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Abstract

In this paper, the cube graceful labeling of the path, the star, bistar,
coconut tree, comb, the subdivision of the edges of stars, the subdivision of
the central edge of the bistar, the subdivision of the edges of stars of the
bistar and the subdivision of the edges of the bistar graphs are studied.
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1. Introduction

The graphs considered in this paper are finite, undirected and without loops or
multiple edges. Let G = (V,E) be a graph with p vertices and g edges. Terms
not defined here are used in the sense of Harary [3].

A graph labeling is an assignment of integers to the vertices or edges or both
subject to certain conditions.

There are several types of graph labeling and a detailed survey is found in [1].

Rosa [5] introduced B-valuation of a graph and Golomb [2] called it as graceful
labeling. Several authors worked on graceful labeling, odd graceful labeling,
even graceful labeling, super graceful labeling and skolem-graceful labeling.

Recently the concept of square graceful labeling was introduced by Tharmaraj
et al. [6], [7]. They studied the square graceful labeling of various graphs. In [4]
square graceful labeling of some other graphs is studied.

In this paper, cube graceful labeling is introduced. Cube graceful labeling of Py,
Kin, Bmn , mK1n , coconut tree , P,OK;, the subdivision of the edges of stars
Kl’n ) the

subdivision of the central edge of the bistar Bmp , the subdivision of the edges
of stars of the bistar By, and the subdivision of the edges of the bistar Bmp
graphs are studied.

The following definitions are necessary for the present study.

Definition 1.1: The coconut tree graph is obtained by identifying the central
vertex of K; , with a pendant vertex of the path Pp,.

Definition 1.2: A subdivision of a graph G is a graph that can be obtained from
G by a sequence of edge subdivisions.

2. Square Graceful Graphs

Definition 1.3: A(p,q) graph G = (V ,E)is said to be acube graceful
graph if there exists an injective functionf :V(G)—- {0,1,2,3,.. q3}
such that the induced mapping f, :E(G) — {1°2%3%..¢% defined by
foluv) = |f(u) — f(v)| is an injection. The function f is called a cube
graceful labeling of G.

3. Main Results

Observation 1.4: In any cube graceful graph G, the vertices with labels 0 and
q° are always adjacent.
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Proof: To get the edge label g% 0 and ¢ must be the labels of the adjacent
vertices.

Theorem 1.5: Py is cube graceful for all n > 1.

Proof: Let V(Py) = {ui, 1 < i < n}and

E (Pn) ={uiuis1,1 < i < n—1}

Then P, has n vertices and (n — 1) edges.

Letf: V(Py) = {0,1,2,...(n — 1)% be defined as follows
fu)=10

£ ) = {f(ui_1)+[n+1—i]3when i is even pcicn

f(uiy)—[n+1-i]*when i is odd
Let f* be the induced edge labeling of f. Then,
f*uuivg) =(m—i)*,1<i <n-1

The induced edge labels are 1 23 3% ... (n — 1) which are distinct. Hence, the
path Py is cube graceful for all n > 1.

Theorem 1.6: K is cube graceful for all n.

Proof: Let V(Kin) = {v,vi,1 < i < n}and
E(Kip)={vvi; 1 <i < n}

Then K1, has (n+1) vertices and n edges.

Let f: V(K1n) = {0,1,2,...n% be defined as follows
fw=20

fop=i®;1<i<n

Let f* be the induced edge labeling of f. Then,
fr*ov)=i®;1<i<n

The induced edge labels are 13,2 3%,...n°% which are distinct. Hence, the star
K1 is cube graceful for all n.

Theorem 1.7: By n is cube graceful for all m,n > 1.

Proof: Let V(Bmn) = {w,ujvj; 1 <i <m, 1 <j < n}and
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E (Bmp) ={uujuv,vv;;1 < i <m1 < j < n}

Then B, has (m + n + 2) vertices and (m + n + 1) edges.
Letf: V(Bmn) = {0,1,2,...(m 4 n + 1)*} be defined as follows
f@=10

fu)=m+n+1-(G(-1DP;1<i<m
f(v)=n+1)>

fo)=f@-m+1-)°;1<j<n

Let f* be the induced edge labeling of f. Then,
f*(uui)=[m+n+1—(i—1)]3;1 <i<m

frur) = m+1)°
f*ov)=m-(G-1D1*1<j<n

The induced edge labels are 13,23,33,...(m + n + 1)% which are distinct.
Hence, the bistar By, is cube graceful for all m,n > 1.

Theorem 1.8: mK , is cube graceful for all m and n.

Proof :Let V(mK1n) = {vi,viy 1 < i <m, 1< j n} and
E(mKin)={vivij; 1 <i <ml<j<n}

Then G has m(n + 1) vertices and mn edges.

Let f: V(G) = {0,1,2,...(mn)%} be defined as follows
fw)y=i—-1,1<i<m
fp={m-(>G-Dn-G-1D}*+(@-1D;1<i<ml1<j<n
Let f* be the induced edge labeling of f. Then,

f*(wivij) ={m->G-Dn-G-1D}%*;1<i<m1<j<n

The induced edge labels are 13 23 33,... (mn)® which are distinct. Hence, the
graph mK , is a cube graceful graph for all values of m and n.

Theorem 1.9: Coconut tree is cube graceful foralln > 1and m > 1.

Proof: Let G be the coconut tree.
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LetV(G) = {v,vi,uj; 1 <i <n2 <j < m}and
E(G)={vvi,vupujujs1; 1 <i <n, 2 <j<m-—1}

Then G has (n + m) vertices and (n + m — 1) edges.

Letf: V(G) = {0,1,2,...(n +m — 1)*} be defined as follows
fw)=20

fw) =m+m—-i°,1<i<n

flug) = (m—1)°

_ f(uj_1)+[m717(j72)]3when j is even '
f )= 3 3<j<m
f(ujil)—[m—l—(j—z)] when jis odd

Let f* be the induced edge labeling of f. Then,
frwv) =(m+m-9°,1<i<n
f*(vuy) = (m—1)>

frujupg) =(m—j)°,2 < j <m-1

The induced edge labels are 13,23 3%...(n +m — 1) which are distinct.
Hence, the coconut tree is cube graceful foralln = 1andm > 1.

Example: The Cube Graceful Labeling of the Coconut Tree Graph T(3,5) is
Given in Figure 1

512 43 216

0
64

37
5
44

Figure 1: Coconut Tree Graph T(3,5)
Theorem 1.10: P,OK} is cube graceful forall n > 2.

Proof: Let V(P,OK;) = {uj,vi; 1 < i < n}and
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uU,,, 1<i<n-1
u.v., 1<i<n

E(P,OK1)= {
Then P,OK; has 2n vertices and (2n — 1) edges.
Let f : V(P.OK1) = {0,1,2,...(2n — 1)} be defined as follows

f(ui)z[@TJ <i<n

fw) =fw+R2n-1-@(-DP1<i<n
Let f* be the induced edge labeling of f. Then,
fruuig) =i°,1<i<n-1

fruw) =2n—-1-(G-1DPF,1<i <n

The induced edge labels are 13,22 3,... (2n — 1), which are distinct. Hence,
P,OKj is cube graceful forall n > 2.

Theorem 1.11: The graph obtained by the subdivision of the edges of the star
K1, is cube graceful for all n.

Proof: LetV(G) = {v,viui; 1 < i < n}and
E(G)={vvi,viw ;1 < i < n}

Then G has (2n + 1) vertices and 2n edges.

Let f: V(G) = {0,1,2,...(2n)% be defined as follows
fw=20

fw)=Cn+1-0%;1<i<n

f(w) =n(7n*=9ni + 9n +3i>-6i+3),1 < i < n
Let f* be the induced edge labeling of f. Then,
f*ov)=2n—(G-1D]%* 1 <i <n

f*(wiw) = [n—(i—l)]3,1 <i<n

The induced edge labels are 1323 32 ... (2n)? which are distinct. Hence, the
graph obtained by the subdivision of the edges of the star K, is cube graceful
for all n.
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Theorem 1.12: The graph obtained by the subdivision of the central edge of the
bistar Bm, is a cube graceful graph.

Proof: Let V(G) = {uiu,w,v,vj; 1 <i <m1 <j < n}and
E@G)={uui,uw,wr,vv;;1 <i <m1 <j < n}

Then G has (m + n + 3) vertices and (m + n + 2) edges.
Letf: V(G) - {0,1,2,...(m +n + 2)% be defined as follows
fw)y=20

fu)=(m+n+2)>

f(w)=m+n+1)°
fw)=f@)—[m+n—-(G-1PF,1<i<m
fo)=f@-m-G-DP,1<j<n

Let f* be the induced edge labeling of f. Then,
fruw)=(m+n+2)3

f*wv) = m+n+1)°
ffuu)=[m+n—->G-1]3%1<j<m
f*ov)=m-(G-1D]°,1<j<n

The induced edge labels are 1°,2%3%...(m 4+ n+ 2)° which are distinct.
Hence, the graph obtained by the subdivision of the central edge of the bistar
Bmn is a cube graceful graph.

Example: The cube graceful labeling of the subdivision of the central edge of
the bistar B, is given in Figure 2

Figure 2: Subdivision of the Central Edge of the Bistar Bs 3
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Theorem 1.13: The graph obtained by the subdivision of the edges of the star
of the bistar Bi, is a cube graceful graph.

Proof: Let V(G) = {xi,uiu,v,vpwj; 1 < i < m,1 <j < n}and
E (G) = { uui,uixi,uv,vv, vjwj ;1 < i <m,1 < j < n}
Then G has (2m + 2n + 2) vertices and (2m + 2n + 1) edges.
Letf: V(G) - {0,1,2,...(2m + 2n + 1)°} be defined as follows
f@=10

f=1

fw)=2m+2n+1-(G(-1DPF,1<i<m
f)=m+2n+1-(G-1D]+1,1<j <n
fw)=fw)—[m+n+1-G-1D]*,1<j<n
fx)=fu)—m+1-(G-1]%1<i<m

Let f* be the induced edge labeling of f. Then,

fr(uv) =1

ffuu)=2m+2n+1-(G-1D]3,1 <i <m
frwv)=m+2n+1-G-1D]%1<j<n
frfow)=m+n+1-G-1]%,1<j<n
f*(uixi):[m+1—(i—1)]3,1 <i<m

The induced edge labels are 13,23 3% ... (2m + 2n + 1)°, which are distinct.
Hence, the graph obtained by the subdivision of the edges of the star of the
bistar B, is a cube graceful graph.

Theorem 1.14: The graph obtained by the subdivision of the edges of the bistar
Bmn is a cube graceful graph.

Proof: Let V(G) = {x,v,zju,wiu,vj; 1 < j < nl1l < i < m}and
E (G)={xv,vzjuw;xu,uiwi, zjvj; 1 < i < m,1 < j < n}
Then G has (2m + 2n + 3) vertices and (2m + 2n + 2) edges.

Letf: V(G) - {0,1,2,...(2m + 2n + 2)*} be defined as follows
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f)=1
fw=0
fiz)=2m+2n+2-G-1DP;1<j<n
f=38

fw)=fW+2m+n+2-(G-D]%1<i<m
fw)=fw)—m+n+2-G-D]>,1<i<m
f@)=fE)-Mm+2-G-D]°,1<j<n

Let f* be the induced edge labeling of f. Then,

f*(w) = 1

frxu) = 8
f*wz)=2m+2n+2-(G-1]°,1<j <n
f*uw) =2m+n+2-(G(-1]*1<i<m
f*wu)=[m+n+2-(G(-1]%1<i<m
f*@v)=h+2-(G-D]°,1<j <n

The induced edge labels are 13,23 3% ... (2m + 2n + 2)3, which are distinct.
Hence, the graph obtained by the subdivision of the edges of the bistar B, is a
cube graceful graph.

4. Conclusion

In this paper, cube graceful labeling is studied. Some non-cube graceful graphs
is to be observed. Union of cube graceful graph labeling of various graphs may
be studied.
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