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Abstract: Let G = (V,E) be a simple, undirected, finite graph without isolated
vertices. A subset D of V(G) is a Strong(Weak) efficient open dominating set of G if
IN(w) nD| = 1(IN,,(v) nD| =1), for every v e€V(G) where Ni(v) and N, (v) are
strong and weak neighborhood respectively. A graph G is strong(weak) efficient open
dominating graph if it contains a strong(weak) efficient open dominating set. In this paper we
determine the Nordhaus - Gaddum type results, strong efficient open domatic partition, and
some operations on strong efficient open domination.

Key words: Strong(weak) Efficient Open Domination, Nordhaus-Gaddum type results,
Domatic Partition.

1  Introduction

Let G = (V,E) be a finite, simple, undirected graph without isolated vertices. The
open neighborhood of a vertex v € V(G) is N(v) ={u € V(G)|uv € E(G)} and closed
neighborhood of v €V is N[v] = N(v) U {v}.If v isavertex of V(G),then the degree of v
is defined by the cardinality of N(v) and is denoted by degv. The minimum and maximum
degree of the vertices of G is denoted by § and A respectively. For graph theoretic
terminology, we refer to [3] and [5]. The strong neighborhood and weak neighborhood of a
vertex v € V(G) are defined by N,(v) ={u € V(G)|luv € E(G) anddegu = degv} and
N, (v) ={u € V(G)|uv € E(G) anddegu < degv} respectively. A subset D of V is a
dominating set of G if every vertex in V — D is adjacent to atleast one vertex in D. The
domination number, y(G) of G is the minimum cardinality of a dominating set of G. In [10],
Prof. E. Sampathkumar and L. Pushpalatha have defined strong(weak) domination in graphs. A
subset D of V is called a strong(weak) dominating set of G if for every vertex, v in
V — D there exists u € D such that uv € E(G) and degu = degv (degv = degu). The
strong(weak) domination number, y,(G) (v, (G)) of G is the minimum cardinality of a
strong(weak) dominating set of G. D.W.Bange et al [4] defined an efficient dominating set D
as a set of vertices of a graph G such that |[N[v]nD| =1, for every v € V(G) and N.
Meena et al [9] extend this into strong(weak) efficient dominating set D as a set of vertices of
a graph G such that |[NiJvJnD|=1 (|N,[v]nD|=1), for every veV(G). The
strong(weak) efficient domination number, Vs, (G) (Ve (G)) of G is the minimum cardinality
of a strong(weak) efficient dominating set of G.

Asubset D of V isa total dominating set of G if every vertex in V is adjacent to
atleast one vertex in D. The total domination number, y.(G) of G is the minimum
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cardinality of a total dominating set of G. Gavlas and Schultz are defined an efficient open
dominating set D as a set of vertices of a graph G such that |[N(v) N D| =1, for every
v € V(G) in [7]. The efficient open domination number, vy, (G) of G is the cardinality of a
efficient open dominating set of G. A study of domination, total domination and efficient open
domination in graphs and its advanced topics are given in [2, 6, 8, 11]. We introduced a
strong(weak) efficient open domination in graphs [1]. In this paper we determine the Nordhaus
- Gaddum type results, strong efficient open domatic partition, and some operations on strong
efficient open domination.

2 Strong(Weak) Efficient Open Domination

Definition 2.1 [1]
Asubset D of V(G) is called a strong efficient open dominating set (or SEOD set, for short) of
G if INw)ND| =1, for every v €V (G). A subset D of V(G) is called a weak efficient
open dominating set (or WEOD set, for short) of G if |N,,(v) N D| =1, forevery v € V(G).
The strong (weak) efficient open domination number, denoted by Y (G) (Ve (G)),
is the minimum cardinality of a strong (weak) efficient open dominating set of G. We also call
the corresponding set that Vg (Ve ) - set of G.
A graph G is called a strong (weak) efficient open dominating graph or SEOD (WEQOD)
graph if it contains a strong(weak) efficient open dominating set. Also says that G is strong
(weak) efficient open dominatable.

3 Nordhaus - Gaddum Type Results

Lemma 3.1
Let G be a strong efficient open dominating graph with non increasing degree sequence
(dy,dy, ...,d,) and the complement G of G is strong efficient open dominatable then G is
either regular or
o fi<st
d =12 where bothnand t > 0 are even.
7= 1 ifi>t
Proof:
Let G and its complement G be strong efficient open dominationg graph. Then
AG) < % and A(G) < % . Hence A(G) < % and §(G)=n—-1- % = %— 1 Therefore,
%— 1 < degv g;—l, for all veE V. If n is odd, then G is % - regular graph. If n is even,
degv is either % or %— 1, forall v € V.Hence G may be regular.

Otherwise, let t be an positive integer such that t number of vertices have a degree
% and n —t vertices have a degree %— 1 in G. Since n is even, either % or %— 1 is odd.

Suppose if % is odd, then t is even and also n —t is even. Suppose if ;—l is even, then 72—1— 1
is odd. Therefore n —t is evenimplies t is even.
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Theorem 3.2
Agraph G and its complement G are connected strong efficient open dominating graphs then
both Gand G are efficient open dominatable. Moreover, Yy, (G) = V5. (G) = 2.

Proof:
Let agraph G and its complement, G be strong efficient open dominating graph. Then
if G is regular, then clearly, both G and G are efficient open dominatable. otherwise if
= fist
di = )n ?
7 1 ifi>t
there exists adjacent maximum degree vertices u,v in V(G) such that {u,v} is a strong
efficient open dominating set of G.Hence V. (G) = 2.Similarly, Y. (G) = 2.
Hence both Gand G are efficient open dominatable.
Theorem 3.3

For a connected graph G, 4 < ¥s (G) + Vste (G) < 37" ;

, Where both positive integer n and t are even. Since A = %, then

— 2
4 < Yte (G). Vgt (G) < n? The upper limit is true for €, and the lower limit is sharp for
a connected graph, G.

Proof:
Since both Gand G are strong efficient open dominating graph,
“ Vste (G) = 2 and_ Yste (G) = 2 B
= Vste (G) + Vste (G) =4 and Vste (G) " Vste (G) = 4.
Also, for upper limit, Y. (G) < % and Y (G) < %, for a connected G.
Suppose if G is not connected and contains K, asacomponent then, y4.(G) <n -

n 3n n n?
Yste (G) + Vste (G) < 2 +tn= Py and Y (G) * Ve (G) < P n= PR
Further, ¥ (Cs) =2 and ¥, (C,) = 4. Hence the upper limit is sharp for C,. By

theorem (3.2), the lower limit is sharp for a connected graph, G.

4 Domatic Number in Strong Efficient Open Dominating Graphs

Definition 4.1

A strong efficient open domatic partition is a partition of the vertices of a graph into disjoint
strong efficient open dominating sets. The maximum number of disjoint strong efficient open
dominating sets in a domatic partition of a graph G is called its  strong efficient open domatic
number and is denoted by d. (G).
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Example 4.2 Consider the following graph G
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There exists two strong efficient open dominating sets D; and D,, where D; =
{v1,v5,v3,v4} and D, = {vs,vg,v5,vg}. Also, DyND, =¢ and Dy UD, =V (G). Hence
dse (G) = 2.

Proposition 4.3

Foracycle Cy,(n=1), dg.(Cqp) = 2.

Proof:
Let V(Cyy) = {x1, %3, ..., X4 }. Itiis clear that the y, -setof C4, are
{x1, X2, X5, X6, o0, X4n—3, Xan—2} and {x3, X4, X7, Xg, ..., X4n—1, X4n }-
Hence, clearly dg. (Cs) = 2,n > 1.

Proposition 4.4
Foracycle Ky, (m=1), dge (Kppm) =m.
Proof:
Let (X,Y) be the partition of the vertex set of K, ,,, where X = {x1,x;,...,x,,} and

Y = {y1,¥2, ..., Y} thedistinct yg,-setsof K, ,,, are {x;,y1}, {x2,¥2} {Xm,Ym}
Hence, dg (Kpm) = m.

Theorem 4.5
For any strong efficient open dominating graph G with 6§ > 1, dg.(G) = 1.
Proof:

Let G be a strong efficient open dominating graph with § = 1. Then all the strong
efficient open dominating set of G must contains the supporting vertices of G. Hence,
dye (G) = 1.

Theorem 4.6
For any strong efficient open dominating graph G with exactly two maximum degree vertices,
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dste (G) =1

Proof:

Let G be a strong efficient open dominating graph with exactly two maximum degree
vertices v; and v,. Then v; and v, must be adjacent. Also, N;(v;) ={v,} and
N (v,) = {v1}. Then every strong efficient open dominating set of G must contain the vertices
{v1,v,}. Hence dy e (G) =1

5 Operations on Strong Efficient Open Domination

In this section, we disscuss about the strong efficient open domination in the union,
G1 U G, cartesian product G,mG,, and direct product G; X G, of the graphs G; and G,.

Proposition 5.1
Agraph G U G, is need not to be a strong efficient open dominating graph if G; and G, is
strong efficient open dominatable.

Example 5.2

e P, and P, are strong efficient open dominating graph with a common unique
end vertex. Then clearly, P, U P, = Ps, is not a strong efficient open dominating graph.

* D,, and P, are strong efficient open dominating graph with a common unique
end vertex. Then clearly, D, , U P,, is not a strong efficient open dominating graph.
Remark 5.3
A graph G1 U G, is a strong efficient open dominating graph for a non strong efficient open

dominating graph G{ and G,.

Example 5.4
Consider the following graphs G and G,.

U1 Uy U
v2 T T uz
G 1 Go

)

T
Gy UGy

Clearly, both G; and G, are not a strong efficient open dominatable whereas
G1 U G, is a strong efficient open dominating graph.
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Theorem 5.5

Let G; and G, be any two strong efficient open dominating graph witha v, -set D; and
D, respectively. Then G U G, is a strong efficient open dominatable if V(G1) NV (G,)
contains the adjacent pair of maximum degree vertices in both (D) and (D,).

Proof:

Let G; be a strong efficient open dominating graph with yg,. - set D;, (i = 1,2) and
let x,y be the adjacent maximum degree vertices of both G; and G, with an edge. Then
x,y,xy € (D1) N(D;) Then degq,u¢,x = degg,ug,y = A(G1 U G;) = A(Gy) + A(G;) Hence,
G1 UG, is a strong efficient open dominating graph with ¥, (G1 U Gy) = yee (G1) +
Yste (G2) — 2.

Note 5.6
Agraph G U G, is strong efficient open dominating graph if either G, S G, or G, € G

Remark 5.7

A join sum of two complete graph, G has exactly two maximum degree vertices u,v (say)
with a bipartition N(u) and N(v) of V(G). Hence G is strong efficient open dominatable
with Y. (G) = 2.

Proposition 5.8
A graph G{mG, is need not to be a strong efficient open dominating graph if G; and G, is
strong efficient open dominatable.

Example 5.9
e P,mPg and P,mP, are strong efficient open dominatable.
e P,mP;; and PgmPg are not a strong efficient open dominatable

Remark 5.10
Agraph G X G, is need not to be a strong efficient open dominating graph if G, and G, is
strong efficient open dominatable.

Theorem 5.11
For a strong efficient open dominating paths B, and P,,, B, X B,, isastrong efficient open
dominating graph.

Proof:

Let B,, and P,, be the distinct strong efficient open dominating paths with the vertex
set V(P,,) ={u,uy, ..., un,} and V(P ) ={vy,Vy,..,V,,} respectively. Then V(B X
Pn1) = {(ui'vj)ll sisng;l S] < le}

Let Y; ={2,3,6,7,..,.4k — 2,4k -3, ...,n; — 2,n; — 1}, (i = 1,2).

Then D = {(u,,,v,,)ly1 € Yiandy, € Y,} form a strong efficient open dominating set
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of B,, X B,,. Hence proved.

Remark 5.12

Clearly all the vertices of D, defined in above theorem, are equal in degree (deg v = 4, for all
v € D)and (D) = mK,,(m > 1). Also the strong efficient open dominating set with less than
|D| can not be found.

< Vste (Pn1 X Pnz) = Vste (Pnl) " Vste (Pnz)-
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