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Abstract

A subset D of a vertex set V of a graph G is a chromatic weakdominating set if D is a weak
dominating set and (< D >) = x(G).The minimum cardinality of a chromatic weak dominating set
is calledthe chromatic weak domination number of G and is denoted by y,,(G). In this paper we

calculatingthe chromatic weak domination number for product graphs using Cartesian product.
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1. Introduction

Let G = (V,E) be finite simple, undirected graph. A dominating set D is saidto be a strong
dominating set if deg(u) > deg(v). The minimum cardinalityof a strong dominating set is called the
strong domination number of G andis denoted by y,(G). A coloring of a graph G is an assignment
of colors toall its vertices. A proper coloring is a coloring in which adjacent verticesare assigned
different colors. The chromatic number %(G) is the minimumnumber of colors necessary to give a
proper coloring of G. A set D contains in Vis said to be a dom - chromatic set if D is a dominating
set and y(< D >) = y(G). The minimum cardinality of a dom - chromatic set is called thedom -
chromatic number of G and is denoted by v, (G). A set D contains in V issaid to be a chromatic
weak dominating set if D is a weak dominating set and y(< D >) = x(G). The minimum cardinality
of a chromatic weakdominating set is called the chromatic weak domination number of G and
isdenoted by y,°(G).In this paper we are going to find the chromatic weak domination number for
some cartesian product graphs. Here we are combining the graphs such as path, cycle,star with

each other and find the chromatic domination number for that graphs. The concept is first
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introduced by Wilfried Imrich and Sandi Klavzar.It was developed by T.N Janakiraman and
M.Poobalaranjani. She extended the concept of cartesian product in graphs under dom-chromatic
concept. Here we calculated the chromatic weak domination number for product graphs.

Definition 1.1 The Cartesian product GoH of two graphs G and H is defined on the cartesian
product V(G) x V(H) of the vertex sets of the factors. The edge set E(GOH) is the set of pairs
((u,v), (x,y)) of vertices for which u =x and (v,y) € E(H) or (u,x) € E(G) and v =y.Thus
V(GaH)=V(G) xV(H) , E(GoH)={[(uw,v),(x,y)]lu=x(v,y) eEH) or (ux)€
E(G),v =y}

Theorem 1.2 vy (K1, OK;,) =mn+1; mn >2.

Proof. Let {vy,v,,...,v,41} be the vertex set of K;,, with the full degree vertex v; and
{ug, uy,..., u,41} be the vertex set of K;,, with the full degree vertex u;.

Then, the vertex set of K; ,,, 0K, ,, isV(K;,, 0K ,) = {(v,)/1<i<m+11<j<n+1}

clearly Ky mandKy , has the non increasing order of degree
sequence(m,1,1,...,1)and(n, 1,1,...,1) respectively.
mtimes ntimes

Then the degree sequence of (K;,,0Kj ,,) is
m+nm+1m+1,...m+1,n+1,n+1,...,.n+1,22,...,2)

ntimes mtimes mntimes

Let Dy ={(v,w)/2<i<m+12<j<n+1}

Then, clearly D; weakly dominate all other vertices of V(K ,,0OK;,) except (vy,u;).For
chromaticity, we have to choose a unique vertex say (x,y) from the set {(uy,v;)/2<j<m+
13U {(u;,v1)/2 <i<n+ 1} which is adjacent to a vertex in Dy, since y(K;,,0K;,) = 2.
LetD=D; U {(x,y)} then D is the chromatic weak dominating set of (K; ,,0K; ,).Therefore
Y (KimOKy ;) < |D1| +1=mn + 1. Therefore y; (Ky,,0K;,) <mn+ 1.

Suppose ¥ (K1 nOKy,) < |D|. clearly (< D >) = 2.If we remove a vertex v from D; then
there exist no vertex u such that v can weakly dominated by v. Also, suppose we remove the vertex
(x,y).then(< D >) =1 < 2 = x(G).Hence vy, (K ,0K;,) = |D|.

Therefore y,; (Ky ,0K; ) = mn + 1.

Theorem 1.3 5 (K;30P,) = n+ 4.

Proof. Let B, be a path with vertex set V(B,) = {vq,v,,...,v,} and let {uy, u,, usz, us} be the
vertex set of K; ; with the full degree vertex u;.

Then V(K,308,) = {(ui,vj/l <i<41<j<u}

Let Dl = {(uZI 171), (u3l vl)l (u4' 171), (uZJ vn)' (u3' vn)' (u4' vn)}

Let D, be set of all vertices choosed as follows. For each j, choose a vertex (u;,v;) such that
d(;,,v;,) < 3, forall ji,j, € 1,2,...,n and fori=1,2,3. Clearly D; U D, isachromatic weak
dominating set of K, ;0B, Therefore y,; (K;30P,) < |D1U D;| = |Di|+|D;| =6+n—-2=
n+ 4. Suppose (K1 30P,) < |D;U D,|. Clearly y(<D;U D, >) = 2. If we remove a
vertex v from D; then thereexist no vertex u such that v can weakly dominated by v.

Also, suppose we remove the vertex (u;v;) either i=1 or i=2 or i=3 and j=2 to n-1 then
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(uz, vj) € Dy, since (uy,v;) cannot be dominated by the vertex of D;andD,. Since both cases
leads to the contradiction
Hence y,; (K130P,) = |[D1 U D,|. Therefore y; (K;30B,) = n + 4.

Theorem 1.4 yS(P;0B,) =n + 2.
Proof. Let B, be a path with vertex set V(P,) = {v4,v,,...,v,} and

V(P3) = {uq,uy,uz} Then V(P;oPB,) = {(upv)/1<si<31<j<n}
Let Dl = {(ul' 171), (ulr vn)' (u3' U4_), (u3' Un)} and

D, = {(ug,v3), (u3, v3), (Uy, vy), (uz, vs),..., (u;, v,,_1)Jeitheri = lori = 3.
Clearly Dy U D, is a chromatic weak dominating set of P;oB,. Therefore yS(P;0PB,) <
|[D1U Dy| = |Di|+|Dy]=4+n—-2=n+2. Suppose VS (P;0P,)<|D;U D,| Clearly

x(DiU D, >)=2.

If we remove a vertex v from D, then thereexist no vertex u such that v can weakly dominated by
V. Also, suppose we remove the vertex (u;, v;) either i=1 or i=3 and j=2 to n-1 then (u,, v;) € D,
since (u,v;) cannot be dominated by the vertex of D,andD,. Since both cases leads to the
contradiction.

Hence vy (P;0B,) = |D; U D,|. Therefore 5 (P;0B,) =n+ 2.

Remark 1.5 Let us consider the following grid subgraph H, of B,oP, with the vertex set
(xpy)/lsisnl<jsm

Let

s =

(g1 V41D (g1, Vj42)0r (X 11, Y1), (Xig2, ¥ +1)0 (X425 Yj+1)r (Xig2, ¥j4+2)0F

(xi+2'yj+2)' (xi+1'yj+2) and S (1) = (X341, Yis1)s (xi+2'yj+2)0r(xi+1'Yi+2)' (xi+2ryj+2)

Then clearly S; (i) is a Chromatic weak dominating set of H and S, (i) is a weak dominating set
of H.

4k+2ifn=3k+1
Theorem 1.6 For n > 4 and for k € Ny, (P,0P,) =34k +4if n =3k + 2
4k+5ifn=3k+3

Proof. Let P, be a path with vertex set V(B,) = {vy,vy,..., 1.} and V(P,) = {uq,uy, us, Uy}
Then V(PoR,) = {(upv)l1<i<4,1<j<n}

Case 1: Let n = 3k+1

Let Dy = {(u, v1), (w1, v), (Ug, V1), (U, )},

Dy = {(u1,v4), (Ug, v4), (g, v7_), (u4,' v7),..., (Ug, ?3i+1): (Ugy V3i41), -+, (U1, Vn), (Ug, V) }
Dy=U SO where SO = sPorsPands® = 5O for atleast one i.

Let D =D;U D,U Ds. Then, clearly D is a chromatic weak dominating set of P,oB,
Therefore y5 (P,OP,) < |D| =4+ 2(k—1)+ 2k =4+ 2k — 2 + 2k = 4k + 2.

Case 2: Let n = 3k+2.

Let Dy = {(uq, v1), (uq, v), (ug, v1), (Ug, v,) }. Foreach i = 1,4,
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Dy = {(u;, v4), (Wi, v7), oo, (Wi V3e41), (Wi, V342D, e, (Wy, v g)fort = 1,2, .k,

Dy=U SOwhere SO = sPors{and S = 5 for atleast one i.

LetD=D;U D,U Ds.Then,clearly D is a chromatic weak dominating set of P,oP,
Therefore y< (PyoP,) < |D| = 4 + 2k + 2k = 4 + 2k + 2k = 4k + 4.

Case 3: Let n = 3k+3

Let Dy = {(uq,v1), (u—1,1,), (ug, v1), (ug, v,)} . For each i =
14, Dy ={(u,vs), (Wi, v7),..., Ui, V3e41), (Wi, V3¢43), -+, (Wiy Vn—g), (Wi, Vp—3)}  for ¢t =
1,2,....,kD;=U S® where SO = Sl(i) or Sz(i) and S® = Sl(i) for atleast one i. D, =
{(uz, v3r42)}or{(us, vz ort = 1,2,...,k Let D= DU D,U D3;U D,.Then, clearly D
is a chromatic weak dominating set of P,oB, Therefore y5 (P,0B,) < |D|=4+2k+2k+1=
4k + 5. Conversely, Suppose v (P,oOB,) < |D| clearly y(< D >) = 2. If we remove a vertex v
from D then thereexist no vertex u such that v can weakly dominated by v. Also,suppose we
remove the vertex (x,y),then y(< D >) =1< 2 = y(< G >).

4k+2ifn=3k+1
Hencey (P,0P,) = |D|. yS(P,OB,) =<4k +4ifn=3k+2
4k +5ifn=3k+3
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