
PATTERN CLASSIFICATION OF CONTINUED FRACTIONS WITH
TRIANGULAR NUMBER AS BASE

P.Balamurugan *1, A. Gnanam 2

1* Department of Science and Humanities, M.Kumarasamy College of Engineering(Autonomous),
Karur – 639113.

2 Department of Mathematics, Government Arts College, Trichy – 620022.

Corresponding Author: pbalamurugan1986@gmail.com

Abstract

In number theory, study of number sequences is an exciting area. Among these the sequence of
polygonal numbers provide a unique richness in is applicability. Polygonals numbers  which have
both order, rank of are of various dimensions. Here, the study is only on two dimensional figurate
numbers. Here the ratios of polygonal numbers are studied as continued fractions. In this paper various
properties and characteristics of sequence of continued fraction which represent ratios of polygonal
number of same rank are analysed. As any polygonal can be sub divided into smaller triangles,
triangular numbers have been taken as base here. Based upon on this study the nature and periodicity
of the general sequence can be studied in detail.

Keywords: continued fraction, polygonal number, triangular number, pentagonal number, hexagonal
number, heptagonal number.

Notations:1. 〈 , , , , … . , 〉 – continued fraction expansion
2. , - triangular number3. , - pentagonal number4. , - hexagonal number5. , - heptagonal number

AMS Classification: 11A55
1. Introduction

The Queen of Mathematics, Number Theory, usually is termed as one of the oldest fascinating
branches of Pure Mathematics. Since discovery of counting the mankind has been attracted by
numbers. In fact, numbers have a tremendous influence on our language and culture. The ancient
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Greeks established it as a subject and called it Arithmetic. It has got a variety of applications. The
systematic study of integers and geometrical forms can be appreciated by both laymen and
mathematicians. Mathematicians are discovering patterns in numbers and trying to prove more. In fact,
Number Theory is the great and rich intellectual heritage of mankind.

Finding integer sequences satisfying some unique properties is an interesting field of study.
Among these, Geometric integer sequences are the significant integer sequences known as figurate or
polygonal numbers. These polygonal numbers can be represented by a regular geometric arrangement
of equally spaced points. Polygonal numbers have order and rank. Because of its historical importance
it has been a topic of keen interest to many mathematicians.

Next to integers, the study of real numbers, in general, has got great excitement. One of the
ways of representing a real number is called continued fraction expression.  The Golden ratio which is
an irrational number has continued fraction expression. Also it can be represented diagrammatically.
This motivated me to represent the ratios of polygonal numbers which are rational numbers as
Continued fraction expressions. Here the continued fraction expansions of polygonal numbers of
consecutive ranks are studied. In this paper, an attempt has been made to analyse some
characterizations of ratios of polygonal numbers with reference the triangular numbers which is the
building block of all polygonal numbers.

A polygonal number is a type of figurate number that is generalization of triangular, square,
pentagon and hexagon etc…. The general ′ ′ −gonal number of rank ′ ′ is represented as,

, = [( − 2) − ( − 4)]
Triangle, Square, Pentagon and Hexagon are the first four polygonal numbers represented as in the
following figure (i) :

Figure (i)

1.1 Continued Fraction:
An expression of the form = + + + + ⋱

where , are real or complex numbers is called a continued fraction.
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1.2 Simple Continued Fraction:
An expression of the form = + 1+ 1+ 1+ 1⋱

where = 1∀ and , , ,…..are  each positive integers also represents a simple continued fraction.

1.3 The Continued Fraction algorithm:

This algorithm can be used to find the continued fraction expansion of any real number.
Let be any real number. Choose = and set = ,

Define = [ ] and set = [ ]= [ ] , which implies that = [ ] ,….., = [ ] , which implies that= [ ],…..,
This process is continued infinitely or to some finite stage till an ∈ , exists such that= [ ].
Polygonal numbers have graphical representation. Golden ratio which is an irrational

number also has continued fraction expression. This statement motivated me to find the ratios of
polygonal numbers as continued fractions. Here , in this paper, the nature and characteristics of
the    sequence of continued fraction expressions of the ratios of polygonal numbers defined by,, , = 5,6,7,8, … Which treats triangular number as bases are analyses?

Each sequence can be divided into bands of lengths ( − ).
1.4 Illustration:

Table 1:

,, ,, ,, ,,
〈0,2,1, 〉〈0,2,1, , 4〉〈0,2,1, , 2〉〈0,2,1, , 1,3〉

〈0,3,1, 〉〈0,3,1, , 6〉〈0,3,1, , 3〉〈0,3,1, , 2〉〈0,3,1, , 1,2〉〈0,3,1, , 1,5〉
〈0,4,1, 〉〈0,4,1, , 8〉〈0,4,1, , 4〉〈0,4,1, , 2,1,2〉〈0,4,1, , 2〉〈0,4,1, , 1,1,1,2〉〈0,4,1, , 1,3〉〈0,4,1, , 1,7〉

〈0,5,1, 〉〈0,5,1, , 10〉〈0,5,1, , 5〉〈0,5,1, , 3,3〉〈0,5,1, , 2,2〉〈0,5,1, , 2〉〈0,5,1, , 1,1,2〉〈0,5,1, , 1,2,3〉〈0,5,1, , 4〉〈0,5,1, , 1,9〉
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2 .Some properties observed are listed below:

(i) In each band the first three terms and the last two terms follow the same pattern.
(ii) The first three terms of in each band are of the form 〈0, − 3,1, 〉, 〈0, − 3,1, , 2( − 3)〉

and 〈0, − 3,1, , ( − 3)〉 ℎ = 1,2,3, .. denotes the position of the band in the
particular sequence.

(iii) The last two terms in each band are of the form 〈0, − 3,1, , ( − 4)〉 and 〈0, − 3,1, , (2 − 7)〉
where = 1,2,3, ..denotes the position of the band in the particular sequence.

(iv) Leaving the first three terms and last two terms in each band, there are 2 − 11 terms in the
middle.

(v) In the middle , the middle most term is of the form 〈0, − 3,1, , 2〉 ℎ = 1,2,3, ….
denotes the position of the band in the particular sequence.
The terms equidistant from the middle most terms in the middle follows a standard pattern.

Illustration:
The sequence of continued fractions for ,, with first three bands is exhibited below:

First band is

⎣⎢⎢
⎢⎢⎢
⎢⎢⎡
〈0,4,1, 〉〈0,4,1, , 8〉〈0,4,1, , 4〉〈0,4,1, , 2,1,2〉〈0,4,1, , 2〉〈0,4,1, , 1,1,1,2〉〈0,4,1, , 1,3〉〈0,4,1, , 1,7〉 ⎦⎥⎥

⎥⎥⎥
⎥⎥⎤

Second band is

⎣⎢⎢
⎢⎢⎢
⎢⎢⎡
〈0,4,1, 〉〈0,4,1, , 8〉〈0,4,1, , 4〉〈0,4,1, , 2,1,2〉〈0,4,1, , 2〉〈0,4,1, , 1,1,1,2〉〈0,4,1, , 1,3〉〈0,4,1, , 1,7〉 ⎦⎥⎥

⎥⎥⎥
⎥⎥⎤

Third band is

⎣⎢⎢
⎢⎢⎢
⎢⎢⎡
〈0,4,1, 〉〈0,4,1, , 8〉〈0,4,1, , 4〉〈0,4,1, , 2,1,2〉〈0,4,1, , 2〉〈0,4,1, , 1,1,1,2〉〈0,4,1, , 1,3〉〈0,4,1, , 1,7〉 ⎦⎥⎥

⎥⎥⎥
⎥⎥⎤
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(vi) In each sequence the position of the standard term 〈0, − 〉 follows an arithmetic progression
with 3 as the first term and 2 as the common difference.

(vii) Similarly, the position where the band starts follows an arithmetic progression with 11 as the first
term and  4 as the common difference in the consecutive sequences.

Conclusion:
As polygonal numbers have rich heritage and the continued fraction expressions also have

many kinds the future study will be on analysis of higher dimensional polygonal numbers. The study
will be based on the rank, order and dimension of polygonal numbers. The sequences of continued
fraction can also be studied by taking square numbers, pentagonal numbers, etc.,as base. Also, the
significance of the sequence of continued fraction expression of centered polygonal numbers and star
numbers may be analysed . The study can also be extended multi dimensional polygonal numbers.
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