 ∶  𝑉( 𝐺)  → {0, 1, 2, . . . (2𝑛)3} be defined as follows 

𝑓 (𝑣) =  0 

f (𝑣i) =  2𝑛 + 1 − 𝑖 3
 ; 1 ≤  𝑖 ≤  𝑛 

f (𝑢i) = 𝑛(7𝑛2−9𝑛𝑖 + 9𝑛 + 3𝑖2−6𝑖 + 3) , 1 ≤  𝑖 ≤  𝑛 

Let 𝑓* be the induced edge labeling of 𝑓. Then,  

𝑓*(𝑣𝑣i) =  2𝑛 −  𝑖 − 1   3 , 1 ≤  𝑖 ≤ 𝑛  

𝑓*(𝑣i𝑢i) =  𝑛 −  𝑖 − 1   3 , 1 ≤  𝑖 ≤ 𝑛  

The induced edge labels are 13, 23, 33, . . . (2𝑛)3, which are distinct. Hence, the 

graph obtained by the subdivision of the edges of the star  𝐾1,n is cube graceful 

for all 𝑛. 
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Theorem 1.12: The graph obtained by the subdivision of the central edge of the 

bistar 𝐵m,n is a cube graceful graph. 

Proof: Let 𝑉(𝐺) =  { 𝑢i, 𝑢, 𝑤, 𝑣, 𝑣j  ;  1 ≤  𝑖 ≤  𝑚, 1 ≤  𝑗 ≤  𝑛} 𝑎𝑛𝑑 

𝐸 (𝐺) = { 𝑢𝑢i , 𝑢𝑤, 𝑤𝑣, 𝑣𝑣j  ; 1 ≤  𝑖 ≤  𝑚, 1 ≤  𝑗 ≤  𝑛} 

Then 𝐺  has (𝑚 + 𝑛 + 3) vertices and (𝑚 + 𝑛 + 2) edges.  

Let 𝑓 ∶  𝑉( 𝐺)  → {0, 1, 2, . . . (𝑚 + 𝑛 + 2)3} be defined as follows 

𝑓 (𝑤) =  0 

f (𝑢) = (𝑚 + 𝑛 + 2)3
  

f (𝑣) = (𝑚 + 𝑛 + 1)3
 

f (𝑢i) = 𝑓 𝑢 − [𝑚 + 𝑛 − (𝑖 − 1)]3
 , 1 ≤  𝑖 ≤  𝑚 

f (𝑣j) = 𝑓 𝑣 − [𝑛 − (𝑗 − 1)]3
 , 1 ≤  𝑗 ≤  𝑛 

Let 𝑓* be the induced edge labeling of 𝑓. Then,  

𝑓*(𝑢𝑤) = (𝑚 + 𝑛 + 2) 3  

𝑓*(𝑤𝑣)  =  (𝑚 + 𝑛 + 1) 3  

𝑓*(𝑢𝑢i) =  𝑚 + 𝑛 −  𝑖 − 1   3 , 1 ≤  𝑗 ≤ 𝑚  

𝑓*(𝑣𝑣j) =  𝑛 −  𝑗 − 1   3 , 1 ≤  𝑗 ≤ 𝑛  

The induced edge labels are 13, 23, 33, . . . (𝑚 + 𝑛 + 2)3, which are distinct. 

Hence, the graph obtained by the subdivision of the central edge of the bistar 

𝐵m,n is a cube graceful graph. 

Example: The cube graceful labeling of the subdivision of the central edge of 

the bistar 𝐵m,n is given in Figure 2 

 

Figure 2: Subdivision of the Central Edge of the Bistar B5,3  
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Theorem 1.13: The graph obtained by the subdivision of the edges of the star 

of the bistar 𝐵m,n is a cube graceful graph. 

Proof: Let 𝑉(𝐺) =  { 𝑥i, 𝑢i, 𝑢, 𝑣, 𝑣j, 𝑤j  ;  1 ≤  𝑖 ≤  𝑚, 1 ≤  𝑗 ≤  𝑛} 𝑎𝑛𝑑 

𝐸 (𝐺) = { 𝑢𝑢i , 𝑢i𝑥i , 𝑢𝑣, 𝑣𝑣j, 𝑣j𝑤j  ; 1 ≤  𝑖 ≤  𝑚, 1 ≤  𝑗 ≤  𝑛} 

Then 𝐺  has (2𝑚 + 2𝑛 + 2) vertices and (2𝑚 + 2𝑛 + 1) edges.  

Let 𝑓 ∶  𝑉( 𝐺)  → {0, 1, 2, . . . (2𝑚 + 2𝑛 + 1)3} be defined as follows 

𝑓 (𝑢) =  0 

𝑓 (𝑣) =  1 

f (𝑢i) = [2𝑚 + 2𝑛 + 1 − (𝑖 − 1)]3
 , 1 ≤  𝑖 ≤  𝑚 

f (𝑣j) = [𝑚 + 2𝑛 + 1 − (𝑗 − 1)] 3+1 , 1 ≤  𝑗 ≤  𝑛 

f (𝑤j) = 𝑓(𝑣j) −  𝑚 + 𝑛 + 1 −  𝑗 − 1   3 , 1 ≤  𝑗 ≤  𝑛 

f (𝑥i) = 𝑓(𝑢i) −  𝑚 + 1 −  𝑖 − 1   3 , 1 ≤  𝑖 ≤  𝑚 

Let 𝑓* be the induced edge labeling of 𝑓. Then,  

𝑓*(𝑢𝑣) = 1  

𝑓*(𝑢𝑢i) =  2𝑚 + 2𝑛 + 1 −  𝑖 − 1   3 , 1 ≤  𝑖 ≤ 𝑚  

𝑓*(𝑣𝑣j) =  𝑚 + 2𝑛 + 1 −  𝑗 − 1   3 , 1 ≤  𝑗 ≤ 𝑛  

𝑓*(𝑣j𝑤j) =  𝑚 + 𝑛 + 1 −  𝑗 − 1   3 , 1 ≤  𝑗 ≤ 𝑛  

𝑓*(𝑢i𝑥i) =  𝑚 + 1 −  𝑖 − 1   3 , 1 ≤  𝑖 ≤ 𝑚  

The induced edge labels are 13, 23, 33, . . . (2𝑚 + 2𝑛 + 1)3, which are distinct. 

Hence, the graph obtained by the subdivision of the edges of the star of the 

bistar 𝐵m,n is a cube graceful graph. 

Theorem 1.14: The graph obtained by the subdivision of the edges of the bistar 

𝐵m,n is a cube graceful graph. 

Proof: Let 𝑉(𝐺) =  { 𝑥, 𝑣, 𝑧j, 𝑢, 𝑤i, 𝑢i, 𝑣j  ;  1 ≤  𝑗 ≤  𝑛, 1 ≤  𝑖 ≤  𝑚} 𝑎𝑛𝑑 

𝐸 (𝐺) = { 𝑥𝑣, 𝑣𝑧j, 𝑢𝑤i, 𝑥𝑢, 𝑢i𝑤i, 𝑧j𝑣j ;  1 ≤  𝑖 ≤  𝑚, 1 ≤  𝑗 ≤  𝑛} 

Then 𝐺  has (2𝑚 + 2𝑛 + 3) vertices and (2𝑚 + 2𝑛 + 2) edges.  

Let 𝑓 ∶  𝑉( 𝐺)  → {0, 1, 2, . . . (2𝑚 + 2𝑛 + 2)3} be defined as follows 
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𝑓 (𝑥) =  1 

𝑓 (𝑣) =  0 

f (𝑧j) =  2𝑚 + 2𝑛 + 2 −  𝑗 − 1  3
 ; 1 ≤  𝑗 ≤  𝑛 

𝑓 (𝑢) =  8 

f (𝑤i) = 𝑓 𝑢 +  2𝑚 + 𝑛 + 2 −  𝑖 − 1   3 , 1 ≤  𝑖 ≤  𝑚 

f (𝑢i) = 𝑓(𝑤i) −  𝑚 + 𝑛 + 2 −  𝑖 − 1   3 , 1 ≤  𝑖 ≤  𝑚 

f (𝑣j) = 𝑓(𝑧j) − [𝑛 + 2 − (𝑗 − 1)] 3 , 1 ≤  𝑗 ≤  𝑛 

Let 𝑓* be the induced edge labeling of 𝑓. Then,  

𝑓*(𝑥𝑣)  =  1  

𝑓*(𝑥𝑢)  =  8  

𝑓*(𝑣𝑧j) =  2𝑚 + 2𝑛 + 2 −  𝑗 − 1   3 , 1 ≤  𝑗 ≤ 𝑛  

𝑓*(𝑢𝑤i) =  2𝑚 + 𝑛 + 2 −  𝑖 − 1   3 , 1 ≤  𝑖 ≤ 𝑚  

𝑓*(𝑤i𝑢i) =  𝑚 + 𝑛 + 2 −  𝑖 − 1   3 , 1 ≤  𝑖 ≤ 𝑚  

𝑓*(𝑧j𝑣j) =  𝑛 + 2 −  𝑗 − 1   3 , 1 ≤  𝑗 ≤ 𝑛  

The induced edge labels are 13, 23, 33, . . . (2𝑚 + 2𝑛 + 2)3, which are distinct. 

Hence, the graph obtained by the subdivision of the edges of the bistar 𝐵m,n is a 

cube graceful graph. 

4. Conclusion 

 In this paper , cube graceful labeling is studied. Some non-cube graceful graphs 

is to be observed.  Union of cube graceful graph labeling of various graphs may 

be studied. 
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